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• . ; Chapter 6 . - " . 

PRpPEirriES AND TECHNIQDES OP -ADDmON AND SUBTRACTION II " 

PURPOSE OF THE. UNIT • 

1, To help chiltiren understand tSe techniques of adding and ' 

subtracting numbers whose numerals have many digits and their 
dependence on the properties of our system .of nxame^atlon, the 
commutative property, and the associative property of 
addition 

2.. To trelp children ^understand that, if they know the addition 
facts and th.e propertle's of addition and -subtraction,, they 
^may. add amd subtract 'numbers whose niim^rals have many 
digits' * - ' • / . ■ , - 

3, To l;ielp children -develop' skill in cLddition and subtraction 
and in checking, these opei^ations 

4. To help children further their* prQblem solving ability 
through the tise of mathemat|cal sentences^ in situations ' 
requiring addition knd subtraction of niombers whose numerals 
have many digits' with particular emphasis on --learning when 
subtraction is applicable- - -.i • 

1 

f Children., vho have, learned previously, the technique of 
addition and subtractibn thoroughly may move, throxxgh the first 

half of > this unit very quickly. Others should move njore slowly 
However, the development of the meaning basic to the techniques 
is important and shoul'd not be slighted with amy group. Indeed, 
it. should be given emphasis. It and the development of 31^ ' 
ability to solve problems are the majpr pu^^joses of^iis unit.. 
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MATHEMATICAL BACKGROUND 



The answer to the. question, "What is the sum of 5 ' and 2'>^ 

^L IV' i« interpreted to mean, ' 

What is the decimal numeral for the sum of 5 and 2'>" For 

iTlddelT".'"' ^^.^^-ly- the answer'to,- W 

numeral, 7 - 4 is 3. " ^ wjjik«. 

B92 and 367?' I3 correct but I3 ordlnarilj^ not the most 
..convenient -one. The decimal numeral 1,259 Is the «^.ct.a 

omH^'" the proce., of addition then. . piWy 

4 .aeci,inal numeral. 
;/ If . 12 and 37 are the. numbers added, the 'result Is ■ 7 
ens and, 9^ This sum can be written directly as 79. However, 

If 67 and 58 are the numbers and the operation Is addition 
the result Is 11 tens and 15. This sum cannot be wrltt^ ■ 
directly as a decimal numeral but must be thought of as 1 ' 
hundred; 2 tens,, and 5. Then It Is ^-Itten ^s 125 ^ '• 
^u»,h '""f"^' '''^ o;eratlon of subtraction 'Is used with ^ 

humbers Whose numerals have more than one digit, the nanlng of 
, the number, which Is the sum, as a decimal numeral often requires 

^7:^"^- ''-^^ =3, are the numbers operate? n 

the^untoown addend is 2 " tens and 6. This result may be ' 
written directly as . 26. If, however, 3S and ' 17 are the 
.numbers operated on, the 32 must be thought of as 2 tens " 
and. 12. This makes It convenient to subtract 1 ten and ••7. ■ 
Th% result, 1 ten and 5, Is now written a^ 15 ^ 
^ Thinking Of .-.32 as -3 tens and 2 ones o; as 2 tens , 
and 12 ones has often been referred to as "renaming 32"' 
Renaming umber- has been u.ed widely m some of the previous ' ' 
units. It is, clear on a moment's reflection that a number can • 
b™ed-ln ad lnflnlt. number of ways. ' ..or e^mp^le, he 
number 8. Pan.be ren^d as m - n „he>« n m.y rep;esent any' 



number we. please and - m = n + 8.' Ir;! this-*par"ticular unit; we ^ 
aire almost entirely concerned Hith-a- type of ■ renaimlng which ,is 
particularly useful in addition and subtraction ^involving' larger" > 
niambers. \\ . ^ ' * ,\ ^. ^ ' ... 

This type, of renaming 'is . not identified by any word or . , . " 
bhrase in this .unit and the . word rename will nat',be used here* " 
Instead, terminology such as/the following is used:; . • 

''523^ may be^ thought ' as 500 + 20 3"/ or ' " ' 

"Anotner name for 5^3^ is 500 + 20^' + '3"; or . ^ . 

"523 may be expressed:- as ^500 + 20 + 3". At ^the same tlm'^. 
the idea of different naiftes for the same number 'i? basic for 
learning the processes of/addition and subtraction. ' It must be 
comprehended if pupils are to compute sums and unknown addends 
with understanding. ■ \ ' ' * , 

\ Consider- the following ^xarftple whj.ch should make clear the 
need to learn how to express nuunbers in different 'forms and-' 
should indicate^ its useful app-lication in addition and subtrac- . 
tibn. / " " 

.Example.-. Find the number that must 'be added to 376 so 
that 523 will be. the siam. If written as a ^mathematical sen- 
tence it may take the form 376 .+ n = 523. If the pupil immedi- .. 
ately recognizes that 1^7 is the addend ^that witji the given" 
addend, 376, yields the sum; 523, there is little need of . ^ 
proceeding further* A ••response to such, a simple request as, 
■"Find* the number that must be added to ■ 6-- so thaf 10 will be, 
the sum," would doubtless be immediate from the simple recall -of 
the proper addition fact. But in the example under consideration 
the . huhabers are so large that recognition will not be immediate..' 
Hence the process will;goN^mething like this: 
.- First, write^ the ' exercise . 523 

. ^ ' . 376 • . ■ ' - ^ 

•-Now- the need to express 523 and * 376 in forms other" than as 
decimal numerals is apparent. The objective is 'to. put a. greater 
nbmber of ones in the "ones' place in the siim than in ^ the ones'. 



place in the addend, to put more tens in the tens' place In tke" 
sum than m the tens-place in ' the addend, etc. . " .V 

So .we may -write 523 = 500 '+ 20 + 3 ' , , ■ 

' • - . • " ' . ; . 376 = 300 + 70 + 6 ' 

as an initial step in accomplishing our, purpose. 
Next - ^'^^ . , _ - - • • 



and 



523 = 500;+ 10 + 13, 
376 = 300 + 70" + 6 ' - • ' 

523- = koo + 110'+J13 , 
376 = 300 + 70 + 6 - -> 
• so that.- 523 . 376 = 'loo + ko + j-c ..^nj' ' 

is ^°. ^ed for a special term to describe this'' 
procedure to ourselves or the pupils. We avo^ the need' for' a 
term by saying, "We write 523 -as' 500 + 20 + 3" and write as 
indicated'. The primary issue is ■ recognizing the" need for 
ones in ones-' place of t'he sum than in the ones- place- of thel' 
addend, more.tensun the. ten.- place of the sum' than in the- 1 
tens' place of the- addend, etc. «» ' \ 

In addition there is less difficulty. We simply name the^ 
addends to exhibit , the nuzr^ber^of one., the number of tens and 
so on. Then the on^, tens, hundre/s and so on -are added. 
For example: 24^ = 200 +^ lio + 9 

♦ 676 =600 +70+6 ' ' 
• " ■ ■■ Sam = apd- +110+15 •• - • ' • 

= (800 + lo'o) + ( 10 + 10)' + 5 " . 

. ^ • . . . ■ = 900 + 20 + 5 

. >> = 925. . ' *. . 

- ■ Here 'the numeral, 8oo + no + 15 is expressed as' the ' 
decimal^numeral by applying properties ' of . our system of ' nufnera- 
tionand 00th the commutative and associative properties for 
aaditlon. 
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It Is reccJgnized,- of course, that, this explanation is 'long* 
and wordy- in written exposition^ Ip can, however^ Ipe made - . , 
f airily brief in presentation to the .pupil, and- in his- subs e- , 
quent execution of it be made briefer. Details are supplied, in 
an attempt to explain the basis for "borrowing" and- "caning" 
and an ultimate discard of ^t^jiese' terms which are frequently 
executed, properly but .aOmost uniyersAlly;niisxinderstood. 

An important property of subtraction, in the symbolism of 
the 'mathematician is: ' 

For a pair of whole, numbers named :ln the form (a + b^ and 

(c + d-) . ' '■ f 

'.. -'Ca + b) - '(c -+ d) = (a - c)' + (b - d). ,. . , 

In this unit it is assmed that ..a + b is greater than c +.d. 
' .Here is an' illustration of- thi? property for 'SS - ^2-.. It 
shows that' in writing a -subtraction, in* the vertical form the., 
prooerty is applied aiajbomatlc^lly' • • " . ' 

. 68 - ii2 = (60 + 8) - ('AO + 2) - ■ ^ 68 ■- • 

• ' = {6io\-'ko) + {8 - 2) ■ ' ' ^ : : 

^ , 26 ' 

= 20 +'6\- ■ •■ ' ■ - 

. = 26. ■ • ' •' . ■ 

"•The relajtion between the illustration and. the statement^- of. 
the property is seen if you think of a replaced by 6(i' b 
replaced by^&, c replaced by ^0 ^and .»d -replaced by 2« / 
. /; The property is aJ)pliCgable to other subtractions such as " 
68 - ^9 or 352 - -18.7. More steps are required however." c 



' TEACHING THE DNiCT 



DIFFERENT NAMES FOR THE SAME NUMBER - " • ' 

Objective-; (a) TO help pupils review the idea, of many 'different- 
• names for the same "number" 
(b) To help pupils Illustrate, different names for a 
number on an abacus 

Materials Needed: An abacus with 20 beads' on each of four^ds 

The figure at the right shows- one form 

of^.an abacus, it has rods, inserted 

In the base with beads that may be 
^ removed when not in use. Other, forms 

of the abacus are equally useful. 

The rods -of the abacus correspond to 
places in a numeral. Moving from • 
right to left, the first rod V 
corresponds to ones' place, the 
second to tens, place, etc. The. number of beads on the first 
rod is >the number of ones,, the number of beads on the second 
.rod is the number of tens, etc. The numeral represented on 
the abacus h^ is 6 thousands, 4' hWeds, 4- tens, 
7 ones or 6447. . ' - . > 




Expioratioh): 



as if<^S%of J^®' "^terial.. are -written 

as if the teacher were talkiAg to his class ^ho ' 
answers he wishes to elicit fJom pSpiiglS * ' 
.. response to questions are Included in parentheses ' 
u^?r,^^''^ 21 exploratory m^terJal ?or tSf * 

?Sese^are 2lsS'dK™.°J.'^^^^^*^°^^ t° the teacher, 
inese are also descriptions of procedures that are 
to be used as a basis for discovery and explora- 
tion or concepts and properties. These rSaS 
are written. Ifetween double vertical iKes 
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Some of the ^ejqploratory material is contained * 
In the Pupils' Book. Tails is the catfe with- the ^ 
first section,' Different Names for the Sane Number. 
^Children should soon recognize that the phrases 
'" Different Names for the Same Number " and -"Renaming 
a. Number'* nave the same meaning. 

The teifcher iflay have pupils opeA their books 
to page 303 and answer and discuss the questions. 
After this development. Exercise Set 1 majMae 
completed by each pupil individually. 
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(Chapter ^6 . 



PROPERTIES AND TECHNIQUES OP ADDITION AND SUBTRACTION II 



DIFFERENT NAMES FOR THE SAME NUMBER ^ . . . ^ 

^ere are many ways of . naming a niomber. The -decimal 

k 

momeral for 40 + 2 is 42. It may also be named in other ways. 

t ■ ' - . ^ • _ - ■■ 

1. Nan says that all -the names kfeicJw are for the same number. 
Do you agree? Zl - 3; 24 + 0;. 10 + 14; 25-1; 



2 tens and 4; 1 ten and. 14. 

What is the'dec?lmal numeral for 40 + 15? State five 
other names for 40 + .15. -'-^ ''"^^ 



(a) Is 234 = 200 + 30 +. 4/^(c) Is . 234 = 200*^+ 20 +*14?* 



(b) Is 234^= 200 + 10 + 24 ^^^(d) Is 234 = 100 + 130 + 4? 

You may think of 67 as 6 tens and 7 ones or as 5 tens 
and ^17 ones. What are other names for 67? 
*May we think of - 726 
" as 700 + 20 + 6? 

as 700 + 10 + 16? 

as 600 + .120 + 6? 
Different names for a number 
axe often shown ^on an abacus. 
How is 34 named on each 
abacus at the right? 



34 ' as 3 tens 
and ~ 4 . ones 




Tell two different names for 
each of these numbers. Show 
each on the abacus, / ^'^/ 
(a) 46 (b) 97 (c) 263 



\ 



n:: 



15 



34 as 2 tans 
and 14 onM 




500 



Sxeyclse Set 1 

Copy the numerals 1-10 'on your paper/. Next to each 
•write the correct answers to complete. this- ottart. 



Decimal Numeral 



AnotJ||b* Name for the Number 



1 




2 




3 


523 


4 


- M 


5 


96 ■ 


6 




7 


238' 


8 ' 




9 




10 ' 


1,526 



120 +17 
• 1200 + 160 +\18 

6 tens + -18 * 

4 hundreds -f 15 tens + 8 

15 hundreds + 23 tens + IS 
C19 ■ lcM*<iMJ^-f iS.'tji^ <■> ) 



For each of exercises 11 - 13 write > or < so -each 
mathematical sentence will be true. In exercise 11, is 1000 + 
300 + 60 + 16 another name for 1376? i'^f^ }^ 

\t. 1,378 1000 + joo + 60 + 16 

12. 2,874 1 thousand + 17" hundreds + 16 tens + 4 ones 

■ - 

13. 4,926 i^) 3 thousands + 18 hundreds + 11 tens + 6 ones 



16 



501 



• , <f - ■ 

REVIEW OP ADDITION • ■ \ ' ■ ■ ' • 

Objective: To help pupils review the techniques of addition - 
where n^lng the sum as a decimal numeral ;is a 
simple procedure 

Exploration: ^ 

-Here are four addition exercises on the chalkboard, > . 

(a) 3 + ^ ; (c) 500 + 400 . ^ 

(b) 30+40 (d) 3000 + 4000 

V/hat Is one numeral for the sum In each of these? (In (a) 
It 18, 7. In (b) It la 70, which means 7 tens. In (c) It 
Is 700, which means 7 hundreds-. In (d) It la 7000, which 
means 7 thousands • ) 

Exercises like (b), (c), and (d) are often wr^b$;en in 
coltimn f orm because it is an easy way to group the ones, tens, 
^hundreds, etc. 

(b) 30 (c) 300 (d) 3000 ' 

) ■ 40 ■ + itSS. + 4000 

How do you add 23 amd 45? (The sum of 20 and 4o is 
* 60. The stun of 3 and 5 Is 8.^ OJie stun pf 60 and 8 Is 
68. ) TSils is an easy jexerclse but we need to study It because 
you have used some Importjuit properties. Let us. find them. 

You thought of ^3 and 45 in amother way. What was it? 

(We found other names for- them. 23 = 20 + 3. 45 = 40 + 5.) 

You thought of 23 + 45 . as TC?& + 3) + (40 + 5)? ,(Yes., 

but we used the commutative property and* associative property 

to get (20 + 40) + (3 + 5). Why did you want this order? (so 

we may get 60 + 8 -or '68.) 

May we write our work like this? * 

■ ' ■ "k . 

23 + 45 = (20 + 3) + (40 + 5) = (20 + 40) + (3 + 5) = 60 + 8 = 68 
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We may vrrlte our work for the pupils as 
In the iprecedlng statement." But the best 
pupils, possibly all ^he pupils, should be 
a>*are that; the following steps, oft 'similar 
ones, are used. • . 
/J 

(20+?) + (40+5) 



(20+ 3) + (5+ 40)^ 

Commutative Property 

= 20+ [3+ (5+ 40)] ' 

Associative Property 

= 20+ [(3 + 5)+4o] . . 

Associative Property 

= 20+ [8+40] 

Adding 3 and 5 

= 20+ [4.0 + 8] ' 

Conimutative Property 

= [20+ 40] +8 

Associative Property 

Adding 20 and 4o 

= 68 

Adding 6o iand 8. 

. The coIxuTO^fom- of writing the addends is helpful ih any 
exercise like this. We can write all we have said in another 
form. 

23 = 20 + 3 

' ' ? 45^ = 40 + 5 

60; + 8 = 68 

Let us do another exercise with more addends and show' the 
addition on an abacus and study the properties we use. 
Show the three addends for this addition: ' 



523 
212 
364 
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'523 =,500 "-f^ao + 3 
212 = 200 +10+2, 
36ii 300 + 6o + 4 



What is a convenient form 
for writing the addends? (The 
forni shown on the right should .. ' 
be written on the board/) , 

To show addition on the abacus, we, may combine the beads 
column by column. Where shall we begin? (j^rst.we combine the 
coxonters on the ones» rod: . 3 and 2 are 5> and 5 and ^■ 
are 9. ) . 

^j|fext combine the. counters on the tens » rod 
aJ^U^n* the counters on the hundreds » rod« Ask 
suiTJSble questions sx> pupils iinderstand the 
technique. The written record should be com- 
pleted: ^ ■ 

523 =-500 +^20 + 3 \ 

212 =.200 + 10+2 

364 = 300 + 60 + k 

iPOO + 90 + .9 = 1099- 

^ The teacher and children should^ discuss as 
many exercises as -are needed to help children ' 
understand that the colvmin form of writing an 
exercise helps them think about the ones to*- 
gether, the tens together, etc. 

The children, should be encouraged to line 
up the digits neatly as they write, them in . 
columns. Care in writing ', contributes to-in- 
. creased skill an3" accuracy. 

>The convenience -'of the vertical arrange- - 
ment. should 'be -emphasized as means obtaining 
answ'ers efficiently. At the same time, the' most 
'important objective of this unit is to help 
ils understand what they are doing-. ' 




Studying the operation- of addition carefully ^and showing it 
on an abacus helps us understand the method of- addition. 

We need to find a method of adding' qu^Ckly. We need also 
to be sure ^the sums we get are correct. 

The teacher should provide exercises for the 
children to add ^in whicli the stun in any cplumn is 
not more than 9. The pupil will add each column 
dn ordfer from right to left and .Record the a\im of 
each column as it is added. 



ID 
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Addition with addends whose numerals have many digits, is 
often zieeded. in problem solving. And Exercise Set 2 in your 
book.on pag^305:.' . ^ ' . 

(L)- A salesman traveled 453 ^mlles In January and 523 ^ - 
jnlles in PebrusuTT. ^ What distance did he travel, in 
the two month^ ' ^ 

In this exai^jpLe we will follow the method w^ch w'e have 
used before to find the answer to the questions asked in a 
prob]jem. 

Bead example (1) carefully. What question is asked? What 
bits of information are given? " Write the mathematical sentence 
which describes the problem. (453 + 523 = n) 'Wbat operation 
should you use? (addition) Answfer the question asked in the 
problem.^ (The salesman drove 976 miles in the two months.) 



Children should be encouraged to arrange 
thfiir work like this : ^ 

453 + 523 = n ' 

:. 45> . ^ 
+.523- 
' - 976 

The salesman traveled 976 miles in January 
and February. \ 

'Exercise Set 2 may be coii5)leted now b^ 
each pupil Individually, \ 
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•BEVIBW OP-. ADDITION ' 

^ ' ■ . » Exercise Set 2 



-1. A salesman traveled 453 miles in January , and 523 miles ' 
. ^ in Pebroa^. What'distance did he travel in the two' * " 
months ? 

2. OJie salesman traveled .230 miles in March, . jlp mllea^in 
April, and 345 miles in May. How many .miles di± he tr^el- 

. Ih .the three .cnths. ^■^"5,?:!^,^ J^T JtS:^ J ^ 

3. ^ From January through June the salesman traveled 2^010 mlies 

Prom July through December he^ traveled 1,8^4 miles. How 
far did. he travel during the year? (Sjs>/o ^i^S.^f- ^ru /^£jt^ 

4. You found how far the salesman traveled in one year in 
exercise J. IXiring another year he traveled 4,013 miles. 
What was his mileage* during the two years-? 

5. On an automobile trip, Fred and Carol played a 'game by 

^ counting station wagons and trucks they saw on the highway. . 
Fred counted 234 station wagon^ and Carol counted • 205 
trucks. How. many station' wagons and trucks did they count 

6. Jack and Tim have been gathering rocks for the new walk their 
father is making. Jack has gathered 2,72 r'ocks and Tim ha's 
gathered 2L3. How many ro^^-have the' two boys gathered 

^ altogether? 

506 



MORE ADDITION 



Objective: To help <^hlldren uaderstctnd the technique for 

• . adding numbers whose numerals have many, digits and 

their dependence on the propejrties of our numeration 
/system", and the commutative property, and tlie asso- 
ciative property for addition - ' 

Materials Needed: Ab|.cus (Place value charts may also be used.) 

Exploration: • •. ^ ^ 

Let. us find n if n = 517 + 238*+ 124. 
Represent ^the addends of this 
exei^cise on the abacus 

Write on the chalkboard: 

517 = 500 ^10+7 
-5*38 = 200 + 30 + 8 , 
124 =• 100 + 20 + ^ - 




Tell how each niameral we wote. on the chalkboard is . 
represented .on the abacus. . ^ 

* Now "show the. addition of ones > tens, and hundreds on the" 
abacus and on the chalkboard. 

. 500, + 10 + 7-; 
200 + 30-+ 8 ' 
100 + 20 + 4 - 
'800+60+19 




/ 



•J 



22 



. , l3 each-siam- 8qO'+ 60 + 19? How can you write' thls^s a 
decimal niimeral? / 

/• ■ ■ '\-- ■ ■ 

Here is a written re"5f ond or our. thinking. 
8ocf + 19 = See ■ a" . ■ 

Bop -l 60 + (10 + 9) = " below 
Safe + (60 +Jlo} + 9 = See B 
800/-+ 70 + 9 = 879 :•■ below 



nmneral. 



On the abacus show how to find the sxiln as a "decimal 
J ' ' ' 



If 





f A B .- 

.(Rearr^ge the 19 beads 'in the ones' place .into ;;:I0, ^nd 
Then replace th6 10 beacis in the ones'^v-place 

B. ) -.i^^ 



^ as in A. 



by 1 , bead in the tens' place, as shown in 

^ It is now e&.sy to name the siim as\a- decimal nmneral, 879 

The teacher should use other similar ex^r.^ . 
cises as needed to develop thermeaning basic to 
the technique of addition. Artklysis by showing- 
the process in-writing, on an abacus, and in 
discussion is helpful to -the children. 

Sometimes naming a sum as a decimal nmneral 
requires more steps. One such example is 
375 + 278. The teacher may wish to use the 
^bacjJ:S to show this addition. .VThether or not * . 



5p8 



the abacus is used, the procedure shoiiAfl be ^ 
examined carefully: 

500 + litO + 1'3^ . •• ^' , 

500 ■+ 140 + (10 + 3)^ 

. 500 + (Up + 10) +.3 

500 + (100 + 50) + 3 

(500 + 100), + 50 +'3 = 653 . 

We -do not always add using this long method,. Some of us 
can "think the^answer" without any writing. Let us study thi^ 
'-Example togemer. 

375 What is the sum%f the ones? (13) Notice""- 

+ 278 . _ that we write it iinder the 78 in 27&. ^ In wfiat 
13 place is the 3 in 13? (Ones' place). In what 
1^0 .. place is the 1? (Tens ' place). Does 13 mean 1' 
. 500 " ten and .3 ones? (Yes.) 
/ 655 What is the sm of the tens? (14) Where 

•shall I write it? (We write 0 in the ones' placey^^i In the • 
.tens'place, and- 1 in the hundreds' place.) 

How can,.we,- find the 'suni?. (Add the numbers .15, I4o, 
and 500.) What' is the sum? (-653) ^ * 

■■ ' I' ■ - 
.:The "above exploration is summarized on pages 
306 and :307 of the Pupils* Book. It shooild be 
studied by pupils and teacher* Then, pupils may 
do Exercise ^et 3 individually.' 

; 
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MOHE ADDITION 



1, Whafe number Is n if 2^23 + 345 + 214. = n? 

First, place beads on the abacus to show' 
the addends so tbat ^ach addend is 

^ ■ 

^separat^d, f rom the others. 

Next, show the result of adding the ones. 

Show the result of addihg the tens. 

Show the result of adding the 
hundreds ► * . ' 



400 + 20 + 3- 
300 +40+5 
2Q0.^ 10 + 4 



400 +20+3 
'300 + 40 + 5 
200 +10+4 
900 + '70 + 12 



Now J^23 + 345 + 214 = 900 + 70 + 12. . . 

900 + 70 + 12. is. thought of as 900 + 70 + (10 + 2). 

900 + 70 + (10 + 2) = 900 + (70 + 10-) + 2. 
What is the decimal numeral for 900 + 80 + 2? (^83^ 

2. Now try to add 342, 124 

and' -418- without the abacus. 
See Box, A. 

a. ^ Whatriimbers were added 

first? (tiu ShLt*^) 

b. What decimal numeral is 
800 + 70 + 14? (i^^) 



342 
124 
418 



300 + 40 + 2 , ' 
100 +20+4 
400 + 10 + 8 
806 + 70 + 14' = 884 
^ '■ 



25 
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Find-, n. if 375 + 273" = n.... You"' might" try the method on" 



In Box^B,' the (Secimar 
numeral 653 'Was obtained 
from adding 500,^-140, andaj* 



375 = 300' +.70 + 5 ■ 
27^ = - 200 + 70 + 3 

500 +1^10+13 = 653 



B 



"Sc-jo times 375 ana 273, are 0 
a.dued '.as- in box C. ' \ ' 
iffnat nuiTibers were added 
to get 13? How do you 
get' the • 1^0? How do you 
set .500?; How is the • - ^ r 
633 obtained? The method of Box 'C may be :;iore coiA-enlent 
xor^oUo 




Exercise Set 3 



\jzc trie method of Box B to find each sur.i. 



■43 


,167 " 


346 


553 


1287 


•29 ^ 


254- 


136 


645 


3643 












Use the 


^Ti.ethod of. 


Box C to 


find each sum. 




429. 


697 


1273 


8296 


6278 


335 . 


• 134 


^^193 , 


1376 " 


1032 




(gsii) ■ 


(5^11) 







ANOTHER METHOD ^ FOR ADDING 



366 
298 

6^7 



Most people use a shorter method for adding^. Many of you 
are . using It already. Let us add' these numbers: ' 

•e^ What. Is the sum of the ones? (23) What is 
""the sum of the tens? (2^) What is. the sum of ^ 
the hundreds? (15) ' ■ 

We have been writing these '23 
numbers like this: 2Ua 

■ . ^ 1500 ■ ' 

1763 ^ 

Then we add them to find the s\am of the addends. 

You can use this same method and write only part of the' 
Slim at a time and remember part of it? 

This procedure is siMmarized* on p^ge 308. It' 
should be , studied by the teacher and class . The 
children should have exercises as needed to' 
develop the skill required In^this type^of addi- 
tion exercise. Stress the Importance of knowing 
the meaning basic to the technique of Addition, v 
Exercise Sets ^, 5 and 6 may be assigned for 
Independent work at this time. Solutions to 
problems In Exercise Set 5 stioiild be recorded 
In the form described on page 505 of this 
Teachers Commentary. s-x*'- 
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ANOTHER METHOD FOR ADDING 



Addition Is an operation on two numbers. When we operate on 
15;. and 3 and get l8, we h&ve added. (15 + 3 = 18) Eighteen 
Is called the sum. Fifteen and 3 are called addends. 



An addition exercise . 
is written in columns to 
make it easy to add. 
Colxjmns help to keep the 
ones together, the tens 
together, the hundreds 
together, and so on.. 

In column addition 
the ones au?e added firpt, 
the tens next, the hundreds 
next, and so on. 

Part of the v\m of 
t^e ones' column is 
sometimes remembered. ,It 
is then added in with the 
tenb • 

Part of the sum of 
the tens' column is 
^ SOTietlmes remembered. It 
is thenjftdded In wit^^the. 
hundisifds . 



529 

146 
■ 948 ■ 

To add I think: 9 and 6 
are 15 ' and 15 and 8 are 
25. JW.nk of 23 as 2 tens 
and 5 ' ones . Record 3 and 
remember 2 tens. 

Two ten'b and 2 tens are 
4 tens; 4 tens and 4 tens 
are 8 tens; and 8 tens and 
4 tens are 12 tens. Think 
of 12 tens as 1 hundred and 
2 tens. Record 2 tens and 
remember 1 hundred. 

One hundred and 3 hundreds 
are 4 hundreds; . 4 hundreds 
and . 1 hundred aa^e 5 
hxindreds; and 5 hundreds and 
9 hundreds are 14 hundreds. 
B&cord> 14 hundreds. 
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Excise Is e Set !i ' 
. Find the sumd for exercises 1 through 5' 



1. 


(a) 


(b) 




(d) 


\^ J 


•U ; 




,*^3 


—57 


19 




68 


53 




29 


38 


46 




28 


'17 


* • 


(72; 




(is) 








2". 


126 


3^8 


167 


239 


468 


282 




246 


629 


726 


. _43 ■ 


504 


• 509 




(312 J 












3. 


563 


635 


447 


563 


- -38 


647 




128 


406 




129 


257 


39 
















^. 


17^- 


88 


489 


. 179 


. ■266' 


593 




138 


\ 543 


272 


658 


698 


248 










(S31) . 






5. 


3>7 


256 


1591 


1876 


8976 


1762 




; 897 


1297 


8643 


' 7235 


1235 


ft «9l 




3 m 


540 


9275 - 


;8544 


•7142 


3065 






"698 


• 5873 


6718 


6473 


8572 
















6. 


Find 


n for each 


. of eiercises (a) 


through 


(d). 






n =■ 697 + ZQ^Oh-.Joti) 


(c) n 


- 559 = 


2476 




(b) 


n = 672 + 1278^?^5/?fo; 


(d) 362 = n - i 


375 ^01=^32 



\ 
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Exercise Set 5 

List the number^^biL days In each of the first six;. months 
of this year. How many days are there in the first six 
months of this year? Cili^^4 ^l^^oi i^-^^o , ^ZZm'oas / 

■ List the niunber of days in each of the last six months 
of this year. How many, days are there in the last six 
™ths of this year? ( 3 Z+ 3H3o 3/-^- ^ 

John went to a book store. He found 5 magazines which 

ne wanted. .Their prices were 2Q^i 25^9 ,55)i> ana" 

95)5» rie^ bought the three which v/ere cheapest. How much 
did they cost? C:i0i:iS fSS'-^ . f^^^^^ 



, There "were 135 books borrov^ed from the library on 

»- ■ 

Monday, 140 books on Tuesday > 168 books on Wedhesd^yy 
17^t books on^Thtirsday, and 14? books on Friday, JXiring 
these five^' days,, how many books were borrowed? ^ 

The Jackson family took a' trip by car from Nev; York City 

to Boston? The trip took five hours, Biis is how far 

they "traveled each, hour: 36 .miles, '^4 miles, 47 miles. 



41 miles, and 3P\ miles. How many miles did t^hey travel 
in the five hours? CS^^ f W i^ ^7 H) f zS^yyxj^ SUji 



^ John's mother bought him a new coat,- cap,, shoes, and^oots. 
The cost of the coat was $18, the cap .$3, the shoes- 
$8, and the boots- $6;. How much did she pay if or them all? 

Ihere are ' 65,761 Indians in Arizona, " 53',769 Indians in 
Oklahoma, and ^1,901 Indians in New Mexico • Hpi^ many 
Indians live in these ^three states? 7^^^+ '5'''^-^' 

There are .. 629 boys and 587 girls in ^Longfellow School. 
How many children attend " Longfellow School? C^^f-/-^'^ 7=^. 

In \SPtO there were 172,172 people in Miami/ Florida* 
In .1950 there were 87,063 more people living there- than 
In 19^0. How many ^people lived in Miami In I950? 

■ ^> 

IXiTlng a candy sale Mary sold 252 boxes of mints. Sue 
sold 472 boxes, and Jane Sold 1^3 boxes. Find the 
total number of boxes sold by the three girls. ' ■ 

,:;rhe pupils Of oak School collected gifts for poor children 
at Ohrlstnas. They collected 433 books, 316 tc^s, 
252 games, and l64 puzzles. How many gifts were 
collected in all? C V33 43/( 4 X(t/uiyU(^^ 
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Exercise Set 6 



Copy the numerals 1 thi^ugh 8 on your paper. Next to 
each numeral Ite the. w^rds and nijmerals to complete this 
chart. . ' . > 





XvUlUUCro 


Resul'b 


Operation 


Mathematical • 




Operated On 




Used <S 


Sentence 


1. 


> 

15, 289 




addition 




2. 


139, 76 • 


215 


addition 




3. 




n 


addition 


-67iK.+ 879v- n 


^• 


71, 56 


.127 






5. 


6^, {379 + 8l) 

I' > 


(lloO 


addition 




6. 


162, 69 


C2U1 


addition ' 




7. 


345, 187, ' 


532 






8. 


647, 387 




addition ' 





Writer' ^ OP / so each of exercises 9 through .15 will 
be true mathematical sentences/ 

♦ 

'*9. , . 372 + 499 /^) 773 ^ / 

10. 312 + 184 C-j^j 128 - - 

11. 346+ n . fe^) 179, If n - 1T7 

» 

la. n + X56 . 39'^, if n = 328 

13. n 341 159» if n = 500 - 

14. If n = 379, then n 4 172 ) 308 + 233 — 

15. If n = 473, then' 896 + n 674 + 595 



REVIEW OP SUBTRACTION . . • ^ 

Objective: To help pupils review the technique of' subtraction 
In cases where obtaining the. unknown addend Is a 
sLT.ple procedure 

Exploration: 

. * /^Subtraction Is an operation on nur;bers. When we studied 
Its pcoD^tles, we ooerated. on na-nbers like* 8 and 5, We 
shali^now iearn a way to subtract' nunbers whose numerals have- 
rruny 'digits. * ' ^ 

Here arb Tour mathematical aentenceha 

(a> 6 - 2 - n (c) -cOC - 200 - n 

(b) 5C - 20 - n (d) SOCCJ - 2000 - h ' 

- What Is the sai; In eauh? (In (a) It Is p. '"'In (b) It 
is 6C. In (c) It is dCO. Ln (d) It Is 5000,) What Is the 
known addend in each? 'What Is the unknown addend In each? 
(In (a) It Is ii. In (b) it is iC/^ In (c).lt Is ^00. In 
(a) It is 4000.) 

Subtraction exercises like (b), (c),^and (d) are often 
written in column form Just like addition exercises. We know 
this is a good way to keep ones, tens^ hundreds, etc 
In ^the same colximn, y 

(b) 60 (c) -600 ; (d) *6000 

- 20 1 - 200' - 2000 

How do you subt^ract 32 from 7^? 

7* (2 subtracted from ^ Is 2) 
-32 (30 subtractecj from 70 Is ^o) 
• • ^2 • (32 Is one addend; the other is 42) / 
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How can we show this on an' 
abacus? (We will 3tart with 7^, 
because it is the svun, (See I).-) 



The known addend is 32 . We 
sepairate "3 tens" and "2 ones 
from the "7 tens" and ones". 
How many tens and ones are there' in 
fhe \inknown addend? (See II) (^ 
tens and 2 ones) What is the 
unknown addend? (^2) 




I. 



if:: 




ir 

We can show this subtraction oi^ the. chalkboard, 
the subtraction exercise in. column form like this: 

' V ■"jr'^. =' 30+2 

• 40 + 2 = ^2 " 



We 



34 
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Column subtraction, like column addition, helps us to think 
of the ones together, the tens together, etc. Here are some 

.1- 



■ exercises: 



(a) TZH 
- 213 



b)- 9^00 
- 3300 



(c) 26i;0 

- ll^20 



- Tell how you would subtract -in. each of these exercises by 
thinking about ones, tens, hnndreds, etc. . . 



I. 



Exercisre Set J, may be assigned now. Pupils 
should solve as many exercises of this type as 
are needed in which no regrouping of the sum is 
necessary. , • 
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IffiTIEW OP. SUBTRACTION . ' ^ 



Exercise . Set 7 

1. George had 52h for the answer to an exercise. It should 
. have been 659. How . much too small was his an^er? 

2. - The zoo keeper told Jim that the bjg gorilla weighed 572 

pounds, and the 'small' one weighed 361- pounds. 'How'much 
more does the large gorilla weigh? C-S"?:?- i^/=^' 0^^*'^'*-"*"- 

J. In 1950, the population of a city was -6,473. i960, 
it had Increased to 9,699. '/Jhat -was the increase, in 
Dopulation, during the ten-year -period ?X^^^f.-<5'V7/'=^-» 

h... The Boy Scouts had a paper drive. Troops 51 collected 
8,200 pounds of paper. 'Ihey wanted t'o collect 9*^00 
pounds. How* many moI^e pounds of paper do they , need to - 
collect? a^oo-^^oo^yvr., ^ ^^f«^^ : fico. Zu^ Sl^*^ 

. 5 . Subtract. • . - .. 

665 841 - " ' . 937 - 269 . 

152 ' 721 125 . ; 253 

02fl) (^n) ' ■ ' C/'O ' • - 

6. Find n so each mathematical, sentence will be true.' 

(a) n + 395 = 69lO^-^oS.:> (c) 8S3 +' n = 1175 C^yu-"^!^) 

(b) n = 1158 - 737 (^=V27; (d) 2378 - 2163 = n ^^a/i-J) 



MOlg^ SUBTRACTION 



Objective: To hel^ children understand the technique for 

subtracting numbers whose numerals have many digit 
. . and its dependence on-the-propertles of our numera 
^ tion system . y 

Materials Needed: 

Exploration: 



Abacus 



1 have this problen which we shoiild study together: ' 
Janet read 536 pages from library books, in one month and 
Emily reasJ 218 pages. How" many more pages must Enilly read 
to have read,^ many pages as Janet-?" ■ 

Study ttie problem carefully, what is the question to be 
. answered? - What a^e the bits of information in the problem? 
Write a mathematical Sentence for 
the problem situation.- (2l8+ p =536 
or P = 536 - 218) What operation 
is needed to answer the question? 
(Subtraction) Wi'ite the sub- ' 
traction in column form. Show 
this subtraction oh an abacus. 
(See I) ^ 536 ■ . 

Show how to -^18 • 

express the sum and 
known addend on the c'halkboard. 

536 = 500 +30+6 

"218^= 200 + 10 + 8 




37 



522 



Can we separate the known' addend from the^sum on the'"" p_ 
abacus? (no, because the sum has too few markers in the ones*! 
place.) Show on the abacus how we 
can recoup the sum. to get^ more 
ones: (Change it to ^ hundreds, 
2'' tens, and * 16 ones.) 




• Show this on the , chalkboard. 

• ■ • ^ ^536 = 500 + 30 + 6 =.500 + 20 +"'16 

218 = ^00 + ia+ 8'= 200 + 10 ^ 8 



Can the known addend nm be separated from the sura .Qn the 
abacus? JtJies) Shoifi this. - - 




, What is . the other addend? 
■(318) 




III 



Can we show on the chalkboaixi how, -^^e subtraction- is <i-one 
•(*Yes-) :-p.e-S-cr'i-be. .the subtraction.' (16 - 8 =* 8-.X "20 -10 =.'ier,- 
:'500 2G0 300..* The ^ 8 is "written "in the ones iplace, 1 is 



written In the tens place., and 3 .la written 'in the hundreds 
place... The other addeAd Is 318.) ' ' 

536 = 500 + 30 6-^^ 500 + 20 + 16 

' ' 218 = 200 .-f 10 4- 8 = 200 + io + 8 

V*'.. - . . 300 +'10 + 8 = 318 •.: 

' ''The ^teacher should provide as many .exercises 

■" as. are needed to develop the\meanlhg basic to the 
4;echnlque of subtraction. Th^ steps shovild-b.e 
' shown In writing and on an abacus as needed. 
•. . A summary of the^above exploration Is found- 

In exercises 1 and" 2 of Pupils^ BcK>k, pages 

and 515. It should be studied bjs the teacher 
and class together. '-^^ 

Sometimes naming the lifiiknown acM^nd^^as a 
decimal numeral is more dl-rflcult.* "An' -example ' \. 
and a method for completing the subtraction are 
descri*bed in exercise 3, page .515- It should be - 
care-^Ii^ studied and discussed by the teacher" 
and v'claes. No further description is -included , 
here.' .-Speed ^ completing such a procedure is 
I :not LTiportant::^ci'^xtensive drill is not recom- 
mended, the <saije time, the use of this method' 
for selected exercises now -and at later times - 
during the year?' 1^ recommended.. • 



MORE SUBTRACTIOK 



.. - Subtractlbn ±6. an operation for finding -the. ■unknown 
addiend if the* • siim* ^rid' one addend are 
knd'vmv To find . 536 .-'"218, you have 

" ■ . ■ ■ \ 

leainied,.tp Write ;as shoim. in box A. 



^ 1 * 'Could you ,j5Ubtract u^ine the,. 

;form of ' box K ' 

■",«."■' '. >• . ■ '■ ■ . . ■ . ' . 

. Kow., let us use the atecus.', 
:to help us think about 

this processV First We . 

show the sum 536 on 
' ;the abacus \ ■ 

\ ' - " If' 

T^Then, we think of the 
— ^536 as - 
5M> + 20,+ 16 




Nowf we separate the 
markers to show the 
laioim addend, 2l8, 
and the other addend. 
What Is the other addend ?| 



A 536 


/ 

' sum 


218^ 


addend 




. unknown addend 




B 536 


= 500 + 30 + 6 


218 


= 200 v;iO:+ 8 



$6,0;+ 3o 
"2o6' + ib 



+ 6 

+ 8: 




500 +20 
200 + 10 



+ 16 
+ 8 




"500 + 20 
200 + 10 



+ 16 

+•.8' 
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?he wriUien record ;tof^the^•;^^^ . 

536 a.fsoo + 30 ■i:^6''^:i^;;^30O-+i:26 + 16 ' \ , • • 

■ 218 = 200 + 10 +;^ ;'-=i%' 2Q0 '+ 10 +■ 8 . . • • 

" v--,;^';3Dq 4-10 + 8 = • 3i8 - ".^ 

3. • Sometimes, flrfding to^vT^toom^jaddehd is marfe difficult . 
For example, what i$ : n, ; if ,' 263 + n = 932? 
We Tiay write: ■ < . 

932 = 900"+ 30.+ 2 = 900 ^^20 ^■■■^2'.== 800 + 120 + 12 
268 =» ;200 + 60 + 8 = 200 + 6a j-K 8 ^ ' 200 4 6o + 8 V 

6oO + 6o + = 664 
Explain how we inay think when subtracting in this way. 
What is the other addend? 

Now let us look for a shorter way*.:bf writing the steps in a- 
subtraction problem. Notice how this form corresponds to the one 
above. We begin with 952 9 'hundreds, 3 tens, 2 ones ; 

, . ^' . " 2 hjindreds, 6 tens, Stones. 

We c.ahf^t feub;ti!^^ iri the onesf i'^lumn so we regroup '7 

9^2 9 hundreds, 2 tens, 12 ones . 
2682 hundreds, 6 tens, 8 ones. 
Wj? cannot subtract in the tenst coiumn so we'4-egroup again' 



^ , ..-8" hxfhdredsi . 12 tens, '12 ones 

2 6 8 '^ 2' hundi?eds, 6 tena, 8 ones 

6 6 k '^ " . 



12 - 


8 


= 4,. 


4 


ones 


12 - 


■6. 


= 6, 


6 


tens 


8 - 


'2 


=^ 6, 


6 


hiindreds 
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ANOTHER METHOD FOR SUBTRACTING " •'^ ^/r 

There is a shorter method of subtractlon'^whlch most people 
use.v You can. use it too. It is very much like the short 
mettiod oie addition. It requires you to think of the convenient 
name- for the sura instead of writing it. Think of these .exer- 
cises. 

(a) 15 ' ' (b) ■ u (c) .A^i'-:,'. ' 

- 23 . ■ ~ 23 ,. -M:';'^' ' ■ 

Can 23 "in exercise (a.)- be subtraci^ed directly as the sum is 
named? (Yes) In (b)? (No) In. (c)? (Yes) 

liet us study exercise (b). Without doing any writing, 'can 
you think of ^ tens and 1 one so that 2 tens and 3 ones 
may be subtracted^? (Yes, I think 3 tens ^ , 

Remember this and- subtract. Describefwhat you think. 
(11 ^3 = 8. 3 tens -12 tens Is 1 ten,^ on^'jro^' I5ie reatilt Is l8. ) 

T6y these Just by thinking about the convenient name for-; ^ 
the sura. • ■ V"" 

(d) 43 ' (e) 75 (f) (g) 

- 28 - 36 - 162 - 2^8 

Answerr-*tKis qi^stion for each: ■ How can we think of the;: 
sum to sutStt^$iGt v$'he' known addenda '^'-v.:-^' 

'"^i^. (d) US = 30 + 13. 

(e) 75 = 60 +15. 

(f) k2k = 300 + 120 + ^. 

(g) k2^ = 300 + 110 + Ik. 

I . . . \\ 

Pupils are not expected to be able to supply 
• an immediate correct answer to exercises?: ;'such as 
' ^(g) above. . -To h61p pupils understand wb'^t' they 
are doing is/the objective of this de^velbpment . 



If 'they ean. write and 'tell reasons for the 
•thlhtclng iDelow, the teacher should believe that 
^ they understand the' technique.- 

424 = JK)0 +.-20 + i ;.- •ifdO. + .10 + 14 = 3.00 + '_lld + 14 

248 = 200 +' 4Q + 8 = 200 + 4o + 8 = 200 + i^O + 8 

The teacher and class should ' read stiidy 
?nPj^?n- Exercise Sets 8 and 9 may be assigned 
for pupils to completfe independently. The pupils' 
work for solving the problems in Exercise Set Q 
should, be arranged as described on page 505 of 
this commentary. 

Special attention is given in Exercise Set 10 
to subtractipns such as 800 > -3^2 in which one 
or more O's' are in the name of the s\am. 



.Using only tens, .hundreds, thousands, etc. tell me different 
names for: " .,- ■ ' . • . • 

J-OO (4\. hmidred, or; .40 tens) ^- 

^ ■ 1000 (.1 thousand, or 10' hundreds or 100 tens ) 
^- Here are. some subtractions. How should we think of the 
sm'so we can find the unknown addend easily? 



(a) 

6000 
- 2000 



(b) 

6000 
- 2300 



(c) 

6000 
- 2340 



6000 
- -23.45 



(a> 6boo = 6 thousands 

(b) 6000 = 5 thousands + 10 hundreds 

(c) 6000 = 59 hundreds + lo tens 

(d) .- 6000 = B99 tens + lo ones 



43 



528 
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Make a written record of subtractions (b), (c) and (d): 

^ . (1^) . (c) 
6000 = 5000 + 1000 6000 = 5900'+ loo 

23Q0 -= 2000 + 300 ' 23^0 = 2300 + hO 

3000 + , 700 = 3,700 . \* 3600 + 6o = 3,660 

(d) 

6000 = 5990 + 10 

23^5 = 23^0 + 5 

3650 + 5 = 3655 " ' ■ 

In order to \5btaln corrept answers to v(a), * 
(^)* (c)> and (d)^ above, pupils may need to ex- 
periment with different* names for the sum. , There 
are 'other .ways of renaming- 60CX) in for 
example 5 thousands + 9 hundreds + 9 .tens + 
10 ones. The name 599 t^ris + lo ones is 
sln?>ler form. 

Biis exploration is stumnariz* on pupils' 
page 319*' It should be studied and discussed by 
the teacljer and class ^ Exercise Sets K) and 11 
may be assigned as Independent work. 

An algorism for subtraction is given on 
page 319. In the regrouping the pupils will soon 
leam to do all regroupihg at one step. For 
example, X 




An 
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ANOTHER MEffiOS FOR SUBTRACTING 



Subtraction is an operation on numbers.. When we operate on 
15 and 3 and get 12, we have subtracted. 15 - 3 = 12. 'And, 
12 is called the unknown addend. 



A subtraction exercise 
Is written In columns to make 
subtraction easy. Columns 
help to keep the ones 
together, the tens together, . 
etc . - 

In column subtraction the 
ones are subtracted first, the 
tens next, etc. ' • 

Renaming the sum In a 
subtractflon exercise may help 
us to subtract. • 



5576 
1328 



To subtract I think: 
T^ere are not enough ones In 
the ones* place In "5,576. 
I wlll^thlnk of 5,576 as 

5 thousands , 5 hundreds , 

6 tens, and l6 ones. 
16 - 8 = 8.-^ 6-2 ■ 

5 - 3 « 2. 5-1 = 4. The 
unknown addend Is 4,248. 



Exercise Set 8 



Find the unknown addend In e^ch of 1 and 2. 



(a) 


(b) ' 


(c) 


id) 


'(e) 


93 


187 


817 


■ 852' 


596 


38 


99 


748 


575 


378 








(21-?) 




5634 - 


2876 


. .8421 


■ ' 3124 


. 5672 


1256 


■ -259 


5167 


"^674 ' 


1489 
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530 



Exercise Set 9 



Ore week a ^factory assembled 2,64o trucks and 1,582 
■automobiles. How many more trucks than automobiles were 

In 1950 there- were 3,500 peoplej in woodside. In 1960 
there were 9,400. people in Woodside-. How many more people 
we^e there in 1960- than in 19507 ^7'^^^.^ ;;;;^^'^ ~ 



We planned a 455 mile trip. The first day- we traveled 
266 miles. How many miles were lef f to travel?(V-^-5^^- '>ti, 

The mssi8|^ppi River Is . J2,>48V mll«s the Ohio 

Rlvir 1a".'^ mll^f iong. .'Ilpw^ many mil e# longer is the 

What is the total length of the Mississippi arid the Ohio . 
Blve«, . ^ J 

In New York City, the ES^gire State Building is 1,472 feet 
high. T?ie Chrysler Building is 1,046 feet lilgh. How 
much higher is the Empire State Building? C/V72-yoV^=^,ir^. 



4S 
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7. There were ^35 children at Wilttler School and 379 

children at Edlaon School . How many children attend both 
schools? £- 3 7 ? - arm S'H cJJeL..^ X^^^oC^ J 



8. 



9. 



10. 



A Sign on a foot bridge reads, "Not safe" for over 200 , 
potmds . " Jerry weighs pounds, Dick weighs 57 pounds^, 

Tom weighs 68 pounds. Can. the three boys safely walk 
a<;ross the bridge together? C^_^i S7 f^^, -y^- ^^^^ 



Another bridge holds two tone safely. A cement truck, that 
weighs 2,165 pounds Is on the bridge. How nitoy more 
pounds could safely be on\ the bridge at the. same time? 

C^^^ Cuf'^ .yCW. 3 

Susan's grandmother was bom In 1908. How old will she 



be on her birthday this year? 




47 

532 



SUBTRACTION WITH ZEROS 



1^ Ij^lch of these are other names for 8, 00<>7 CdlfJl^Ki^c, J 

/(a)^ 8;000 ones (d) 7> 000 + 1,000 (g) 8 thousands 

(b) 8021 - 21 (e) 800 himdreds (h) 8;000 - 0 . 

(c) 8G0 tens (f) 10,000 - 2,000 

2. Suppose you are to find .n when • 
8,000 - 1,732 » n. You can write the \ 
example as in Box A. Finding the 
uriknown addend is es^sy if you rename 
.8>^)Q0. as 799 tens and .10 ones 

■"bi;.^:^ft9Q:^+ 10. ' . : : 

3. (a) Loolc' at the example glyen in , 






Box B. 


b' 




(b) 


Tell how to get the unknown 


8000 


» 7990 + io 




addend, 626O +8. 


1732 


= 1730 + 2 


(c) 






-6260 + 8 


What decimal numeral names 







the unknown addend? 



- , . Exercise Set' 10 ' 

Plnd the unknown addend for each, of these. 

(c) - 




(b) 

602 
536 ( 

3007 
' 1562 ■ 



102 
Hi) 

4803 
- 1297 



. 3061 •. 

1467 

• 2067 
1982 



Exercise Set 11 



1. John .is 52. Inches tall; his father is^ 70 /inches .tali. 
How many Inches must John grow -to be as tall as his father? 



2. .- At Glenn School there are 500 boys, and 375 girls. How 

many more boys are there than girls?^^.^^"^"'^/^-^'' ^ 

\lSfyi^i S6o, X^/^AjL OAA I^Syyyx^^ .yUtP^ yCAjUi/ ^/yi/^ ^ ^ 

3. ' Don has 1,500 stamps. .'He pasted 323. in his album. 

How jnany are left to put in the album? C^'^^^'"^ 

^. Sue has' '^25. She i^^^ saving to.bi^^a bicycle which costs 
$42. How much more money must she sav?? ^ t'^^'^''^/^ ^ ^ 



5. A high school stadium has 5>200 seats.' 3,482 tickets 
have been sold for a gaune. How many tickets are left? 

6. An elephant in a zoo weighs 5,000 pounds. 'i 'A bear weighs 
♦ 746 pounds'. How much less does the bjear weigh than the 

elephant ?. C S', 06O -7y^ j ^ - ^ opo. Si<i?^^S^^ 

7. " West Virginia became a state in 1863. Hawaii! became a 

state in. i960. . How many more years has West Virginia 
been a state than Hawaii? C/^^^fyyo=^ /9^0 j cr^ /9^c-Jf^=4b 



" • .... \ . ■ : • . ■ 

RELATION OF THE TECHNIQDES OP ADDITIONj&ND SUBTRACTION 

Objective: 'To help children extend their understanding that 
addition of a nuiuber and subtraction of that jsame 
number undo each other. 

Material Needed: Abacus - " _ 

Exploration: , . 

life learned that addition, of a number anclsyl^ractlon of 
that same numbier undo each other. Let us s^ If we can show 
t^s on an abacus with this example. 



Add: 



Subtract: 



37 (Addend 
}}3 (Addend)^ 
82 ^(Sum) ^ ^ 




82 

*JV5 (Addend) 
37 . (Addend) 



The children will find it helpful to use an 
^ abacus to sense clearly that the .thinking asso- 
ciated with "combining" and "separating" markers 
illustrates the idea of doing and undoing. On 
page 536^ Column I -pictures 37 + 45 = 82 on the 
abacus. Column II pictures 82 - 45-= 37. on 
the abacus. Similarly we could picture on the 
abacus. ^5 + 37 = 82 and 82 - 37 = ^5. 

Now let us think abiout the addition and the .subtraction 
without an abaciis . • 



■Add. 
.82 



?1 



Subtract 
82 

hi. ' 
57 . 



535 




7 tens and 12 ones 7 .tens and 12 one?f. 




fJow have -children explain how subtraction 
of a nximber ^Tindoes addition of that same nxm- 
^bei;* They find the: sxam of two addends. .Sub- 
traction of eitheir addend from the siiin gives 
the other. addend. : ' 

Exercise Set 12 may now be assigned. , 
Exercise Set I3 Is a set of mixed practice. 
These shbxild be assigned to pupils who need such 
practice. 



RELATION *0]^vTHE TECHNIQl^ OP ADDITION; AND 'SUfi^ v *- ' 

'y^;; ' V Exeigglse Set I'S ' /. • ' • ' --/r ^Z. 

. Copy the chart 'iie low. Add or subtract each exercise and 
then undo each. 



Do 



1. 


Add ■ ' 






• * - ■■ 






Subtract 


1629 .; 






... 817 


3-" 


Subtract 


5232 
'768 




Add--'- / 


5287 






' 938'8 


5." : 


Add 


2653^^; 


/ 




"■>12§8&? 




■ 3^ 



■ /S'ubtnci 




6. Show that e^ch "of these jnathematical serl^'ehces a^bout doing 
and undoing" rj^^, true. Uie* first one. is done X-dr you as an 
example. 



(a) 


(573 + 128) - 123 


= 573. 




Ansvjer: 573 


701- 




128 


12^ 




.701 


.573 


(t) 


i8kl + 368) - 368 


='8iH 


(c) 


(632 - 257) +257 


= 632 


(cl) . 


(905 - .2f96)' + if96 


= 905 


(e) 


i3Bh '+ 769) - 769 






53 
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7. Column, addition' may be checked by using the coniftmtatlve " 

and associative properties of 'addition. In-^ this example, - 

^ first "add f rbm the. top do;m." Ihen , "add from the. 'bottom 

up." Are the- sums -.the same?^ddr . ' /" •'• 

* ' • ■ ■ . ' 

• A4<i and check" the sms In each of the following eyercl'sesjcc 



:-.--.-v,.-.;:.42- • 

••■■12. ' 
• lk92 

i, . 3876 ^ . 

■ 2056:- 



325^- 

962^; 

322 
508, 



10 *• 



687, 
.951 
600 
817 
" 932 



. . 31286 .■ 
. . '■922*^, 
3078 
5000 



11, 



15618 . 
29832 
75^.90 
61078 
70201 ^ 



. '17208 . 
^l^63^-- 
^2636 



15,. 



■ , Sli^29 
.78503 . 
59268;';; 
; . ^8107 . ■ 
91030,- 



16. BRAlklWlSTER: for exercise 8 by 

. adding down the coltunn once; 
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/i ' ' acerclse Set 13 ' - 

' -J . ' ^ ' . • 

Copy^the niomerals 1 through 7 'oh .your paper* Write the 

^(^<}j^rect words or numerals, to' cxomplete- this chart. * * 





Numbers 
Operated On 


... Re^lt 


Operatfjpn 


Mathematical 
Sentence 


i:, 

o ■ 


39^., 869 




addition- 




d • 


(i^,2 in ) 






7o2 - t />' = 575 


^ 3. 


498, (2Zf}/v 


'v.-i277 


addition 


llj9^Jt/r\j - 1:277) 


4. 


(297 + 356), 495 




subtraction 


^([2<i7-m&)- vfr^J 


. . 5. 


2000, (155 354) 




subtraction 




" 6.' 


} 

(392 + 867), 20i 




,./si5b tract ion 


(ci^2-H<-l)-2i3.l~ytS) 


7. 








38ir+ 979 = G^) 



In ^i^ercises 8 to .16, what is n so each raathematical 

'-^ .* . ■ 

sentence will be true? ■ 



>>" . 8. n = 67 + 48 9;' 

11. n + 42 89 . ' 12. 102 - n = 3 




n = '204 - 157 . 10. n = 4000 - 1963 



2 - n = 



13. n - 128 = 568 



4. n + 3^2 = 691 .15. 601 - n =.399 16. ' 893 .- n = 256 
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BRAINTWISTER. In each .exercise -below^ the^itetters A,- 
D and E ar^ to Ije replaced one if th<^ digits oT 

- : • ^ 

1, 2, 5> ^> 5> 6, 7, 8 or 9. They may be replacec^by 

.different digits in different .exerclseff. A^, .symbol sucj^ 
' * ' * •• ■ . • ^ ^ . 

*as AB represents a 2-prace numeral-. ' ' , 





• 63 


+ ■ 4 


- A 650 




B8 






ABC (Lt^). 






+ 3C C^O 


■ 153 


. 87 



47 .DD-.(3l5 ' . ■ ■ CC 



CC, * - 8o 6o 

BB 0*9 ' 7a' 60 ^ CD ^0 
- Bg AB + D3 ^S) 
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THE LANGUAGE OP SUBTRACTION PROBLEMS 



Objective: To help children 'Identify the language of problems 
: whose mathematical solution -may be obtained by . 

* subtraction . . ' ' 

\. ' 

Exploration: 

Children should be aware of the, different 
problem situations ir; which subtraction may be 
used to find the solution. The operation of. 
subtraction is usecj^ to find the' missing addend «- 
in situations such as« tho^se in which we are to: • • 
(1) compare two amounts; (2) find how much . • 
more is needed; {3) fl^d how mu'ch is left, etc.. 
. ■ ■' - - - ' 

\ How can you tell when you '.Should subtract to solve a 

problem? Before' you answer we should study spme problems, on 
page 325 of ^our book. . - ' • ■ ' 

^-aun^ 523^ .^les and family B 

traveled 289 miles on a week-end trlpv. How many 
.more miles did . family A travel . than family B? 

Family A traveled 325 miles and family "b 
traveled 289 miles on a week-end trip . How ^ar 
did they travel together? ^ 

Family A traveled 3a3 miles and family B 
traveled 289 miles on a' week-end trip. How much 
farther" would f ami*ly B have to travel in order to 
travel as far as family * A? 

-v.- 



■ (1) 



(2) 



T3) 



Families A and B are 'together on a trip ,'of ' 323 
miles. They -.have traveled. 289 miles. How. many 
miles do they* have left* to travel? • 

•^Look for the %iestion asked in each problem. Then find the 
information that is given in the problem and write a mathematical 
sentence using the Information. \. 
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X-et us solve each of 'these,, following the method V/e have ' 
been using. • . 

(i) n = 325 - 289 or 289 + n = 323 ( 2) m = 323 +' 289 

" 323 ^ 323 

- 289 . + 289 

34 612 



Family A traveled 34 
farther, than family .B.- 



(3) 



miles 



The two families traveled' 
612 miles. 



s = 323 - 239 
or ■ 

269, + s = S23 



323 . 
- 289 . . 

' * 3^ ■ V 

Famil-ies a 'and 3 ir^ave 
miles left to travel. . 
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28.9'+ P = 323 
or 

^. ■ p =■ 323 - 289 ' 

323* 
- 289 
3^ 

Family* '3 v;ould have 

to travel .3^ miles 

tp have traveled as . - ■ 

* ... . ' • 

far as Family A. . . . . , ' 

' How are the problems similar? (The niimbers in the 
problems are the same.,)^ Are the pr^oblems the same? (No, they 
are very different.) How do they differ? (Different questions 
are asked. ) 

Let us exa/nine the work you d"id' to answer the questions. • 
V/as there a difference in the operation used? (Yes. In *(2) 
we added; in the others we subtracted.) How did you know v;hich 
operation to use? (We*could tell from-, the relationship in the 
problem.) 

Ve can describe an addition problem as one which gives two 
or more addends and asks us to find their sum. . Did problem (2) 
do these things? • (Yes, it gave the addends, 323 and' 2^9. It 
asked how far the 'two f^ilies traveled altogether.) 

How did you know to subtract in the other problems? (We^ * 
could tell from the relationship in the problem.) How^may we 
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describe a subtraction problem? (We know two numbers^ one is 
the sum and the other is an addend. We are to find the unknown; 
addend.) In problems (1), (3) and .(it), which number Is the ' . 
sum.and which is the known addend? ,(In problems^ (l), (3), and 
(^0 the sum is 323 and 289 is a known addend.) . ' 

V/e have described a subtraction problem as giving, a sum 
and known addend. We have- said that problems (1), (3), and *' 
(^) have the same sum and addend given. In this way the problems 
are dll alii^.e even though they ask different questions. 

' The children should ^ake up a few problems 
requiring subtraction. Some problems should ask 
txhat amounts be compared. Other problems should . , ' 

be based on situations where one set is to be 
separated into two subsets. 

Exercise Set 1^ ^ may be assigned now. 
Pupils should use the form shown on page 505 'of 
this commentary to record their solutions. 



5^' 
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. THE LANQUAQE OP SUBfTRACTION PROBLEMS 

4.. Pinlly A traveled 525 miles and family B traveled 
289 miles .on a weekend trtp. How many more miles did 
family A . travel than family B? 

2. PiMday ^ A : traveled 323 miles and family B traveled 289 
miles on a weekend trip. How far did the two families travel? 

' 3. Family A traveled 323 miles and family B traveled 
289 miles on a weekend trip* How much farther wbuld 
\ ' family B have to travel in order to travel as far as 
family ' A? 

4, Families A and .B are together on a trip of 323 miles, 
Biey have traveled 289 miles,' How many miles do they have 
left to travel? 

Exercise Set 14 ^ 

, 1, A notebook costs 15^* a pencil 2?^, 'and an eraser ^i. 
How much will It cost to buy a set of cme of each? . 

2. Four children put'^heir savings together to help buy a 

- riding horse, Mary had $35, Jerry had $48/ Diane had 

$123, -and Frank had $97. How much^ money did the fotir 
children have? '^3 f ^7 ,?^: ;^ 
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5. A football playing field is 500 feet long and l6o feet 
wide. How far will you have walked if you waak along the 
four edges of the t^^^, CZoo^^''t''""V':'''"7-y^ 

4. John haft 268 postage stamps. He received some -for 

Christmas. Then he had,_525. How many stamps did he 
. ■. receive for Christmas? ^^^^-^-^^J^.^f. ^ ^^^^^^ 

5..^' ' At Pairview, the temperature was 58° at noon and 25° 
' * at midnight. How much had" the temperature changed? 



/!p:>m''-^sopitfi(3i. 'Vo buy a radio which was priced at $72. He 

had $56 saved. Hbw much did he still have to save^ 

L£id^^u:iJ2:Z.^ V- ' 

7. On a page in a catalog the following prices were given': ' 

Soft ball, $1; jbat, $5; fielder's mitt, $5; catcher's 

-mitt, $12; first baseman's mitt, $9; catcher's mask, 

$4; and baseball uniform, $6. What will it cost 

Mr. Thompson to buy a ball, a *at, and three uniforms 
for his sons? C /+ 3+ i^U^rv^ 

j8. In one year the Acme Motor Company made 969,732 
\ automobiles, 95*p6o trucks, and 17,7^^7 motor scooters. 
Find the nimfljer of ^vehicles made by the Acme Motor Company 
. in that year. (■ ^^^;735+ qs,o(>0^ /7.7V7 ix^v. ^ 
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•}.Oi^jeet,l^': , To Introduce to pupils one of the procedures for 

■ ; . : drawing valid conclusions— "If-then" .thinking. 
JfpQ^iA^^ If-then thinking 
]^ 

' The exploration for this topic Is In the 

. v .- - - PupllB" Book, page 327* The teacher should 
^• -■; emphasize- for pupils the Importance of "if- 
"then" thinking. The mathematician assimies 
certain relationships; he states these in the 
• "if part" of the statement • He then draws 
\ Vx ' valid pohclusions which . he Includes ici: the 
.:./>.;• "then part-" of the stateient;' • More examples 
't of correct aufid incorrect "lf-the;n" reasoning 

should be provided by-. the teachei?* and; following 
; . ■ thatV jpuplls .may ioffer^'the^^ own. Both -social 
;■• and mathematicai|§tatements shoTild be used, 

: :. / - ' .If a pupii':liys '^If ' n + 9 = 15, ' tbe^.-. '.V ■ 
• : ^ r-^; 9 + : Ti ^:^^" ^W^'^Sf- n. + -9-= -X5,-then- 
■- * /^;i-5 r n :^^%"-the teacher should ask, "Qlve: 

'**ine'a reason^or yoizr statement . " 3.- 

' Asslg]|M^erclse: S'et 15 for indepeiid-ent 
work. / Aft«|?^Scercii5i^;^fit ^15; , is completed^ / 
Set 16 may *^^be assigned Magib squares-' of the 
j latter set provide afmearis o'f liitereatlng • 
; . practice. 'H-- ■ / ■ v 
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. IP-THEN THSHCING ^ 

1. We. of ten use "If-then" reasoning. Po)- exan^le, you may- 
think : "• ■ .1 

I run home, then I wlli;.g^ thereXg^3±rrker,, " or " 
"If it rains, then we cannW-play baseball, " 
. Tell some "if-then" statements about, youiv activities. 



if-then statements 'we want.the second part to be ''V^ 

true because, of the first part, 

. ■ . . ■ ^ • 

3, We use "if-then" thinking when we reason: . 
. ^ ■ ■ -"If 7 + n = 15, then n + 7.>= 15" or 

'-r:::,':y ^ "if 7 + n = '3,5,: ^ then n = 8" ' ' - 

vr?;'-,- 'We> would" not think *v , \ 

• '"If 3 + 6 = 9, - then '3 + 6 =■ 10 since the "then" 
part is not a result isif'- the "if" part. . , 
¥e could think, "If 3+6 = 9, then ■. 3' + ,7.> 10. " 
Complete this statement in other ways. If 3.-t'6 = 9, 

then -. - C'i^^^^ ; 3^'7^/9;-^-^ ' ■' > 

, ■ ; . . ■ • • 

4. (a) Is it true that '^If n + 6 = 1^, then . n = I5 - 6"?^ 
•(b) Is it true that "If ". n - 6 =r 10, then n = 10 •+ 6"?0»J 
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Kcerclse Set 15 

C^i^lete these statements. Use some different ways to 
con5)lete each as ^yc^ C^^^f'^^^^^^^^^^^ ' 

(a) ' If 15-9=X then •v.i^^l.d) If - 11 + n = 25> ,then 

(b) If .-»I3 +n =21, then .'. .-, (e) If 12+ n =19, then . , 

* ■ . . 

(c) -- If 33 =17 + n, then" ... (f) .If n -15 = 14,, then . , 



Jsse - .^t/ 'y'^ot so e^ich of these stia"bements- Wiil ^e t rue. 

(a) .,U;3y;^^?i;*-:6 =^17, tften- n C<) 17. ■ 

(b) ■ n = 19, tUen n cO 21'^ ' 

^ (c)" If .C'4:4- = n + 27, then ■ n '(^) 'kk. . 

J^d) If -n-^>-^b€-^i-^ — then-Tir 4>) ' l 6. — ^ ^ — 7^^^^- 



(e) If h + n";P> 40y :thenv n- C<) 40. 

v(f ) If rv':-^ ■Q-;^^^^^^ .tfien » n, C=^ 173. 

(^): .If', b - Ti'-^r^y;;Vc\^ n C=J d. " 

■<1i) Jf (6 + S) = 19, then n C<j 19. 



BRAINTirflSTER. Remember: x, y, and' z ' represent whole 
numbers. Suppose x + y = z. 

(a) Are you sure that x < z and y < zllj^^o ,-;^=o,*-Jz^oJ 

(b) Give an example for x = z. ^^•9^= ^- ^ 

(c) Give an example for . x < z. ^[^^^-^^^ ^ 

(d) Give one exanple for x < z and y < z . C<^ »m M » * ojuJy/im^) 

(e) Could x"> 
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^* Exegclse Set l6 ' 

Die arrangement of numbers in the ' 
square at the right is called a magic, • 
square. 





A 


B 


c 


D 


k 


3 


8 


E- 


9 




: 1 


P 


2 


7 


6 



1. vWhat is the sum of the numbers in coluim A?^?^/coluinn bHs) 
.. In colxann C? ' ' ; , : 

^ •^v .. What is the sum in row. D?^row fer*'TOw-P?0^3 

;3.y Die 4, 5, and .6. are said to be on a diagonal, wnat is 
their sum? What thi-ee other numerals are on a diagonal ?«<23 

' • " What, 1B thelr-suia?-^^ — — — — — 



7. 



Are all eight sums the sanier The square is, sald'-to be "nagie?' 
bepause the sums of all rows, columns /and diagonals are 
equal. 

Make a hew square by adding 19 to each number in'^he above 
squape. What is the sxxm of the numb^ers in:-- each row?C73^ 
each column each diaja:ona l? Is the new square a magie 
square? i^)/ 



25 


21. 


27 


. 19 








at 


27 



, Is the square _ on the right a 
magic squarei^*^ is the sum 
of the .numbers on each rctw, 
column, and diagonal? 
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57. 


% 


68 


^60 


66 ■ 


65 


63 


64 


62 \ 


61 


67 


59 . 


69 


70 


56 



Make a new square by subtracting 49- f rem each number I n the 
square in exercise 6. is it a riaglc square?/^^^ 





t 








/t 








/V 















•^Teaching :^rqcedures: 



Three Exercise Sets a3?e included ill .this 
section^- Set 17 is .a review o^^kills with 
Bralntwiffters to provide a cha^^hge for-fast> 
rllearners. Set 18 ' consists of^^wprd problems 
: and braintwisters . Method^ of; solving, problems 
; which have been discussed earlier ^should- be 
used, .. ' 

Exercise. Set 19 has ats its specif ic pur- 
,^ pose helping pupils choose the essential informa- 
e tion from a paragraph and use it to answer a. 
* ' question. Further, in certain exercises the 
" mathematical sentences is given and the pupil is 
Lo state the ' qii eyMr& i - whiclit lo anow cred-by^hat 
sentence. This is the reverse of his previous 
experience 'in. which he is asked a • question .ajid 
told to write the mathemattical sentence describ- 
' ing it. To further this objective, pupils may 
be asked to iqake up problems requiring addition 
x>r subtraction. 

r All pupils need not solve every exercise ©r 
problem. The large number of. exercises amd 
problems permits the teacher to make assignments 
suitable to« the ability of each pupil. At the 
same, time, ^these sets are not completely a v 
review.* There are. many variations of the con- jf 
tent studied previously.. The teacher should 
have somV: class discussion of the difficult 
exercises and methods for attacking them. 

Notes on Braintwisters: " • ' ^n. 

1. Ex. 7, page 331 Pupils should try reW-acing 

• n by various numbers in 'ri +' ri = 200 andV 
n + n = 582. 

• 2. Ex. 10, page 331. You can find n in the 

• matt^ematical sentence S76 = 89 because^^ 
376 and J 89 are ^ddends; addition is always 
possible- within the set of whole numbers. How- 
ever, for n +.376 = 89, there ls.no whole 

"^number for n, becausie n = 89. 376. Subtrac- 
tion-is not always possible within the set of 
whole numbers. 

\ . 
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REVIEW 



Exercise Set 17 



1. Subtract^ 

■■■ 84 

• . 57 

2. ' Add ■ 

■ • . . 67 

" . 84 



126 

67 • 


, ^36 

. ' 239 


142.7 
li48 • 


. ■ A ■ 

/ "555" 


134 


257' 

489 ^ 


3732 • 
"6356 


• 2841 
7159 



3* Find n so each matheniatlcal' sentence v/ill. be true/ 

Ca) -81 - (c) n^l26^^, 253 (e) ,359 -^^ .284 



{^} n = 76^+ 49 (d) n-- 87 =123 (f) 283 + a = 481- 

•4. -VJhlch of toese mattiematical sentences are pot. true ?' ■ 

• • (a) 81 + -69 = 160 (d) 1276 - 493 = 783 (j). 

. . (b) -124 + 238 = 362CT) (e), 263 = 612 - 350 (F) 

-(c) 289 +.463 = 752CO if) 412 = '913 -j57i6p; 

5. Write =, >, or < so each mathematical sentence will 
be true. " ' • 

: .(a) 825 ^> 568 + 257 . . (c) 742 - 367 J>}37h , ' 

■ (b) . 289 + 482 ^ 761. (d) 538 - 289 i<J 259 " 



o 
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6, BRAINTWiSTEB, litot . whole number, ' if \any,' can be'used. for ^ 
. n . so each mathematical .sentence Vill be true? 

C^) - 192 + n^ = 168 0^^3 (e) n > 12-= 26 .^-3^3 ' 

' (b)' ■ 192*+ n =^268 ^ '7^>3 - (f ) 12 - n =^.26 ^fe^O ' 
' ' ■- (c) 312 r n = 314 fedvt^J) (g)- 26 V 21 = n C^- ' 

<d) 312 - n = 310^-aI) °(h) -21 - 26 = ri ^2*vv,)^ - .. . - 

7. ' . BRAINTWISTERw" 

■*(a) :5he two numbers you operate, on are n and n. The 
• ■ pperation you use Is addition/ The result is 200, 

; (b) • Follow the directions of exe2?c4.fle (a) but replace 200 ■ 

— - ttj-^h— F^, fy>^fA^ ^^^^ yn^z ^^l^ ^ ^ 

. 8; BRAINTWISTER. What is wrong with this prbblem? Ihe two. 

■ niombers ; you operate on are xi a^^d n. The operation-^you - 
- ' use is subtraction. The result is 10. What niimber .-i^^^^^ n? 

• 9. BRAINTWISTER. Two numberp- operated on are n and- 376. 
The: result is; 593v, vWrtte' two true .rtiathematical^ 
■ uslns ■• n, ,3?B, and ■ 593 v ■ ;In - each 'i^th'emati^^ 
n. will be. a different, numberv Q^^^^^. .^^.^g. ^ ^= 7^,9'^ 

10. HRAINl^lSTER. ' Twq:, Himibers operated- on -^re n- ' and ■ 37'6. - ' 

The result is, 89. Can you write-" one ■ or two true ■ _ " 
mathemat£^l sentences using ,0, . -.aT^^ _aridev89? . 'W^y^i^-y\-ti jv"; 

■■■■■■■■ .• -. ■ ■■■■■ . \. ■ V'V- . ■ ; 



v 
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Exercise, set i8 



A mpiiel plane costs $2.15. Joe had some money and then 
he g^ed $1.56. Then he had exactly enough to buy the - 
■ plarfe. How much did he have before earning' U.5B'> 

The fourth grade class collefcted '287 more pounds of old 
newspapers than the fifth grade class. The fourth grade 
class collected 512 pounds. How much did the fifth 
grade collect? C^'"^ -2/7=-^^ cr\^yyv f •a.f'?z ^/Q, Zlr 

721 Is the -largest 3 digit number that can be written 

using each of the digits . 7, 2, and 1. What is the 

.smallest number that can be so written? what must be 

added to the smaller number to get the larger? ^'''^"'^'**'=^^>[; 
cr^ -7?/- 

Mary went to the store to buy. one loaf of bread and one 
dozen eggs. Bread is ^ 29^ a loaf and eggs 65/ a doren. 
using only the above Information which of these questiorta 
can ,you amswer? jT**'^^^ • , ' 

(a J What Is the cost of Hstry's purchases? vifya^. ^ 

(b) How much In all did Mary pay for bread? C'SfO - 

(c) How much change did she bring home? (^*^*fJ;^!)i^^J!2!/^ 

(d) If she gave the clerk a $5 bill, hoV much change 
did she received C^^^'^ ' Sao^ (y\^ ^0O-9H~/**j. 



^6. 



8, 



The East School had a newspaper and magaz^lne drive. /Room 

• . ' * . . 

A collected 1,5^6 ' pounds, Roqin B collected 38^875 • 

poiinds, 'and Room C cellecteci • -S^^S^ ^oiinds. How many - 

, ' - i 

pounds *of pa{)er^dld" these three r»ooms collect in all? 

BRAINTtflSTER. Use' the nunfeers 2, h, 5, 6, 7, 8, 9 ' 

and 10 'tCmalU a magic' square. Hint: the sum of each 

row, column, and diagonal is l8. 





H 


f 






2. 


7 




I, 














7 


s 




3 



BRAIlmflSTER-. (a) -What numbef is n if - 

' - (6 - n) + = (6 + p) - (^-'/)^ 
(bi' How mai^ counting numbers sire there • 

* - : 'between 19^ and- 275? C^^^ 

• \ ■ . ' \ . ' 

' " ') ' ^ 

BHAINTWISTER. , Each matheiiiatlcal sentence below is true. 

In which is^ n not a whol-e number? 

(a) n - n = n (^-o) • (c ) (5 + 2) +'g = n ^ = 7^ 

(b) 10 - n = n fvi, = i'3 ■ (d) (5 + 2) + n = 2.C^2^ • 

BHAINTWISTER.^ Find n so each mathematical sentence- is 
true. * • \ 
(a)^ n is less than 2^. L/^- 0 cr-^^ I ) 
{^) n is less than 8 and n is more than 
(c^ n • added to 5 is less than '5. 6^=<^ yyoz./} . 
(d) n < 12 and n > 10. Cyyo = //J , 
<^e) n + < 6 C />^= 0 <r^ I ) 



/ ' 



. / 
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^ At .Jordon school, the cafeteria aerved limch to: 

■ . • . > <* - 

195 - children on Monday 

* ■ ■• . , ' 

/ 218 ^children on-'Tliesday ] . 

- ♦ ^ 198 children en Wednesday 
205 cfilldren on Thursday • 
19^ children on Friday . ^ 

use the above information to solve problems 1-8^ 

^^5^^-''^^ served JLxmcHl during the week? 

2.. How ytaany more than 1,000 lunches were served during the 
week?*(?^^/'-/^^ ^yyv, JOOCiy^z/OO^^ .^^Sm^a^^a^ 

3. Pyid the two days on which the most lunches were served. 
The total number of Itmches fpr these two days was how 
many less than 500? 

19^^ .4 

4, , Hie total number of luhch|l8 served the ffi-st three days 
' 4. week Is how many more than the number served the 

last two days of ttA \iKp)Kp.JiQ9S +a)9-f- 19^) - (.Soli mi-=-Afj. 

vt-. nathwnatrcal i^ntences in Zeroises 5 through '8 answer 

«J^t questions about the number of limtdtes served? • ' " 

« ^ t 
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The prices "of some card games arp: Old Maid 26/^ Hearts 
ISfip Play Your Hunch 17/, and .Rummy 2V. ■ . - 



Which of the mathematical ' 

\ * 


(a) 


100 


+ n = 17 + 19 


sentences In the box can be 

• 




(19 


+ 24) - 26 = ji 


used to answer exerclcies 9 


(c) 


(24 


+ 19) + 26 = n 


4;hrough 11? 


(d) 


n - 


(19 +24) = 26 




(e) 


100 


(17 + 19) = n 


9m What Is' the total cost of 


(f) 


(24 


+ 19) - n = 26 


Rummy, Hearts, and Old Mald?^^ 















10. How much change do you receive from $1.00 If, you buy 
Play Your HUnch and Hearts? (^3 * 

• . ■ 5" 

n. How much more wlll .it cost to ttuy'the 2 games Hearts and 
, Runny twin 1 game Old Maid? (jb') o^ff) 

The mathematical sentences In exercises 12 thrcmgh 17 
answer what questions about the cost of the card games? 



.12. 17 4- 24.= n , , . X,/ 



15. n = 19 - 17 



14. 24 - n ='17- . * 



15.. 5,+ 26 = 19, ^ , 

16. n - 17 + 26 

17. 17 + n «= 24 » 
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ENRICHMENT 



Objective: To help, pupils review and exterjd their iinder standing 

of union, and intersection of sets; To help them 

comprehend -'the .meaning -of an operation on 'numbers 
, * 

Vocabulary: The wo'rds circ, bov> wob, star, beta, pick and * 

alpha were invented for use in 'Exercise Set .20,' 

. It is not intended that they become part of the 

pupils' vocabulary*. * . ^ 

Exploration:, 

The teacher shcnild study Exercise Sets 20 
arjd 21 carefully and decide which of his pupils 'f 
Coin profit from the study of this enrichment 
material. 

The teacher may refer to Teachers' Commen- 
tary > Chapter J for backgrouhd and suggestions on 
teaching union of sets. Exercise Set 21, 

•Because pupils are familiar with addition 
and subtraction they often do not sense the 
significance of the statement that. they are 
operations. Make-believe operations are intro- 
duced in Exercise Set 20 to help them comprehend 
what - is meant by operation, .. 

. This set of exercises is written so that 
pupils have the opportunity to' discover the 
rule for the make-believe operations. Try to 
make a game out of this lesson. The pupils may 
be called discoverers or inventors. The Pupils' 
Book may be used as a basis for the study of 
ffiis topic or the teacher may wish to use the 
. following as an introduction before turning to 
the book. 

Today we are going to do some inventing. We will invent 
some make-believe operations and some symbols to indicate those 
operations. First, name the ^p^at ions of mathematics that you 
know. (Addition, subtractiori^ B«^tiplication, and d^ryision) 
Write the symbor f or each of 'B'hese on ihe board. 

The new m^j -believe operational have invented is indicated 
by the symbol, BB- . Help me invent a name for it. (Pupils may 
think of "bp^or "rectangle." Choose a strange name such as. 
"rect.") 2 ' 



"Rect" is an operation on two numbers. The result of the 
•operation, rect is found by this rule, ''add 2 to the sum of 
the numbers." So CZl 3 - 9 and 1 □ 5 = 8. Tell me the 
result of 60 3; of 2 3,v of 6 0 1, etc. (ll, 7, 15) 

Urge -pupils to make up a symbol and a rule 
represented -by the symbol. 

This is another symbol to indicate an oper.ation. (Write 
on the boai^J Its^name is'^'Nac." It is an operation^^n . 
two numbers. Here are some mathematical sentences using ^: 



1 = 3 



How many of ^you can find 



. 4 9 = 12 



Write more statements such as 1 1 = 
6 2 = . .on the board. Let pupjls who have 
disc overecTthe rule supply answers! (The symbol 

1 from the smn of the two 



~ means, "subtract 

numbers. ') After a number of pupils have dis-^ 



covered the rule let one state it in words. 

There are other examples, like, those de- 
scribed above, in the pupils' book. 

If the teacher decides that only a few • 
pupils should study Exercise Set 20 they jnay 
do s;o independently. 
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ENRiCBHBN^ 



'Exercise- Set 20 



Meaning of (^ration 



You- have heefn studylxig^d<jiti©n*atA'^ two of* 

the^operat^Stis of matljpmatics. Theyv are* operations, on .two. 
numbers. The symbols that* Indlcatfe' these op^ratlon^ are - ^ 
and Now .we are going to "i^e up", some 6pe?ratlons^ They / 
are "make-believe" operations and are npt.fooind ^I•Inath^^at^cs 
books.. They: have '^been invented .to see if you can disc6ver. / 
their meanings- ' v--.. ' . ^ " 



(a) 3 © i =v 
. ^ 6>) 8 -0 1 . 
2. Another ^make-bel 



syxn|>oI fo Indicate 



four." 




2 4 \s read, ?Two cirb 



!• One make-belleye operation 1*?; named "circ." The symbojL 
tQ indicate ^Irc Is 

four." . Clrc mean&fiiBSIg^hi^ft^ thq^ first number and then, 
oul^tract the .9econi 
// ^2 0 4 - I, 



f3?om that sum^ Thus 
ach of these* 



0 1=^ 

0 4 =;n 



-(e) 



fei^tlon Is -named, :v" 
. 3 .T:' 4 Is 



mean4 cj^gose - the smaller xiumb^: 



8 T 5 = 5» Find n - for each of the 



(a) 



2 T 5 = iP 



(c) It 



'I- 





(bf 12, T 8 = n 



(d) 9 T 10 = n 
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3. Another operationS^p5aa|^ 'Iji»b."_ The symbol to indicate 
wob is 1 . 5 




-ji;ead "Three wob f oiir. " Here are 



some restats of tfe^^operation, wob,- 'on two numbers. Try- 
to find the'mean^^pf. wob./^^'*^''''*f^ 



(a) 4 i 6 =V;'"^r(ci i^i .1 =-8 (e| 5 19=9- 



(b). 8 i- o.=^,;#:: fdO. (f) 7 17 = 7 




(k) 2 ± 0 = n 

(1) 9 12 = n 
h-f) ■ 

4. The'' symbol -t^^^^^.e- a sign -of : operation. 3^ ♦ 4 tells 
you to^^PefB^^iS 3 and 4 in a certain 'way. It is 



|7 i 10:= n 
(h)- 119 = n ; -^^^IP^^e i :8 n 



read. 



ar four. Here are some restilts of the 



^eration^tar, on two nurtbisrs. ^ Try to find the meaning 
of star^ i'^'S^y'^^ l^Ji/^^<x<y<^,') 



(a) = 8 



- (c) 2*6-9 

,3 (>) 5 ♦ 6 = 12 (d) 3: ♦ 7 = 11 



Find n 



(e) 1*1=3 

(f ) 5 * = 10 



^each of 'the following: 



jg) ^ * ^ = n 



(h) 8 ♦ 7 = n 



(1) .3 ♦ 6 = n 
(J) ■ 5 ♦ 9 = n 



(k) 1 ♦ 0 = n 
(1) 1 ♦ 6 = n 
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5'. ; Another operati-oh is called^ "pick." The symbol for pick 
. . is J . Try to find the meaning of J from these examples. 

\ (a) 5 J 5 = 4 (c) 2 J 4 = 3 (eT 7 J 5 = 6 

(b) c J 2 = 1 (d) 8 J 6 = 7 (f ) 9 J 7 = 8 

6. Another operation is called, "alpha." The symbol for 
alpha is jC . It is an operation on one number. Try to 
find the meaming of Ji from these examples.C^^ftA /v-^<4Uv. 

'(a)^ 5 = 6 . (b) ^ 0 = 0 (c)jC 5 = 10 (d) jC 8 = 16 
What is n in each of the following? 

(e)jC = n (f ) ^ 9 = n .,(g) jC 1 = n (h)^- 7 = n ^ 

7. SUPER BRAINTWISTER. Anothet ^operation is called, "beta." 



The symbol to Indicate beta is B . Try to find the meaning 
of beta from these ejiamples: C^^y''*''''''f^>^/^^ 

(a) 3 B = 5 (c) 2'b' 8 = 2 (e) 6 B 1 = 5 

, (b) 18 2 = 9 (d) 7 8 5 = 0 (f ) 5 B 5 = '6 " 

Find n for each of the following: 

(g) 2 B 5 = n (i) 5 B 6 = n (k) 1 B 0 = n 

^ = 7 3 I) ^^/Jj ' 

(h) 8 B 4 = n (J) 4 B 2 = h (1) 5 B 5 = n 

8. SUPER BRADJT.TI^TER. For v/hich of the operations in exercises 
•1-7 does the ^^sonmutative property seem to hold?^--'^*^/^**'"^^ 
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iBxerclse Set 21 

•J 

UNION OP. SETS 

Pretend you have Set A and set ;^ 
Call Set C the Intersection of Set A and set B. 
Call Set p the union of Set A*^ and Set B. 

Copy and fill in this table. (You may need to draw some 
pictures.) 

Number of Number "of Number of Number of 

members in mdnbers in members in members in 

Set A - Set B Set C Set D 

(Intersection) (Union) 



(1) 


7 


8 


0 , , 


.15 


.(2) 


. 7 - 


• 

8 


* 2 




(3) 


7 


9 


' ^ : ■ 


(1-2) 


i^) 


'8 


5 


0 




(5) 


8 


5- ' 


n 




(6) 


8 • 


m 


0 




(7) 


P ■ 


■ r 


2 




(8) 


P 


r 


5 
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'r . Chapter 7 * . ■ . .. 

•,. t TEeKJIQUES .OF ^MULTIPLICATION AND I^IVISION". 



hblp. chlldr.en. imdersta^ th^ . techniques of multiplication 
and -division (Throughout the unit the process of division 
inclu^j^^both'"xiivisibn without a. j'emaind^r and division with 
a; remainder.) / ^ - ' " ; ' - 



a* To help -children, understand that they, can multiply- and 
-.' divide large, numbers if they, know the, multiplication fa.cti3^> 
^ and the properties of multiplication ^d division ^ ' 



3. To help children develop skill in multiplication and 
division and in checking the res\xlts of these .processes 
:(A.high level'of skill will not be expected \intil after|[. 
the study of Chapter 3 in Grade. 5) • : - • 



To help children- improve their problem -solving ability" 
through th^ use of mathematical sentences in' situations^' 
suggesting multiplication and division ^ ' ' ^ 



MATHEMATICAL BACKGROUND 



- \' ' unit we learn how to use the properties of multi- • 

lication and division (as studied in Chapter 4) to develop • :^ 
techniques' of multiplying and dividing whole numbers; - ) 

To do ^his we make use of the commutative and associative , 
properties of multiplication, .the' 'distributive property, special 
properties of both 0 and 1, /the' decimal system .ipf jiuinerat ion, 
and the multiplication facts for purposes of determlnS^ the : 
product of numbers larger. than 9 and f 07 expressing one number 
as a multiple -of another number. ; , .. . 

The process of multiplication ,^ We have associated the 
number a x b with an artay of a rows and' b columns. ''VJith 
an^array of - rows and 4 coli:unn5, we associate, the number,. 
3 X 4. Since 3x4 * is not a stfandard form for "^eixpressing" a • 
counting number, we-can set up a correspondence between the 
elements of the set ^d the elements of standard' sets, matching 
this particuiar set with one. which has fche number property 12. 
We can then name the number of the set, ^.either as 3 >< 4^* or 
12. - In 3 X 4.= 12, we call 12 the pi'oduct.of 3" aryd 4.- • 
We call 3 and 4 -factors^of '12. ' ' . 
, To find the' product of' 7 and 24,^' we c^ first express 
2.4 as' 20 +■ 4. T^e th^n think of the\declmal nu^^ 
7>x 24, by using the decimal numeral for ' 7 x 20 or . / ^ 
.{J X 2) X 10> arid the decimal numeral^^^hich expresses the.j^ame. . 
number as does (7 x 4) . The following\suggest dif f erent ^^^^^^ 
thought, patterns for finding the number / n 'represents in-4th 
sentence, * ■ • 

\ 7 X 24..= n. ■ ' 
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Ke may f^ist associate- this . nmberi;With an array "^as in 
Figure" 1.-. -.{H^^o) = 1^0 ' and '7 x 4 ="28. " '"k.: •■ 



■21 



■ 2■^^ 
.FigiSre 1- 

20 



X 7 ■ may' be written 



ii.; 

X 7 



.140 +- 28 = . 168 



;. or ■ _ , . ■ ' • or ■ , • 

" ■ 2-4 ■ r; ■ • ■ ■■ 24' 

'■" 'X 7 . - ..■ _■ . ■'■■,..> ' x 7 

;l4o. (7x20) or . (7-X-2)- x'lG . 28 .(7x"4)- " 

^ - - .gS; (7.x'4) • • . .. •• • 140 (7 X 20) 



^. or, if. one can remembear' ■tHe\"2 'te.ns^"'and'addvit to.^^^^^^ "ill tens", 
then v;e can v,-rij?e ^ ' - ' . ■ ^- ■ . i-'-.' -. ' " , * ■ 



• ■ '. j'V •. : 168 . . ' 7 X 4 = 20 8 ■ : / ■ ^ , 

. . ■ 7 x-20.= l4a ■ ■ i4o'+ 20' + 8' = -168 ■' 
• • ■ ■ y ' ■ " 

The ,foim/used is determi-ned bjP^the skill ac?hiey|d. it. 

would be expected that a child learning to- multiply wou^d^progress. 
from lov^er ^levels to" higher levels c:>t: sk^i^ ■■ * * • - - 
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^ These pvocelixires may be used for finding -products, of palPS 
• of larger numbers. The thought process and the record of : ' " 
■■ thoughts, however, become more- con5)l€Qc/ . 

Suppose 20 x 34 = 11. *TMs-.-number, expre£[g;ed as a product* ./ 
expression, can. ^be associated with ^xi array^ of 20 rows and "^4 
. coluijcis 'or with a collection of . 20 sets of objects where the" " 
number of objects -In. each set Is 3^.. . We ^ can express 20 . as * 
X2 X 10) and 3^/ as.\ (3b '+ 4). ' , / , r 

|T5ien, 20 x^^34 = 20/X;(30 V 4), 20 x (30 + 4)^= (20 X^O) + 
(20 X ky. To find the decimal numeral. for (20 x 50)' we express 
20 as (2\x 10)' .^d^ 30 ""^s, 3 x 10/ . Then ''20 x 30 - ' ' — v - 
(2 x^lO)'. x .(3 X l?^Xv - By the commutative and assroclitlve pro-" " • 

■ parties, we know^.'tliat 2.x 10 x 3 x.lO = 2 x 3. x lO.X' 10. .We 
' can thliA <)f ■ 2 X 3;,^ x 10 as^ '(2 x^3) ^X; (I0.o< .10). .: We 

[ the products assbclated with, the palT" of "slngl^-diglt" numbers^^^ 
. 2 and' . 3.. pur system of numieratlon ;makes' mult.lplylng-by 100 
. -most convenient . .. .Theses' Ideas' are used. in. deveibplng. a scheme ' ' ."^ ■ 
"for finding the decimal numeral which- names the same ramber as' 

does 20x34. \ . . y\ 

Or Suppose given , the prpduct* expression ' (l^ 'x 14)^^ we wish 

■ :^^:<le^;armine. the decimal numeral that names the "same niiftber. Let 
^^■:=TaSf>|ig^ an array "with which this number ijilght be . 

10 X = 4o 



§^:$p^iated : .( see .Figure • 2 . below ) ' . . ^ _ . 



f ' • 



10 . \ . .. 



Figure 2 



2t x 10 = 



20 



xo 



Figure -J 



; 2 X 4 W 8 



82 .. 568 



We can . sjeparate it into several smaller arrays, and for each 
surraj* we can readily use a decimal numeral express the number 
of eiil^ents in that set. (See Figure 3) That is, 

12 X 14 = (10 + 2) X (10 + 4) • 

= (10 X 10) + (10 X 4) + (2 x 10) + (2 X 4). 

When symbols alone are used to express our thoughts, the, 
may be expected to move from a procedure clpsely resemb: 
to the brief algoibism that many of us. know. For example^ 
the number :n represehts in. the mathematical sentence 
12 -X 14 = n, we may write t^e fpllowing: 




14 
X 12 
■ 8 
20 
40 
100 
168 



(2 X 4) 
(2 X 10) 
"(10 X \) 
(10 X 10) 



'4? 

Later, l4 
X 12 
28 

140 
168 



or 



'This resembles Figure 3. 
Too, order can vary as 
displayed at^ the rtghf, 

,At this stage it is not 
important to establish 
a particular order for 
all pupils. 



14 
X 12 
l4o 

28 
168 



and still 
later 



14 
X 12 

28 
14 
168 



14 ' 


14 


X 12 


•X 12 


100 


20 


•40 


8 


20 


100 


8 


40 


168 


168 


Stil'l 





later, and 
for some 



etc 



14 
X 12 
168 



The process of division . In developing" a technique Sbr 
dividing one: number by another, wej-.make use of what we nd-gjit call 
a "onQ-sided" distribut^lve pro@<erty for dlyj^on. For example; 
, to divide 165. by 15, .we express I65 as a sum of mi^tiples 
of 15, l.-eiT'i 165 = 60 + 60 + 45. Theh 

(6p + 60 + 45) - 15 = (60 ^, 15) +■ (60 ^ 15) + (45;.,^ 15) . 
Or, = (-4 + 4 + 3>) = ll.• 

Hence, I65 ^ 15 = H.' * ■ ■ 

For pairs of rrumbers^ where one ■is'.not a factor of the other 

we^lnd the largest multiple of * one '^humber whlclv Is less than the 

<v. ■ ' r. • 

^othei*. . In order .to divide.^ 137 " by '14, • it Is possible to 

, express I37 as the sum of multiples ^q^_ 14 and a final- addend 

less than 14. "The use of the distributive property is not'. 

appropriate since all addends are not multiples of. 14. So, we'. 

use^ th^ following: * . 

iT^ ' . ' . . 

137 = 70 + 56 + 11 • . 

Then, 137 =, [(70 ^ l^f ) + (56. -5-14)] x 14 +. 11, ov more simply 
•■■;ritten, 1-37. =- (5 + 4) x 14 + 11 ^- . 

Thus-, When, we divide 137 by 14, the quotient Is 9 and the 
remainder Is 11. The largesi: multiple of 14 less- than ' 137 . 
is (137' - 11). or 126. ■ ' 

For pairs of numbers such as these,, where one Is not a 
factor of the other, the mathematical sentence 'In the form of 
- c -r b = a or c = a x does not apply. Instead, we use the 
sentence of •tjie form c (a x.b) + r . Of' course, we*see If r 
Is zero, then the second takes a"^form of the'first. Observe 
that ' r '< b. 

^ This Is the . basis for \developlng a computational^ scheme, 
v;hereby we subtract -multiples of. one number from the other In 
order.to determine the largest irtultlple of one number that Is 
less than the other. 



84 



570 



^hen 



e are different ways in" v:hich'cvthe thought processes may 
be recoraea. Here are some v;avs that v/ill be used throughout 
this unit. • ^ . ^ . . • " - 

= (80 - '0 . • ■ . . 

=■ (8b. •^■ M.+ - - ) ' ■/ ■ ' . 

\ ■ , = 20 + 1 

=21 ■ . ' 



Gr, using, smaller multiples of either of the forms,, A or .B, 
sho'.-.'n belov; may be used. - . . 



) Sh 




- ^"c 


10 






- '^0 


10 


■ k- 






1 




21 



21 

1 " 
10 
10' 

40 

ho 

■ h. 



tlO X 4) 
(10 X 4) 
{1 X 4) 



or 



(10 X 4) 
(10 X ) 

(1 X M 



or 



) 84-. 




- 80 


-20 


4 




- 4 . 


1 


,0 


21 



21 
1 * 

20 

4 rw 
80 

J; 
I.* 

0 



(20 X 4) 
(1 X 4) 



(20 X-'!) 
(1 X ^O... 
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In developing a technique for dividing a number c by a 
number a, v;e can (Consider the separation of a set of c 
ele^ients (dots, for example) into a rows with the 'same niomber 
of dQts' in eaoh row. For example, in dividing 132 by 12 we 
can make an array of 12' rows, beginning- as indicated. 



Then we . forr. other columns of dots until the total count is 132. 
The total :^7'b^i^ of columns is li. We know then that 
12 X 11;^ 132, and consequently 132 ^ 12 = 11. Likewise, we 
could hav.e j^^e^ array of 12 columns instead of 12 rows. 
Bur^.it ina^ i)€ desirable to confine the pupils' attention to Just 
Ow^ array i:fi T;hich the number of rows is the number given as. the 
icicv/n* factor, in ^this case 12. The finding cf the unknown 
factor, Tjl, ^ac comp lishes^ >he dividing of I32 by 12. 

ir we Veru^^?e^refi to divide 135 by 12/ we know there 
is no vrnole nximber for n so that 12 x n = 135 . (in an array 
this v;&uld be shovm by ±2 rows of 11 dots each and 3 dots ■ 
remaining for a partial tv;^lfth column.) In this case, we cannot 
divide two v;hole numbers and get a third v;hole number. Since 
it is not alv;ays possible to find a whole niomber for an unknoim 
factQr If the product and the known factor are whole numbers, 
division is not always possible witJfen the set of whole numbers. 
We cannot write I35 = 12 x n v;here n represents a v;hole 
number. Bu-t expressions such as "135 divided by 12". may be 
interpreted "in ;relation to the partitioning of a set of 135 
objects into the largest possible number of equivalent subsets 



in v;hich 
DO^sible and 



witti 12 .objects ii^.each fhibset with a remaining subset of 
fev;er than 12, objects. ^^K^s^ is described by a S&thematicq;! 
sentence of ■ the form* ' ^^^^^^ . . ^'^ 
■ 6 . '.■ 135 = (n-X 12) + r 

n and r, are whole, numbers and p as large as 
r C 12. In thijs. ''eiJ^ample * i? = 11 and r"'= 3: 

135 = (11 X 12) + 3; • . -^^ 

Since the operation of dt^^i&iorl Is »n operation vjith two.- 
numbers (divi'dend and ;ja:ivisorO to' yield one number (quotient) 
the. process of finding the two numbers n an^ r i^' not the 
operation of division: The algorism for recording one»s thoughts 
in determining 13 andl^ 3 *in the aboV^ example may^ be the same 
as the'algorism for^dlv:5|ding' 132 b^ 12 but there is an 



» 








* ■ . 120 
. * ' l<^ 


10'" 

1 


12) 132 
120 
• 12 
12 


10 
1 


* 3 


11 


< 


11 



Some distinction needs to be made in the language used in. 
♦dividiEg 132 - by 12" and "dividing 135 by"^'l2." • 

In, "dividing IpP.'^y 12" we shall use the followi-ng 
terminology: I32 is the product of the knoim 'factor i2 and 
an unknovm factor represented by n. But in "dividing I35 by 
12" v;e shall use the terminology: Finding quotient and remain- 
der, is 'true, of^course, that prior to determining if there 
is a whole number for the unknown- factor, the pupils ^cannot be . 
aware of vjhich of the tv;o situations exists," i.e., whether they 
^ are finding an iinkno^m factor or finding a quotient and remainder 
^e larger portion of the material in division presents the 
"product and unknown factor" situations first and the "quotients 
with remainders" are introduced in ,the last fe^v sections. 
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^ WJienever we %vy to think ab 
factbr of zero, we hjlN difficult 
Suppose 24 + 0 = n; Then, 24 " =. 'l 
whole mjunber. -n we can use since 
whole nimber is again zero. What can 
0 + 0 = n, then O x n •= '0. ' Here we hay, 
situation since 'anygltfhpip number can s erve 




In' brief, when one 
otheiji factor or any w, 
usu^ly agree to-avoic^ 
since we do not meet phj^ 
sentences *for their desc 





.is 0, . either- w 



ibe'r v;ill do . 
iOn by 0 . 
situations wi 



given prpduct and^a known 
•the other factor . -4 
^arly*'\there is ho. 
:tV>f d':. .an<J^ any 

about "^'p" 4-. 0? ' If 'TV 
lewhat (^fferent- ^ 
^other\factor.- " 
jterjrtiLne the - * 



•^atdship'. 




I. . 
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REACHING' THE UNIT 



REVIEWING MULTrfLl^ATIQN . -AND .DIVISION ' ■ 
Objective: 



Materials : 
Vocabxilary 



^6 vhelp c^ld^*eri. Tearn - techniques . of multiplication 
*anS how these tecJhniques depend upon the basic 
propertitea multiplication ' - 

* -^oJ'^len&thy dlscussi^on of multiplication 
is re?quired.. Arrays are; 'used to help ^deve^5^p 
mull5ipl^catlori"'a;igorism3V-^*^ of its , \ 

continiial-' uSe "and, great iiifportance, the. 
tributive property should b^- reviewed. . 

Aryays ^ vf- ' . ^ - , ■^^ \ . ■. 

Parti§.l products/ vertical ^.-'-^ j 



Exploration: 

-, Multiplica1>iofi-5.^ a ^thematica-l.. ojieratLon^^on- two nxomb^rs "[^.'^^--'^^ 
to obtain a third* Viujilfer. " g:^ some ^pro^duct^'oT^cpairS; 
you know. Do. ypu 'know, hj;^' to findP;the procjkcfeyof/an^ two-'ni^ 

■ you can think of?*'^Can you gjfve ^Mfe ."e^ y^u, 

' donVt know how to imltiol^?'^(,The§:e'^^^g be su^ch as .525 

\\2h X 96, etc.) r^ '^''^ ■ ' " '^"V ■■^'■^t;:^^^'^^'-^ 

i We know the products .of pMrs of nxambSrsgrJias's" lahan^ .tfer^ We 
riow want to learn more'^^about' fincSfeg proSuct^^^f paters 6f-nv^ers; 
greater than "ten,. Let . us lDe«S^T:iyli:^em some "sirhpie / . ^ 

products. Suppose we think of ^ 15^^.= x 10 ^s the -nuplDer ; of : \. 
elements in an 'array of^4- rows 13t-..,colxamns,' ^ v. 
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,If we do not know the number n represents, we cahvfirid it by 
thinking of ways of separating the array. How may w^ separate 
this array into, two arrays? 

, Have children suggest several possibili- 
ties, making certain that they include two 4 
by 5 arrays . ■ 

Bring out the idea that 'it is very easy 
to find , the product of two numbers when one 
factor is 10 .and the other, is les'^s than 10 
We can think of 4 x 10" as ko' (k tens). 
5 X 10 as 50.- (5 tens), etc. Also, lo x 4 = 
40 - or -4 tens, etc. ■ _ 

Do you think you know a way to find the product of two'num 
bers when one is lo and the other is greater than 10? (Try 
some examples;) "What is the product of lo and lo? of 11 
and 10? etc. . 



Use such examples as:. 

10 x,.15 = 10 X (10 + 5) 

= (10 X 10) + (10 X 5)\ 



100 + 50 ' 
150 



11 X 10 = 



= (10 + 1) X 10 - 
= (10 X 10) + (1 X 



100 + 10 
110 



10) 



10 .X 64 = 10 X (6o + 4) 

= flO X 6d) + Jlo x 4) 
= boo + 4o 

. ' ■ - = 640 • 

Lead children to. use lo as a factor as 
often as possible.- Work other problems as a 
class activity before Exercise Set 2. Exer- 
cises 19 aftd 20 are given as a "lead-in" to 
new material. 
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TECHNIQUES OP MULTIPLICATION AND DIVISION 
OPERATIONS . . 



We think of addition, 'subtraction^ 
multiplication, and division as the four 
basic operations of -arithmetic . 

We have- learned that an operation on 
numbers i's a way of thinking about -two numbers 
and getting one number as a result. 

When v/e think about 12 and 5 and get 
15, we are adding . When vi^ think about 12 
and 5 smd get §, we are subtracting . Ifnen 
we think about 12 and 5 " and get 56, we 
are jmiltiplying . When we think about 12 and 
5 and get 4, we ^re dividing . 



MULTIPLICATION 

• ■ ' * ■ 

we express nnilti.pil(iation like" this: ^ 

We read the, sentence liki this:/ 
■-.9' tjj^s 4 is equal to 36. 
9 times 4 /~ equals 36.: 
We know thati 

9 is a factor of 36. 
4^ is a factor of 36. 
36 is the product of 9 and .4. 



DIVISION 
We express division like this: 
^ ?6 ^ 9 = n , . 

36 = n X 9 
or 

36 = 9 x n . 
We read the sente^nce like this: 

.>6 divided by ' 9 'is equal to n. 
36 is equal to what times 9?. 
.36 'is equal to 9 times what^numb 
We know^ that: . ' . ... 

36 is the product of .9 and ' -n-. 
9 is a known factor of 36. 
n is an' . unknown factor of 36. 



THE DISTRIBOTIVE PROPERTY OP MULTIPLICATION ..OVER ADDITION 

Methods of multipiication depend on expressing- one 
factor as a siain and then us.lng the distributive property 
of multiplication over addition. . \ 

To multiply ^^8 x 6, you can think of 48 as^^^^,^..-^--^ 
(4o + 8). Then we multiply each numbeju-fey^e factor ,6. 
"We use the distributiv^..,.proiJerty . ^ 

^J^X-JfS^^'ex (4o + 8) Rename' 48 as (4o, + 8). ■ 
= (6 X 4o) V (6 X 8) Distribute the 6 oyer 

\ . ' (^0 +8). 

' = 240 + 48 The product of 6' and 40 

■ \f is 24o. The product of 

• . 6 and 8 is 48. 

= 288 The. sum of 240 and 48.' V". 

. is 288. 



0 

THE DISTRIFJTIVE PROPERTY OP 


DIVISION OVER ADDITION 


To divide 75 by .5, .we 


express 75 


. as 


(50 + 25). 


■ Then we divide both numbers by 


5. 






75 5 .= (50 + 25) 5 


Rename 75 


as 


C50 + 25). . 


. = "(50 ^ 5) + (25 -r 5)' 


Distribute 


the 


5 over . 




(50 + 25 >. 






■ = 10 +-5 


Divide 50 


by 


5.- Divide 




25 by 5> 






= 15 ' ' 


The sum of 


10:- 


and '5 




is 15. 
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. .. Exercise" .Set 1 

:. VJrlt'e 'the niune^rals^ from 1 to. 20 on your paper. If a 
stateinent • is^. true, virite t£ue. If a statement is false, ^wrltfe 
false . . ^. ^ ■. ■ . • ■ 

1. , using the set of f;hole niunbers, you can multiply any j^alr-of 

• numbers' and alw'ays get a.vjhole- number for their product, 

I , , • . V • 

2. Using the. set of whole n,um6ers, you can divide any pair, o^"' , 
' numbei's and alviays get.a n-Jhorle number for'the unKnovm " . 

factor. (J^ij^ ' '! ' . 

3.. ••'273 X &^6'=- h6 X 2.73, (Xi^) ' .7. 6x0 = 6 (/^) .r 
i^,^ 5 ■+ 1 = 1 "(A^) 8.' 1 X 9 = 9 '. 

5. 69 .+ 3 = 3' +^ 69 (/*^) 9. ■ 0 + 6 = f;^::-*.)' 

17 = 17 1 ' 10. 6 X 9-<.7 X 9 (-^i^) ■■. 

^ 11. 58 X 69 > 69 X 5S 

- " 12.: kB -i- h ='(i^6'4- h) +:_{B , 

. ; 13. (20 + .4) X 7 =-(2o"x'7) + (4 xir) '' 'i 

■ 1^:. 2 X (3 X 17)'.= (3 x:17) X 2 (^t^J 

15. 2 >c-3'^ = (2'x 30)' + (2 X 40) {-/^) • 

■ 16.; (21 X 7) +.7 = (21 -r 7);X 7 t?^) ■ 

■ \. ■ 17.- V'Q^^) + 2 = 48 - (6 ■i-.'2) ' (J^^^^) , 

. ; • . 18. ,(5 x-3a) + (5 X 6) = 5 X 3$' [t^] 
• 19. . ()^7^x 18) + ■(47-x 12) ^47-x 30 (J^) 

• ■ 20. (12 +.3) ^ (12 + 3) = 24 +3 fyC^j ' ■ 



RLnd a deplmal nmeriL for n In each sentence. 

1, 
2. 
3. 



IQ X l8 = n 

.17 X 10 = n ' ■• ' 



5. 
6- 

7. 

■ . 8. 
: ; 10. 



27 X 10 = n . 
10 X 35 = n 
10 X 107 - n . 
12 X 10 = n 
120 X 10 =. n ■ 
10 X 19 = n 
30 >^ IffiJ. = n 
300 X 'lO n 



11. . 10 :)r'47 = n ' ^ 



f-47 = n 

12. 89x10 ; 

13. 5^ X 10 = n 
, 14. 10 X 98 = n , 

15. 10 X 125 = ri 
'16. 31.4 X 10 = n . 
•17. • 4l2:'><' 10 = -n ' 
18. 842"xio = n . / 
BRAINTWISTERS : ' / ; 

; 19. *i7 X 20 =:n V 

. -=20. 12 ^0 = .n^ ■ 
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MDLlTPLYING BY, MpLTIPLES OP TEN 



Objective: To. learn how to multiply two numbers when one ^ 
' . - .' . "-number is a -multiple of , 10, that 'is, 20, .30,'' !.; \*' 
^Oi etc.. . ' ■ 

Vocabulary:' .jy^uitiples .v ■• . / 

Exploration: ^ v . . ■ / . 

We can cus^^what we Jchow .about ' 10 as a factor to learn how>:^ • 
•to use 20 ' as a..'^factor.,. HOW may w§ thin^ of the factor 20 .in%. ' 
order., to use. what' we already Imqw? (20= 10 + 10 or 2 x loy-^" " 
Suppose we .trjr some examples: ^ ' *■ ' ^ . ■ ■ 

. ■ " * • . ■ ■■ . , ■ • ■ ■ ■ ^, 

7 x-20 = -7 x (10-+ TO). ■ Rename' 20.*as '(lo.+ io").' 

' .., , .= '(7.x 10) + (7 X 10) Distribute' 7' over (10 + lO)-, 
:^';- — ...- 70 +. 70 ,". Multiply 7- and 10; ^ 

.=.1^0-.v - .•. Add -70 and ■ '70. - ■ , 



or 



7 X'26 = 7 X (2.x ID) ■ {Rename. -20 ^ap (2 x iO). ' . 

.= (7 X 2) >: 10- .V . use the associative property-. 



= I4_x i0- Multiply 7 -and ■ 2. - 

= 1^0-. Multiply 14 and lo. 



If we 'use t'Jie .second' way ,^ we will not have to. adi" large numbers. 

9 x' 2o''= 9o<;(2 x"lO) • • / ; • 
? =(9x'2)xlO . ' ■^''■^M.;.'' ' 

;r =^.i8 X i6' . * ■ , ■ 



. 96 

= 582 . 



To u'ae 20 as a factor, what do we need- to know? (V(e need to 
know how to use 2 and 10 as factors.) Can you use these-! 
same ideas if 30,^0, ... 90 are -factors? (Yes, if you know 
facta for .3's, 4«s, ... 9's.) 'Letts one of these. 



8 )i 70 = 8,x (7 X 10) 
= (8 X 7) X 10 
= 56 X 10 
=' 560 



Rename 70 as 7 x 10. 
Use the associative property. 
Multiply 8 and J. 
Multiply 56 and 10. 



, It, will be very helpful for a pupil. to 
be able to write 8 x 70 = 560 without/ 
having to use all of the steps shown in the 
Exploration. Each pupil should know how to 
use the basic ^operties to find such 
products. • • 

It may be necessary to think about . : 
solving problems using multiplication before 
working the problems in Exercise Set' 4. 
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MULTIPLYING BY kjLTIPLES OF. TEN . " • 

We have learned how to -multiply two numbers when one of the 
nvimbers is 10. *• 

Now we ^ant to learn to multiply two numbers when one of the 
numbers is a multiple of 10. Multiples of 10 are Id, 20, 30, 
fro, 50, and so on. Can ypu name some other multiples of- 10? 

Suppose we find the product of 7 and 20. To multiply 
7 and 20,, we Qan think of 20 as (10 + 10). Then, 

7 X 20 = 7 X (10 + 10) Rename ' 20 as (10 + 10). * 

. ' = (7 X 10) + <r >< 10) Distribute 7 over (10 + 10^. 

= 70 + 70 Multiply 7^. and 10; / 

- 1^0 " Add 70 and 70. 

^. Too, we can think of 20 as (2 x 10). Then, 

7 X 20 = 7 x (2 X 10) , Rename 20 as (2 x 10).. 

= (7 X 2) X 1-0 Use the associative property. 

= 1^^ X 10 , Multiply, 7 and 2. • 
= 1^0 . Multiply ' llf and' 10. 

Is it^asier to find the product of 7 *and 20 by the ' 
^first way or the second way? Let ,us find the product of another 
pair of numbers i^ing the second way.. One of -the factors is a . . 
mxiltiple of .10. Giv^ reasons for each step in ^the following 

exaii5)le. • / - . . ■ . 

. i^O = B X (^ X 10) ^* - 

' . V = (S X 4 ) X 10 ' . 

■ ■ ■ ' ' . = 32 X 10 

: * ' * . = 320. .... . 

■ . ^ \ ' ' • 

"The product of 8 and ko is 320. • ' 

■ ' ' ^ ' 8 X 4o = 320^ . ■ ' 



• . Exercise " Set 5 -( * • . 

.' * - • » 

.Find- the decimal numeral for each product' iri^ exercises 1 
through; 12. In exercises 1 through 4, write 'each step as 
in the^ example. 

: ' ■ Example: . 7 x 50 = 7^x (5 x loj 

/ = (7 X 5> X 10 . 
= 21 x^l6 ' 
• • ■ 210. 

' 1. 5 X 80/= /*(f-''')] 
2. 70 X 7/= (r*'^^'^^^ 
.. 3^ 50 X Qf^(slic)^$\ 



5. OX^O" 



In exercises 5 through 12,- find the. decimal numeral for 



each product without writing all 


the 


steps. In exercise 


you think that 7 


multiplied by- 


4 


^is 28 , an|d that 28 


multiplied by lo 


is 280? 




^ 7'x. 4o 




9. 


60 X 9 (^^^) , 


6: 5/x 6o 




10. 


. 5 ^ 600 (/iiflo) ^ ; 


7. 6 x-70 




■II.- 


50x8 f-o) . 


8.'. 7 X 8o 




12. 


S X 90 '^iS'o)- 

' s - 



^ ■ / . - ■ 93 
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Exercise Set 4 



Xjse mathematical sentences to help solve each, of, the 
' following 'problems. - Express each answer! in a complete sentence. 



1. The beads on an abacus may be arranged so t6at there are^ 20 
beads' on each of 4 wlr^s. How ma^ bead§ ar% on this - 
abacus, (/"av;:. - Z,'^ - ^^-^^-^ 

2. Some land wili*Sfe divided into 7 T^locks. 40 houses will 
be^ built on each blpck.' How many houses will there be on the 

3. ' In one 'section of a plane there- wejre 20 rows of ' seats with 

■ . " ■' f ■ ■• * ' • 

'5 seata in each row. How many seats were there in this 

4. At am assembly the c hai r s^-^Tere arrange d in 30 rows. There 
. were 10 chairs in each row. " HoW ijany chairs were set up 

fj^ir. the assembly? ^ . 

57 Botybough't 3 season ticket's, to the basketball gamies.' Each 
/ticket costs $3.20. How much did 




Bob spend for the -tickets? 



6. On the family room, floor there wer^ 66o tiles. ,304 Wbiles 
. were used on the kitchen 'floor. • "How many more tiles were 
aised on the. floor of thef family room than on the floor of 
the kitfhen? H - :3<s-C XL, ' 
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MULTIPLYING BY?. 

Objective: ^^To learn^ 

is 100 or^ 




P ONE HUNDRED ' ^ 

o multiply two whole numbers when one 
tlple of 100 . " • ' 



Exploration: 

We have"* learned to multiply two numbers when one number 
is\ 10. We used thi^^|||,find how to multiply^ whole numbers not 
greater than 10 by 20/ 30,-^.., 90. Now we want to learn more 
about multi^pis^jig by 100 and mul^tiples of IcJo. 

y Review .with pupils such examples as 
2f. 100, Vx 100, S'x'lOO,. 100 X 6, etc, 
Then' ask i^ they can suggest how tcJ find " 
the product of 4 and 200.^ 

4 X 200 = 4 x"(2 X 100) 
- / . = (4 X 2 ) X 100 
/ = 0 X 100 



' ,8 X 100 = 8 .x (10 X 10) 

^ / = (8, X 10) X 10 



= 8oo 



X 10 



- Can you see a way of multiplying by 300j^4oo, 900? 
Perhaps we should use one more example; • . . 



'6 X 700 '= 6 x (7 X 100) 
' = (6 X 7) X 100 
= 42 x 100 
= 4200 



V Rename 700 as (7 X 100). 
Use the assoc:^ive property. 
..-Multiply 6 an^ 7.* 
'^.Multiply 42 an.d 100. ^ 



V 



V 



101 
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jOne example of- the type .70 x 60 may' 
be worthwhile. The multiplication of two 
numbers, each less than- 100,- may lead to 
maltiplicJatlon where -one qf the factors -is 
a number leSs. than '.10. ' - ■ * " '•' 



70- 



= (7 X 
= [(-7;> 



.,>^1Q) X.6 
= [fx TlO X 6 
^x ( 



= t7^x.(6.x 10 



1: 



x/So = (7 X la) X {6 x lb) 

X 10 'Associative Property 
X 10^ Associative Prpperty 
- ^ vv^^ -Lw; J 10 Connnutative;,Property 
= [(7 X 6) X 10] x'lO^ssoclatiye^l^erty 
= [42 X'K)] X 10" ' U6ing 42 = 7 X 6 
"=^42 X (10 X 10) ' Associative Property 
^'^^2 X IdO , ' 



4200 




rather long*. development shoui 

^ ed out vwith the pupils ' 3!hey' will 

. recognize- (andv wi-ti^oufts being- In terror); that 
70 X 6O;.. becpm&s 42 x 100 '^d full d^tall-s 
»of why- i't iSt. correct is not a major issue at 
^this' stage.. ' ^ \ 

^ - . . ■ ' 

Chlldi;en may suggest t'his-way: ., \ 
' . ' ' ^ V V. -. 

. - 70 X 60 = (7 X 10) X (6 X loO - 

■ = 7 X 6' X 10 'X 10 ' ^ ' • 
= X 6) X .(IQ X ilJO) 
» . =.42 X 100. ' 

• . ' -=: 4200 - ■ ' 



70 X 60 



ot . 

(7 X 10) X 60 
7 X (io X 60) 
7 X 500* 
7 X (6 X 100) 
(7 X 6) X 100^ 
42 X 100 
4200', . 
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'MDLTIPLYBIG ^ MDLTIPLES OP ONEyHDNDRED •■. . ' ^ . * : 

^ ■ ' •■ * . • ' » • .. - . . . ^ ; ^ 

"We 'have learned how to inultiply two v;hole numbers when one 

of the numbers &s la." We have'ieame,d how^to multiply two. - 

whole niambers when- one is a multiple, of 10, wAat are some 

multiples of lO? • ' V . ' , • 

Look at this exan^^le for finding thJe product of 6 and a 
^ -* . . ■ • , , ^ ' ' 

•mul-tiple of ro {30% . ^ . ' •/ - ' 

: . \' o- k 10 ^'-^.d^x 10)'' : ^ 

= (A'X 5) X 10 ' / ' 

• • • ' . * 

^ ■ ■ ' , ■ ■ ■ ■ -'=' 18 X 10 \ 
: . ' / = 180 



V- .. We now^^want to learn tp multiply two whole numtters when one ^ 

' \ I ' ^ ^ ^ . ^ 

(?ir^ tjie munbers^ 100. We also' want to* learn how to find the 

prdduct of tHo ^htmibers when one factor is a multiple of 100. 

What are' multiples, of loo? ' Is 200 a multiple of lOOrT'is 

JOO^'^^is 400?^^Ca5i you name\^me other, multiples *of 100? 

' • / . \. ^ ^ ' TfJf, Uc^ jcc^ ^c4.ji^^jC) 



f 
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» ■ . * 

See If you can' xinderstand these exaB5)les. ^' 

* *» . , • 

Exaniple 1: - 6 x 100 = B x (10 x 10) ' 

= (6 X 10) X 10 
• ' .= 60 X 10 

• • • .■ . -=600 • ■ 

. Example 2: - l8 X;100-= ^8 x (10 xTLO) 

^ ■ « . = (l8 X 10) X 10 

' ■ . . . =. l8o X 10 . • 

► - > • , l8oo . ' 



Example's: 6 x 500 = 6 x (5" x lOO) 

, ; '= (6 X'5) X loa ; 

. • . = 18 X 100 - - - 

^.' ■ ' i8oo * . ■ ■ 

Example h: 50 X 50 = (S 'X'IO) X (5 X 10 J i 

• „ ■ • . '= (5 X 5) 'x (10 X 10) \ 

. ■ =15 X leo 

• = 1500 • • 

/ Example 5/^ ' I6 x 200 *= I6 x (2 x lOO) * 

. = .(16 X 2) -,x 100 
= 52 X 100 
. ' = 52OP ■ ^ 

. ■ k'- . 

, Example'- 6: - k x 2000 = ^ X '(20 X lOO) 
- . * • • = ik. X.20) X 100 

= po X loa 

' - ; = 8000 

Can you? name the^roduct Just by looldjig- at the tyjo nuiribei»8. 
to .be multiplied? Try these* . ' " . . - - 




' 87 X. 


10' 




5 X 


60 




'^OX 


50 


(/a 0 0 ) 


k X 


100 




200 X 


5 


(U) 


12 X 


J^oo 





How many could you do? 



■7 



J 



Now you can use what you have learned about multlplyUng 

^ > ■ ■ ' . ** 

by rO and 100. and their multiples,. 
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' Exercise Set 5 

Copy and complete each of the folloyrlng. 

1. 7 X 10 ="^7^ 11. j sooo) = 500.x 6 

■ 2. '.5 500 = '(2££o) . 12V (5^£^ -'7>?rg00 

3. i /t^) = 3 X 600 13. 46»>^ 3 = l/.2oo) 

■h. 100 X 8 = (ffac) 14. 7 X 500 = (3^^ J 

... - ■ 0 . . • ■ . . ■ . 

♦ . • * . 

5. *^2_ = 9 X 10 . - 15* 800.x 5 = ^fooj' 

6. ip X 7 = ^6. 50 X 60 =r3^7^o) 

' ■ ■> - 

.1- * - , ^ • ' 

7. , 500 X 5 = U^A9) 17. 60 X 90 =^V£2) . 

; ^ ■ • _ ■. , 

8. $00 x,3 =(>££f3 ^ ' . 18. ' 400 X 20 = (saao } _ 

■ ' . ■ ' .■ ^ ■ ' 

9. ': e, X 60 '= fjCea) ^ 19. 3 x"2000 = ]4££fJ) 

•)■" ■ ■ ^ • ■ V 

10\. 50, 6 = (300) . . 20. 6 X 3000. = r//,^>a ^) 



^IJOp ABOUT. MOL'JIPLlniNG ■ / ' . / 

Objec^ve: To' le.ani how to multiply two nxxmbers when one is 
less than 10*^ and the other Is' greater than .10, 

N but less than ♦lOO 

■ . 

Ijlaterlals: ^ by 32 , array ^orv^demohstratlon purposes - 

Vocabxilary: Vertical form, partial products 

Exploration: • ^ ' 

It is the piarpose of this exploration to 
' suggest ways of developing a computational 
sciieme for multiplying. First have children 
associate a product expression with an appro- 
r prlate array. This sihould provide the back- 
ground helpfjil in learning a computational - ' 
^ proaedure. _ ^ , 

■ \-' ■ . 

We know how to find decimal nximerals which nam# the same 

nimUer, for example as ^ x 2o and 8 x 6oI Now we want to 

learn how to find products of naaihbers like 4 and 32, 8 and 

56, etc , "One nimber will be "less than .10,. The other will be 

greater than 10 but less than 100., 

^ . Suppose we find the product of 4 . and 32. We can think 

of 4^X'32 as. the hiamber of el merits in an array of how many 

rows^'*'^of hpw many colxamais'^^'^ \ 
♦ . • . . * * * 

Separate a ^ -by . 32 arj^ay into two arrays-- 
*" ■ 4 ^x 30 and 4.x 2. Ask children to describe 
each. Your discussion about the arrays might - 
develop -as follows: 

^ . Now* let. us see Icf we can write what we've Just iorie. We . • 
want to find a way of finding produce ts without using 'an array . 
each time. - - ^' 

. • TO find' n in n = ^"x 32, we first renamed 32 as 3D + 2, 
Why rename 32 as 30 + 2 instead of, say 16 + 16? . (it is 
easier to find 4 x 30 and 4 x.2 tjian -4 xl6. ) We,; can write . 
the mafhemat.ical sentence as' n = 4 x' (30 + 2), Ne^t;, we uspd 
the distributive: property of ^^miltiplication. ^n = (4 x 30) + ^ 
(4 X 2-)|" Then, we found the products " (4 x 30)" arid (4 x 2), 
. (n' = IZO +^ 8)' We added 120 + 8 tc^find th^t n = ^128. ^ / 



What we have done may be/'snuunmailzed in this way: 
X-32 = 4 X (30 + 2) (Rename 32. ) 

= (4 X 50) + (4 X 2) (use the distributive property. ) •'^ 
=120+8 (Multiply (4 X 50) + (4 X 2).) 

• ■ = 128 (Add 120 + .8-.)' 

We have been finding products using the multiplication facts 
and the distributive property. For each step, we have been writing 
a new mathematical sentence, ^feis way helps us to see \ih^ oxir 
answer is correct. Writing everything we think leaves us little 
to remember., it will be -much (quicker for us to" find short cuts, 
but they vrf.ll make us .remember more. One way is to write 6ur 
work like this. We will call -this a vertical form . ' ' 

; ■ . -^v ' . .■ x_4' 

• _ 120 (4 X 50) ' 

• • ,' __8 (^ X 2) 

• 128 

What dp 'we think in writing this exercise? 

Why , do we write- 120 . and 8? (We think of 4 x 52 = 
4 ,x (50 +■ 2) = (4 X 50) + (4'x 2). VJhy is this- form a shorter 
way ■ to write multiplication? :(There are fewer symbols to write. 
It 'luake^^ the addition easier.) How Is it harder? (we have to . 
think ^32 = 30 + 2 and remember it. We -have ' to know 
^ X 30 = 120 without writing any steps.) ^ / ' ■ ' . 

We. can write it. in thls^ay. - \. 

' - 52 30 + 2^ 

' ■ -xJi - ' ;. • 'x 4 ^ . 

■ . • * . 120 + ^= 128 

Sometimes some cMlcJren find this easier to understand.. 
The numbers^ 12b and 8 are called partial products in the 
mjaltiplication. They must be added to get -the final "product, 128. 

'' ■ . ' ^ ' ,. ■ ■ ' . ' 
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Let us try another exan5)le, 5 x 6l 
We. can write ' ^ 



61 



or 



'60 + . . 

50(\+ 5 = 505 



or 6l 

, 300 (5 X 6p) 
' ' 5 (5 X 1) 
303 



This shows that 5 x 6l 50O + 3-./^-/hy is this true? 
5 X 61 = 5 X (60 + 1) = (5 X 60) 4 (5 xl)^ •Vji' renamed 



■6jb as 60 



)0>^ 



. These arfe some of the ob'servatlons 
children should make. 'V/e i*ename a factor 
like 54 and 6l and use the distributive 
property, Ve regroup the factor into" tens 
and^ne's, etc • ; .e • g • , 52 was renamed 
■50 2 and- » 61 waS' renamed 60 + 1 . 

* ' It may be helpful' to add an ^example in 
which a different, renaming is shown, e.g. 

28 2 or ' ■ 25 + 5 
X 4 ' . . X 4 

V . . 106^ t 12 =. - 112. 

The "class night be asked. what mathe- 
matical sentences; this abbreviates and why 
someone might write it (presumably because 
he happens .tt) remember 'that 4 x 25-= 100). 
The main point sHoTil-d be the advantage of 
renaming 28" as^0 +"8- rather than 
'25 +5. (Our num^al' system shows, the . 
grouping into tens^and ones; and it is easy 
to learn the ."few simple products 4 x '20^ 
4 X 50> . . etc. ) 
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61 



Here is still another problem, 5 x 6l, (Try several ways 
•of finding the product.) . 

or 61 or 

('5 X 60) 
. _i . (5 X 1) 
305 



60 + 1 
•300 + 5 = 305 



61 (Note change 
In ordeJ?. ) 



5 (5x1)' 
200 (5 X 60 ) 
305 



For what njathematical sentences does- this stand? 
5 x 61 = 5 X (60 + 1) 

= (5 X 60) +>(5 XI) . ' 
= 300 + 5 ■ 
= 305 ' 

^Thls shows that, we can use either way and be- correct, . 
. Can anyone think of even a shorter way? Do we have to write 
the ^partial products before we write the- pro ducV? What must we 
think if we leave them out? Look at- 61 

- ^ ■ ''X ^ 



Pirst of all,. I can 



think 5x1 = 5.' and write the **5" because the other partial 
product 5 x 60 will end i^' 61 Instead of thi^ng 



>L1 



5 x'66 = 300, I can think 5 x 60 = 30 tens. 30 tens plus 
5 'ones' is written 305> so I write ^ \ 

• r ' 61 " 

305 

Several additional illustrations of this 
thought -process and- i,ts ' Justification may be 
desirable here. However, don't push children 
to use this form at this level. 

In Exercise Set 6 there are some /'Exercises for practice 
m this short method. 
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MORE ABOUT MULTIPLYING 

We now \eam to multiply two numbers like these: 

and 52 

This array helps us to think about 4 x 52. 

A ^ 



. We can make smaller arrays. 

.9 . 



How many rows does each have^^ How many columns, does each 
haveT We write 

. . 4 X 52 = 4 X (50 + 2) , - ^ 
= (4 X 50)' + \^ X 2) 
•• • ^ . • . =120 + 8 * .^ . 

= 128 

We can use one of t)iese' ways too, ' ^ / 

32 5.0 + 2 „^ 32 - r 32 

X 4 • X 4 , x_4 • X 4 

120 + 8 = 128 120- '"(^ X 50)^^r- 8 

8 - ^(4 X 2)''^\^120 

. o . ,128 128 



Can you think of another way? 
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jSxgrclse ' Set 6 . € / 

< • 

^ Find the decimal numeral for each product in the following 

exercises. Use -two forms as in the example. . '/ 



5. ^ X 82 = V »(fo*2^ - 82 



111 

597 



- 9C 1o 

2. k X 23 - f r(a<?*s) * 23 

^ X 65 c ^xOpjfs) .65 



. Example: 3 x 12 = 3 x (10 + 2) . • v ' 12^ 

/ /' 

= (3 X 10) (3 X 2) 2L2 
. - •• =30.6 ' J 

. •; = 36 . 5'6 



1. 3 X 32 = SxCsc-t-i) 32 j 



Exercise Set 6 ( Cont * d ) 
6. 5 X 87 = Sx{go+'7) . 87 



7. 7 X 3^ - 7 x(3^+'0 3^ 

. -(7^0 x_I 

8. 8 X 37 = ? </^*'t'7) . 37 

=/?»3#; +//«'2) X 8 

9. ^ X -^6 36 

10." 8 X .89 = ?K^S4.9) 89 

- (9*9d) 4- (tf^i) X 8 




C 



IT- 

^ 
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MULTIPLYING LARGER NUMBERS 



Objective; 



■ ■■ ■ ■■ ■ r / 

To extepd the ideas used to iirultlply a nmber wi>t^h 
a two-digit nxuneral by a number with a /"one-dig^t" 
numeral to ways which may be u^sed to ^muljtiply numbers 
with "three-digit" ,and "four-dig3;t" numerals by a 
"one-digit" momeral ' 




First, you may- wish to. review how children 
have -learned to multiply two ijiimbers such as 
5 .and "Jk, that is, • ' ^ 



5 X 7^ = 5 X (70 + ^) 
(5 X 70) + O 



= 210 + 
= 222 



12 



X 4) 



or 



74 

iio 

12 



X 70) 

x'4: 



T 



Th^ let them see how they could use 
the same procedures for numbers like 3 and 
312. Have them suggest how they might _ 
rename 312. Then ask how they might use 
the distributive property. ; 

Note that ^a good way is " 300 10 + 2- 
because we know products like 3 x 100 
and 3 x 10. , ^ \ . 

* ■ • 

5 X 512 = 5 X (500 :^ 10 + 2) 

= D X 500) + (5 x lO) + (5 X 2) 

= 900 + 50 + 6 - 
= 956 ^ ; 

15ien explore possible ways using the 
vertical form. ." 



V 



11 
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Vertical Forms:- 



or 



300 +10 + 2 . 
X 3 

, .900 + 30 + 0—.936- 




or 



(3 -x 300) 
(3 X 10) 

3 X.2 

3 X lli^j 



.312- 

30 
900 



Some children may find. the short' form 
' 312 



easy for them. At this time, it is probacy 
not the best form for all children. 

^se other pairs of number^, includl-ng- ■ 
among them pairs like 301 ana .2, 6 and 
1211, ■ etcv^ ■• ■' ■ ■» , 



2 X 301 = 



Vertical Forms: 

301 
. X2 

Wo 

2 

Eo? 



•2 X (300 + \) 

(2 X 300) + (2x1 
'600 + 2 * 

602 ' ■ , 



) 



fin 



'2 X 300) 
2 X 1) 
;2 X 301)* 



301 
' 2 



6oo <- 
50? S 



6 X 1211 = 6 X .(1000 + 200 + 10 + ih 

= (6 X 1000) + (6 X 200) + (6 X 10) 

le X 1) \ . ' 

. = 5000 + 1200 + 6p +6 
= 7266 ■ 



Vertical Forms: 

1211 ■ 

X 6 
Booo 

1200 
60 
6 



or 



(6 X 1000) 
'6 X 200) 

6 X 10) 
.6-x 1) 

6 X 1211) 



1211 
-6 



■ 60 
1200 
6000 

7255 



Hi 



600 
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MULTIPLYING LARGER NUMBERS 



¥e know how to find the products of number^ like 3 and 
'J6, -.7 ^d. 39, 6 and 45.. What number must n" repre'sent 
in each of. these sentences if the sentence is a tnie'statement'> 




7 X 39 = n 
6 X 45 = n 



The products are 273, 138,. and 270. Now match the products ■ 

"■ ■ ■ ■ • • ■ - ■ ■ * , 
and the product e^qjressions . ' ' ' . 

• ■ - ^ ' • 

^ We now want to fj.nd the product of numbers -like 3 and 
312. • > . 

■ We write ' • 

3 X 312 = 3 X (300 + 10' + 2) 

i ' . ■ i ■ ■'■ ■ 

. = (-3 x'3oo) + (3 X 10) + (3 X 2 

= 900 + 30 + 6 
= 936^ 
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There are several ways that w^^ght use the vertical form 
for multiplication. Here are some of them. " . 



'. 1,' - ' 

y , . 500 + 10 + 2 

X 5 



900 + 5^ + 6 = 956 



^ 512 ■ • ° ' ■ ' • 512-^ ./ 



hi 



9oot — b ^ 500) _ e . 

30 -^(5 X 10) . ' . 50 

6 * —0 X 2) • jf — 

956 (5. X 512)^ , - - • 956 

In the last exampl^ how did we get- 90Q, 50, and^ 6? 

You do not need to use al^of these ways. Use the one 
that you like befft.' ' You may even like a short form like this, 



512 
956 



Can you discover a way to find the product of 4 and 



2102? • * 



^ ' . Exercise Set 7 



Find the decimal numeral . for each product in .the following 



exercises. Show the partial products. 



1. 2. x 311 ^ V,.:. 7. i^ X 500 



^. 5 X 412 



6. 2 X 505 



2-- 2x454' __8. 5^-^01. 



i30OS) 



'5/ 4 X 522 ■ .9. 8 X 711 



10. 5 



5. 5 X 210 11. i^ X 5002 



{ja.oag) 



12. 7 X 5101 



117 
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Exercise Set 8 



* Work these" exercises* as in the example. Use the vertical . 

■form if you can.- ' - , ^ • »^ . 

• ' i _ ■■■ ^ • . 

/ ' ' " ' •> ■ ^ 

Example: • , 511 ^ ^ . , ^ * 

• .■ • :. ■ ■ . - . 

■ • ■ ■ ■ ■ ■ J* : 

l:_' . 245 . 6. ' 8oo 11. 134 - . 16. 1010 

. x_2 x_i ^ X 9 

ifSL 4SOO Xt.^ . ' '} oJo 



r 




2io -7. /,821 ■, ^ 12. 612' ^17. 1025 

xX : X 4 X -4 ■ . . - ; X ? 



3. . 205 8. 3020 13.' 723 . 18. 2332 

■ * • ■ ■ ' . • ' ' 

X 3 _ »c 3 ; X 3 

i;. -202 -9. 3002 .14. 632 . 19. 8212 

X 4 X 4 X 3 • X 4 



5. 420 . "10. ;*502 . 15.' 20.' 91.11 

X 2 . X 3 ' x2 X 8 



■ 604 



A. SHORTER 'method OF MDLTIP-LYINQ . 

Qbjectijre^ To.hfelp chlldren^who are ve^ for it) develop a 

, ,; >shor.ter5/ay of multiplying . * - 

' \ " ■ - ' . ■" ' ■ ■ ■ 

M You- may- wish to delay this lesson. Yet. it 

seems desirable to make a conscious effort to' 
express the pi^duct of two numbers such as 4 
and J4 as 1^6 . instead 'of first expressing it 
the sum of two products 120 and l6, >and 

thP^.^f^^'^'^w?^ ^ 156. .However, 

there is nothing wpong w«h doing the latter if 
children are not ready to try the shorter method. 

Again, let us look at a problem like: 4 x ^4 = n. 
How can we find the number p ' represents? 

If children do not sugg-esFthe shorter form.' 

another- possibility. 
might find these ideae helpful in the develop- 

?r hv ''f" write- the steps in multiplying . 
5^ by 4 in this way: ^ ^ & 

"1^ \^ X 4) .■ 
120 (\ X 30> 
i4\x 34) 

Suppose we see if we can findV shorter method. 
• 34 4 x -4 = 16. .iTiink of this as 1* ^ten and 6 ones 
xJt . instead of writing l6, write 6 )( in the one's' place, 
we wJ^l-. remember 'the .1 ten or we can write 1 above 
, ^ the 3 -(indicate this). 

34 ■ YOU also said ^ x 30 = 120. This is -how many tens? 
^..x4 (12) But what haven't we included yet? (T^ie one ten ' 
■J 6- . .fpom the -16). ^ So" 12 tens and 1 ten is V13 tens 
' ^ or 130. How do you .write the numeral for 13 tens 
and 6 .ones? (136) VThat is the product of 4 and 
34? (136) ■ 

Try several other examples such as 5 x 37, 

f When children are not re4dy, 

do not insist upon this short cut./ ,it may be that 

Tnt>, It l^^^ ready fo^ome exan^jles, use 

both the long and short forms/Nside by side to show 
Clearly what 'is being remeinbeVSd. ' 
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A .SHORTER T^ETHOD &F MULTIPLYIl^ 

In our last lesson you 'sav; hovj to shorten the form a^t the 

left sa that you could multiply 512 by j q in the. way shown 

V • . / ■ ^ - 

at the right: ; - : . ' 

■512 ' ■ ' ■ * • • . 

' ; ' 6 • ^ • .'9^6' 

;30 ; ■. . ' \- ' 

■ ■. - 900 ■ ^ . . 

Were you able to tell vjh^t you had to think to use this way? 
v;e want to think some mori about these shorter ways. 

Suppose v7e need to f ind the product of 4 and 25. ' ife 
already know how to find the product in this way:. ■• 

■12 • - ■ ■' ■' ■• • ; ■ 

- . ■ ;• 92 ' " - . 

NOW let us see if we can find a shorter form for doing this. 
• "25 We can think 4 x 3. = ^2. ■ ■ Think of i2 ^ as 1 

X 4 ten and 2 ones. Let us write the 2^ in the 

2 one's place. "We will remember the -1 ten. 



} ^ 



25 4 x*20 =^ 80. 8o is 8 - tens. 8 tens and- 1 ten 

X 4 are 9 tens . How can- -we write the numeral for 9 

92 * tens and 2 ones? 

VJhat is the product of "4 and 25? We can -write 

4 X 25 = 92. . / 

■ ' ■ . ' ■ ^ ■ , Ud . ■' 

••' , 606 ■ 
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Here are some problems. Can you fill in the blanks? 



• ^5 . 
13^ 



82 
X 6 
kf2 



37 
X 5 
/i' 5 



74 
X 9- 
66^ 



28 



■ \ 



■i^' You may wish to use this short method to do the problems 
in Exercise 5et .9. You. may wish to try several" methods. ' 
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' Exerciae Set 9, 



. - - > ..... 
yse the^ajr you- like beat to find tlae. number r(fi^esented 



.by n' in eich of^these^ ^ . 

'4- 



I.'' . ' 4 V 17 = n" 



' 9 ><: = n , • 



7 X 23 = ,n ■ 



3. 9 X 62 = n- 



7.' -.5 X 52 = 



8. 3 X 89.= n _ 



4; • ■ 6 X 81 = n 



9. 6 X 56 = n 



5.. 7 X 87 = n 



10. 8 X 78 = n 



copy and complete. (Note: Each blank must be replaced by one 
digit. ) . • 



11, ±5 

■ 225 



12. 



5_i 

X 6 

228 



13. 



X 7 
413 



14. 



_Z_9 

X 5 

595 



15. Jj> 

X 4 

. . '7 2 

• 608' 



16. 4.5 ' . „ 17. 1-- 

• ' X 6 
/ . 3i£ ' 6 



t2> 



I^TIPLYINS NUMBERS LESS THAN lOO BY r/[ULTIPLE3 OF 10— 

Objective:' To develop, "an understanding of how to" find the 

.product' of numbers like 25 and ,30, 50 and 46y 
etc,; that is, where one number is a multiple of 10 
' and the other is greater than 10 but less than '^'lOO 



Recall with. the children how they found 
the procfiict of 25 and 5, 4;hat .is, 

25 • • 

• ^ (5 X .5) + (5 X 20) 
Some pupils still may be working )^at this level. 

- 25 . 

H 

60 

-55- ■ ■ . ' . 

Some still inay, prefer to use this method. 

< '(20 H 

X 20) + (5 X 5) 




or 



5 X 25 = 5 X *(20 + 5) 
= f 5 X 20) + (: 
= 60 +' 9 



= 69 

Ask children .to suggest possible/prq- 
cedures for finding 50 x 25 from what they 
already" know. For example, some may; suggest 
the idea of renaming' one of the factors 

. 50 X 25 = 5-0 x (20* + .5) V . -'^^ 
= (50 X 20) +, (50 X 5) 

V/e know how to find these products. ^ 

50. X 20 =.!600 ' and . 50 .x-5 = 90. 

Ypu may need to provide extra practice ±n^ 
finding products of two. multiples; of lo like 
20 ajid 50, 40 and^ 50, .etc. Or, some may , 
.suggest the use of the' -vertical fciTn;." The ' 
discussion ml'ght go '-something -like this.. ^ 

' * 5D ;x. 25 n '. . ■ 



Since vie- c-an . express 



50 X 25 = 50 

s = f50.x 20) 

= bob 
=-'690 




123 609 



still another approach is to recall hoiv v;e 
can multiply any ntmiber by 10, For example, 
25 X 10 means 23 tens for which we write the 
ni:imeral 230. So, 23 x 10 = 230. \ ' 

We can thinlc of 30 x 23 as (lo x 3) x 23 
i;e can first find the product of 3 and 23, 
Then v:e can multiply that product by 10. 

30 X 23 = (10 X ;3) X 25 
= 10 X f3 X 23) 
= 10 X 09 
= 690 . 

All children may not be ready to use a 
shorter form r,-, 

. ^5 
X 30 

• 

In the background of their learning experiences 
an exploration such as this will- help them to 
develop a shorter jyrocedure at a later date. 

Think through examples such. as. ..the follow-- 
ing with your class, using those procedure^ 
from above vfhich seem -most appropriate for your 
pupils • 

• 3^ 
X 20 , 

lie suggest, for example: 

• Expressing 34 as (30 + 4). Then 

3Q + 4 2^ 3^ 
X 20 - ' X 20 



■60b .80 = 680 miUi 

Encourage children vjho are ready to find 
the product using this form. 

' • 5^, - 

X 20 

. . ' . 600- 

Some chil-dren may vjant to use even the shorter 
form. • ' 

X 20 
~5Ho 

This, rfeght be fostered by thinking first 

2 X 3\ and then multiplyinj^fthat product by 

10. 



610 
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MULTIPLYING NUFIBERS LESS THAU 'lOO BY MULTIPLES OP lo" , 

. \fe now want to learn how to multiply n-umbers like \2p and 
3^, ^0 and 46, 50 ■ and 23> 6o and -3.1. 

■ Is one number of each pair a multiple of 10? Name the 
multiples of 10 in these pairs. 

Is the other n"umber in each pair less than 100? 

Let us learn a way to find the product of 20 and 3^. 
Does 20 X 34 name the number of dots in this array? How can 
you tell? 

• • • .34 

f*— , :::::::::::::::::::::::::::::::::: 

> IIIMMIIIIIIIIIIIIIIIIIIIIIIIIIII 

20 



Here is another ari?ay Just like the one above. Let us 
separate it into smaller arrays. . 
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Does - (20 X 3^) describe the first array? [l^l 

Does (20 X 50) + (20 x V) describe the second array? (r^) 

Do the twQ arrays shoV that 20 x 3^ (20 x 30) + (20 x 4)? 

Does this, help you to find the number of dots in the big 
array? ^"Y**^- . . " . ' 



Ue can write: 



20 X 3^ = 20 X (30 + 4) 
- = (20 X 30) + (20 X 4) 



30+4 ■ " ' •3-4 

r . - . - 

• X 2p - X 20 



600 + 8o = 68o 8o (20 X 4) 

6oo (20 X 30) ■ 
68o (20 X 34) 



Can ^ou think of other ways of finding the product of 
these tv70 numbers? 



612 

O 

ERIC 
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Exercise Set 10 



Find the nianber n represents for each of these. . ' i 

^- \ . . • . ' ' ■ ■ 

1. 30 X 30 = n -v^^ 20 X 43 = n 

2. 20 x 40 =/n .. \ , 14. 30 x 33 = n 

3. 10 X.80 = n ' _ ■- 15'. 10 X 87 = n 

4. 30 X 40 = n 16. 50 x 32 = 'n ' 

(iv\-- 12.00) ,ioo\ 

■ 5. 20 X 50 = n 17. 50 X 62 = n 

6, 60 X 90 = n ■ . 18. 70 X 83 = n 

C*i-^^^^J) ('^^ Stic) 

1 . 10 10 = n '19. , 90 x'65 = n ■ 

8. 80 X 40 = n 20. 80 X 87 = n 

9. 30.x 90 = n _ 21. 90 X 38 = n 
.10. 50 X 70 = n ■ 22. 70 X 57 = n 

11. 20 X 60 = n 23 . 4.0.'x 93 = n 

12. 70 X 80 = n ■ 24. 60 x 83 = n 
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PniDING PRODUCTS OP ANY TOO NUMBERS GREATER. THAN 10 " ■ 
(AND LESS THAN lOO) ^' Z. - •. 

Objective: To learn v;ays of finding products of pairs of 
numbers like 23 and 34, 46 and 27, etc., 
where both numbers are less than IOC, more . 
than 1^, 'but neither a multiple of 10 

Materials: A l4 by 27 • array made of sturdy material which 
•can be folded- " ' • 

Other arrays in which both the number of rows and 
columns are represented by two-digit numerals 



_,You may use arrays to good, advantage to aid 
pupils in tmderstanding the necessary steps in 
multipl3ring, for example^, l4 by .27. You 
might use either, or both, of the following 
methods. 'Observe that each method depends upon, 
the distributiv-e property. In the first 
method, (both forms A and B) . the distribu- 
tive property is used once; in the .second 
method, it is used three times. ' ' 



We want. to multiply 14 * by 27. ■ 
FIRST METHOD 

27 



















































I 

^ V = — ' 





14 ■ : by 27- 
array: 

. 14 X 20 = 280 

14 X 7 = 98 

280 +. 98 = 378 

• There are 378 
do^ in the 
total array. 



p 20 . ^ • 7 

Observe with the pupils' that the number of 
dots ins the array is obtained by multiplying' 
l4 by 27. (There are l4 . rov;s and 27 
columns. ) Hence ' 14 x 27 = numbe • of dots. 



6l4 ' 7 



2^ 



Then separate the array as indicated. The 
number of dots' in one part is Ih. x 20. The - 
number in the other part is Ik' x 7- Hence, 

14 X 27 = 14 X (20 +7) 
^ = (14 X 20) + (14 X 7 

= 280 + 98 
■ . ■ = 378 ■ 

We would hope that many of the pupils can 
multiply 14 _ by 20 'and 14 by 7 from" 
v;hat they have learned in preceding parts, of 
this chapter. It is important that .in finding 
the partial products, the pupils recognize 
they are using many of the multiplication 
techniques they have learned. 

*Af ter th^.array has been folded, the 
work should/6* recorded on the chalkboard.. 
The , pupils/should be introduced to both- of the 
following Methods of v/riting the partial 
products. 

Form (A)|: 

14 X 27 = 14 X (20 + 7) 

= (14 X 20) + (14 X 7) 
=280+98 
= 378 



27 
X.14 

.280 (14- X 20) 
98 (14 x-7) 



378 (14 X 27). 



123 

515 



Consider this array for the same example, 
27 



10 X 27 = 270 
4 X 27. = 108 
14 X 27 = (10 + 
= (10 X 
^ = 270 + 
- . ■ > 578 • 



>14 



4) X 27 
27) + (^ 
lOS 



27) 



Again after the array has beai folded, 
work should -be recorded on the chalkboard. 

14 X 27 = (10 + 4) X 27 
- ' = (10 X 27) + (4 X 27) 
■ . . = 270 + 108 . 

■ > 578 ■ ■ 



27 
X 14 
270 
108 
378 



Or changing order 



(10 X 27) 
(^ X 27) 
(-l"lx 27) 



27 

X r4 
. . loS. 
•'■' ^270 
^78 



(4 X 273 
(10 X 27) 
'(14 X 27) 



There is an advantage to be gained by 
'consideration of a second method even if all 
the pupils should be able to understand 
readily the 'first method. 
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SECOND METHOD 

14 X 27 = X (20 +. 7)*. 

= (14 X 20) + (14 X 7) 

20 ' • 7 ■ 



T 10. 



4 



The pupils should be helped (if necessary) 
to understand that 

14 X 20 = (10 + 4) X 20 ■- and 

14 7 = (10 + 4').x 7. ■ . 

Then v/rite ^ " , 

14 X 27 = 14 X (20 + 7) 

^ = (14 X 20) + (14 X 7) 

= i(iO~+ 4) X 20] + [(10 +- 4) X 7] 

= [(10 X 20) + (4 X 2.0)J + 

[ (10 ^ 7) + (4 x~7j 

= [200 + 80] + [70 +28] 

= 280 +98 

= 378 ■ • - . . 

% , - ■ ■ 

The partial products 200, 8o, 70,- and 
28 should jiow. be related to the number of dots 
in the 4 partitions of the array. 

' - 27^ 

- X 14 

(4x7) 
80 .(4 X 20) 
70 (10 X 7) , 
200 (10 X 20) 
■jfH (14 X 27) 

Several similar exampl-es v;ith which 
appropriate grrays and both methods are used 
may be necessary. ' • ' . 
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FINDING PRODUCTS OF ^NUMBERS' GREATER THAN 10 
(AITD'LESS THAN lOO) , - 



We have learned- to find ■ the product of pairs of ntimbers." 



We inade some choices in the numbers: we selected. 



. VJe learned .to find products 'of pairs of numbers like these:*/ 


3 and ^5 • ■ 


. 8 and l6 


.3 X 45 = 3 X (40 + 5) 


8 X 16 = a X (10 + 6) 


= (3"x 40) -i- (3 X 5) 


= (8 X 10) + (8 X 6) 


= 120 + 15 


• =80+ 48 


= 135 . r 


= 128 


•45 


■\, • 

V l6 






120 (3 X 4oX^ 


128 " (8 X 6) +. (8" X 10) 


' . (3x5) 




.135 • • ; 




5 and 24 




5 X 24 = 5 X (20 + 4) 


^ ■ \ - • 


■ 24 


= (5 X.20) + (5 X 4) 




= 100 + 20' ' 


120 (5x4) + (5 X 20)^ 


= 120 





^ *^We can use the same way for all of 1;heae examples. We can 
use .different ways to find the* product of numbers like these. 



6l8' 



We learned to find products of numbers when* one of the 
numbers was a mi^tiple of 10. " VJhat numbers less than 100 
are multiples of 10? 

• ■ " 

" ■ ■ ■ , • ■ 

Can you. find the product for each of these pairs? 

, 20 and 45 • lo and 1? 

^5 " \" 17 ' ' 



X 20 X 1X5 



37 and 20 



.20 . , , 17 

or. 

X 31 ■ . X-20 



V/hy ican v;e -change . order? — 



The products are ,900> 170-, -'^ and .740. Did you get 
'them right? ^ " . . \. 

: « O- \ ^ 



Now we will learn -^low to find the products of any tv;o 
numbers greater than lo. We will still )nake a choice. They 
vjill be n"Canbers less than '100. 

: . 619 ■ 

135." 
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.Ann vjas cutting large cake. 
She cut 12 long pieces (rov7S) of cake. 
She cut each long piece into 15 pieces, 
Hov; many pieces of cake did she have? ' * 

IB this mathematical sentence a correct one for this problem? 

' 12 X IgiF n * ' \\niy? 
Does this picture give us an ide^ of the cake? Explain, 



15 



12 











































































































































































































































































































































> 




























4 





Let -us separate this array into smaller arrays, 

VJhat produbt e;xpression does each array suggest to you? 

Find the array- each of these describes. ^ 



15 



10 X i5 
2 X 15 



150 
_20 



iS X 15 = l8d*' 



620- 



1 4 
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There are other ways we can separate the -array. 'Look at this 



one. ^ 

12 X 15 = 12 X (10 + 5) 

= (12 X 10) + (12 x-5) 
, = 12-0 + So , .-. 

- • , = 1.80. • . 



10 



5 . 



12 



'this vertical form helps lis to' find the product. 
■ • '15. 

X 12 5 
. . V i 1.^0 ,.:r (12 X 10) 

_|o;3,- (12 X 



r > 




















































































































































































































































































































































h 

























■ 180 {12}^' 15^ 
L^t us see still" another way^o'f -^egkrating the ax^ray. ■ Now 
v;e ctoi write the product in vertical form in this way. 



■^^ •^••^O; . 
■ '■■•.:26'^- ■■ ■.(>. X 10) 
' • 5?:.';:-^(iQ i><^^) 
100 -.' ■ -f Ld X 10) 

180 - " (12 X 15) 



10 



10 





























































































































0 


> 




.0 


= 




LC 


0 






,0 
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r. . 




















Oh 



































V' uae the -way that you like best to find the products' in the 
■^.xercijes in Exercise': Set 11. (The more we can learn to remember, 
,t};ie"l'ess vje need to v;rite.)" • - 
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Exercise 'Set II 



Pl]jd the decimal numeral ' represeriting . n. 



2 X 23 = n 



• li X 42 = n 
14 X 52 = n . A , 



S. , -^^X 6& = n : 



9^;'.' 32 x -59'= h 



ERIC 



4.> . 15 X 32 = n. 



. 4 •• ■■ 



5i;«i - .32 -x'^l = n 




x"63 '= n , ■, 




lo: . 45 X 45 = n ■ 



37 X 48 = n' ' 



12. 29 X 54 = n 



^22 



Sometimes properties of multipljfC.atibri" caH be u to^lnake 
short cuts in raultipllTcation. See if ..you can .explain .these' 

J • ,v •. , . • -• ♦ 

short cuts. • /'•**•■•■* V^ *>*' 

'•> • *'.'*.•,.'.'•'•.«. •* " 

15. 20 /fe^ •■ ' '''^ 

X 78 short cut: rev;rite or petljlnli? "as- ■ x 20 

- .■'■•■'■'-^ 156a"' 

14. ^ 55 . r..- ' ' ' '99(5 

X 29 .short cut: wclte or think as - 33 

957 

15* 101 ^ -Vv 7800 

X 78 short cut: use short cut or think' as " +78 

7878 ' . 



16. 48o 



X 370 short ,cutu< ' find 57 X 48, .thph •multiply by 100. 
' ^"(-37x49) X /oc - /7?^ X too \ 

* Try 'to f^Xhd a short cut in these exercises. If you. can't. 



do fhem in -phe usual vjay . 



17. ".. 50 _ z££- iS *f^r ' 203" (^*««a)V^oa) 

X 49 i^^ V^ .r; ■^x32 = ti^oo f 4 

18. 30 .Jfi '20. 500 

X 86 ^^^^ • ^ X 68o z^<>pe>c 



137 
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USING, MDLTIPLICATION IN PROBIiEM SOLVING 



Objective:' 1!o helgj-^hiidren further their ability to solve 

" problems through\ the use of mathematical sentences 
requiring the multiplication of. numbers named by 
more than one digit . " 



The method of problem solving 
emphasized in Chapter 3 should be ex- 
panded and reinforced by the development 
here.' 

To summarize, emphasis is on .the 
relationship in a problem. To solve 
^problems, first identify the question 
that is to be answered. Then use the in- 
formation given in the prob]fem to aid in 
writing a mathematical sentence which 
e3q)resses the relatlbn between the infor- 
mation and the question to be . ansv;ered. 
■VJhen the result is determined/ use it to 
vjrite an answer sentence. 



i 
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"USDTG I^ULTIPLICATION IK. 



PROBLEM SOLVING 



You have solved problems . before. • 

Do you remember hovj you -solved probleiyis?' " 

Let^.vs use this problem to help us remember. 



•-Problem: At the circus, the children of mdison School- 
sat in a section of 15 rov/s. Eighteen ci^ildren were 

.'seated in each rov;. Hov; many children from Madison School 
were seated in this section? ^ 

Bits of Information: There are 15 rows and. there are 

18 children in each rbvi. ^ 

;if&1^matical Sentence: 15 x I8 = n 

Work:" '\. 18" *■ " * 

„ ' . ' V , - 40 

i '50 

■ 80 

\ 

100 
270 

.■'"Answer Sentence: 270 children v^ere seated in this 

section. ' ' ^ 



In solving problems you need to: 

•» 

Understand * the question that is to be answered. 

• < >i • 

Find the "information given in the problem that will help you. 
rtrite a mathematical sentence that relates this information to 

r the question. / 

• *. 

JHLnd the number that is not known. 

Ik 

Write an ansv/er to the problem question. 
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Exercise Set 12 



1. The children of Madison School went to the circus in 6 
buses Porty-five children rode in each bus, Hov: many 
Children rode in the 6 bmsesl* /7c> . 

2. There were 424 boys and girls enrolled in Madison School, / 
If 270 children went to the circus and the other chilfiren 
went to the zoo, how many children went to the zoo? 

5., On^ day at the zoo there v/ere ,154 children' from Madison 
School an"d l68 childre'h from Adams School, How many 
children visited the zoo th^t day^from" the two schools? 

4. A crossyjord puzzle had 15 squares across and 12 squares 
dowril . How many squares- vief e there in the puzzle?^ 

5, ^ There v^ere 560 dots irt one part of an array and 24 '^.dots 

in the other part. How many dots were there in the whole 

array*? ^ ' ^^^^ ^^Lr^ ^ <aLmx- , ' 

' =. ^/^ , ■ ' ^ ■ 

6. The score of a fpotball game is 55 to 17, Hov; many points 
does one team need to tie the score? t - ss'^H' 

7, Mrs, Smith buys 14 gallons of milk each month. How ^ny 
gallons fioes she buy in a year? ^ /^^ 

8., Fifteen gallons of ice'cream v;ere bought for the Hallov;e^ 
party. If one gallon served 26 ^ children, hov; many 
• children did the 15 gallons serve? ^^^^f- 



There v/ere 12 tables in the cafeteria. If l6 children 
sat at^each table, how many children could be served at one 
time? 



^ /fz 

56 boxes of crayons were ordered for a class. Each box 
contained 2k crayons. How jrakny crayons were there 
al together? ' ^ l ^gQ ^ '4^ 8L 4 e^*^ .J£^^. j 

In the parking lot at the b&l 'park there were 24 rows 
v;ith spaces for 35 cars in each row. > How many cars may 
Be parked in this lot? ^'^'^^t''^^ ^^"^ c***^.m^ ii^JiJ 

It took 191 seconds for the children in LowelJ School to 
leave the building during a fire drill in March. In April 
the time v/as I86 seconds. How much longer did it take 
the children to leave the building in March? ' . 

^VJlCZ. VJood made 27 Jars of Jam. if each Jar held 16 
ounces, how- many ounces did she maJce? 

There are 53 boys and girls in the morning kindergarten 
class and in the afternoon class. How many children 

a^e in the two classes? 

Each of the 32 children in Miss Park's class made -18 

name tags for open house. How many name tags did they 

malce? r ^ 3Xy ,2 tJJU^ ^ 1 U ^^^'7^ . 

= S7U - - 



141 ^27. 



FINDING UNKNOVJN FACTORS 



Objective: To help children understand the technique of division 
of large numbers v/hen the unknovm number is a factor 



"Quotients and remainders" and "exact 
division are often taught together. The children 
"divide" 17 ,by 3 and obtain a quotient 5 
and a remainder 2. in symbols, 

' V 17 = (5 X 5) + 2. 

If there is no remainder, the division is "exact". 
An equivalent statement, used later in this unit, 
is to say that exact division is the special case 
of division with remainder vjhen the remainder is 
zero: 

15 = .(5 X 5) + 0. , : 

In more complicated cases, it is not knovm 
v/hether or not a division is exact urffcil the 
division is performed. ^ '? 

• ■ " ■*.'■- ■ ' - - ■ ' • >■•" ' 

• .. . Quotients and remainders Is of 'the greatest- - 
practical importance, b|B^ in thiS/:\ml\-it' is- - , . 
taught after, and-* hot!;a^mg witlj,j-:exa.ct diylsion; 
The reasons f or ^.this S'eparation arfe-^asl fqliows :.^ 

The . treatment of "3^^ Chapters 3; 4, 

and 6 is^bas^ed on the concept of a mathematical 
operation, ^he child operates on the vjhole 
numbers I5 and 5 by multiplication to obtain 
75 and by division to obtain 3. In both cases 
a -Single vJhole nvimber results from the operation. 
Division vjith remainder is not an operation on 
whole numbers in this sense.' The result, of 
dividing 17 by 5 is two whole numbers 3 and 
2, not one. (The point maJe here is elaborated 
in the mathematical background for division with 
remainder . ) 

The concept of a mathematical operation and 
its properties is an essential mathematical idea 
that the child shoiild reta3?n. It is one that 
will o'ccur repeatedly as he learns more mathe- 

• ^matics. ' It is also the concept v/hich unifies 

the teachingrof the basic algorisms of addition, 
subtraction, multiplication, and division. . 
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Exploration: 



Multiplication is an operation on two numbers to get a third 
ntunber. 

Write some examples of mathematical sentences ■' 
on the chalkboard which inxiicate multiplication— 
, sentences such as 12 x 6 = n, 15 x l6' » p, " 

X 26 =■ q, or others that children suggest. 
Now write on the board such sentences as these- 
12 =• 3 X n, m X. 15 = 165, ,' 25 .X s = 450. . ' ; 
• « . 

Here are some mathematical sentences. Do. these sentences 
•also indicate multiplication? (Yes) \^^hat are the factors in 
each of these sentences?- 05 '^and n, m and 15/ .25 and s) 
V/hat is the product? (12,* 165, 450) 

How do these differ from those sentences we first v/rote? 
(We know only one factor and the product in the latter. In the - 
first sentences, we know both 'factors but do not know the pt»oduct . ) 

;jhat operation is used to find the- \inknown factor? (Division) 
Let us rev/rite. the last three sentences, usi^ig the division 
symbol . 

-VJrite the sentences:' 

12 = n, .165 -J- 15 = m, ,^^50 -J- 25 = s. 

E:cplore possible ^ ways of ' finding the unknown' factoj* 
in these sentences. Susgest the .multi-plication • 
fact 4 X 3 = 12 for the first. Note we cannot use 
the facts in this vjay to find the others. 

Ue want to find a way which we may. use to find m when 
m = 165 -r 15 and s when, s = ^50 25. We might try to find 
m when m = 165 ,-=- 15 by making some guesses, and testing our ' 
guesses. Make a guess. Test the.' sentence to find if m is 10. 
(15 X 10 = 150) Is 10 greater than or less than m? (lo > m) 
Test the sentence to find , if ' m is 20. (20 x 10 = 2CC) Is . 20 
greater than or less than m? (20 < m) ' What could be your next 
guess? (m is smaller than 20 and larger tlian lO- ) We could 
test to find if m is 15. 

■ ^ The children should continue this discussion 
•until rr: and s are determined. Should they 
start v;ith different guesses, follow the discussion 
in a s-imilar v:ay. 
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It took us some , time to guess the numbers that m and s 
represent; It would be better if we had a vjay wliich could he 
used v;lth these numbers and v/ith larger numbers that didn*t.*take 
so much guessing. '• 

To learn to divide numbers like these, let us .begin with 
some easy division exercises. Learning to do them will help us 
with more difficult division exercises. 



You may take a division sentence as 
24 ^ 4 = n. Observe that it indicates vje might, 
have an' array with 24 elements. Ue knov; that 
it has '4 columns (or 4 elements in each 
row). r • \ 

' . '.\ ■ ■ \ ■ 

M'/^ sometimes associate this kind of 
^'entenoij 24 ■.^ •4; = n, with missing Informa- 
't^ipn" about the fiumber of rows. We sometimes 
associate., a -sentence like 24 «^. n = 4 v;ith 
mis'slng infp-irinatio about the number of columns. 
You may wls'h",- to., delay this idea until later and . 
proceed onry-;V;lVh'. sentences of the form 
24 ^.4 = n br-b^'fi^-x '4 = 24; In eitha? situa- 
tion, vje f ind the missing factor- by dividing the 
product by the other factor. 

Using square-shaped cards, counters; 
^nfea}»kers, or other similar movable materials, 
5#o^ "first the arrangement of 24 as 2 tens 
r ones. Then rearrange to form an array 

' ^p" '4 columns, v;ith the number of rows -to be 
determiri^. Children should have similar 
m^erialslfor the same purpose. 




6 X 4 



^ .^brv/.S^N^-^^^^ n, we can say that 6x4 
24'^+^ V/e can also write 

v^;^•-■•-.••::.■:.v ■ 6 



= 24 



•tf- 



_3u may v;ish to have children make -other 
arrangements suggested by each of these ■ 
sentences. ' . 



24 
24 
24 



+ 8 = n 
+ 6 = n 
* 3,= n 



24 + n = 8 
24 + n = 6 
24 + n = 3 



Ask how we can write about this, 
array of -24 elements. 



Note, the 




A _ B ■ C i;. 

We can think of the first array (A) as 
24 + 4 = (8 + 4) + (8 4. 4) + (§ +■ 4) 

2 - , ■ ■ 2 ' + ; 2 
= 6 ,;■ _ •■■ 

In b/ ■ ■ " . • ■■. ■ 

24 + 4 = (12 + 4) + (12 -5. 4) 

In C, 

• 24 + 4 = (16 +4) + (8 + 4) 

4 . + 2 

= 6 

In D, - 

24 + 4 = (20 + 4) + (4 -5. 4) 

•= • 5 ■ + 1 
'=6 



Recall similar work that was done in Chapter 

Note that v/e can . thinlc of sepa27ating 24 
dots into' smaller groups. Each groups should be . 
arranged iso that there arie ' 4 elements in eich 
row. We can think of expressing the product 
using multiples of the known factor as addends. 
For example, 8, 12, -16, 20 care multip^s of 4 

• Try other examples using the multiplication 
facts and our knov/ledge of lO's, lOCX's, and 
multiples of- lO's .and lOO's as factors. 
Some examples: 

75 -I- 5 = (50^+ 5) + (25 + 5) 
10+ 5 

= 15 ^ ; . • 

636 + 6 ^ (600 + 6) + (30 + 6) + (6 ^ 6) 
*ioo + 5 1 
= 106 . 

(it may" take several days to develop these ideas. 
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FINDniG UIJKNOM FACTORS 



Try to find the unknown factors in these sentences. Use 
multiplication facts to help you. 



. B 

^ X n = 36 ^ 'i^3t) ' 4 X n =,360 >-'9o =3lo) • 

n X 8 = 64 . n X 8 = 64o (so^S'-Wa^ 

n X 7 = 42 C^x 7 = ^2) n X 7 = ^20 'i.t,o ^^l-'^^'d 
2 X n = 12 {2-^L--ii) 2 X n = 1200^' (r?* uoo=tioi) 

5 X n = 30 r^.xi = 3tf) 5 X n = 3000 ^^,*<i«<»f3«#o) 

/.■■'■- ^ •■ ' ; 
• ' ■ 1i 

What multiplication fact -did you use 'for each? 



In vjhat way did- finding the unknovm factors in A help 
you td find the factoids- in B? • 



How can each of the sentences in A and B be rewritten 
using the division symbol? ^•'^ J J^/^ ^v/>4s^/m 



M&ny problems are solved by' dividing one number byanother;,:. 

Here Is an example. . " ' ' .... . . ' 

■ " * * ■ " - 

Paul has ^52 stamps. HS^an put'i stamps in one .row in 

•his book.. How. many rows will he need if he^puts all"" 52 v stamps 
in his book? . ....... 

,^ We want to find the number of rows of "stamps. 

. • y . , 

There are 4 -stamps in each row. 
There are 52 stamps in all. 

Is the mathematical sentence for this problem n x 4 = 52, 
where n represents "the number of rows? ( ^) 

Think of an array. 



The stamps in his book might 
be arrtoged as in the picture at 
the right. The way the array is 
separated -shows that 

52 = 20 + 20 + 12. 



We write: 

52 + 4 = (^+ 20 ■+ 12) ^ 4 
^ •. . = (20 + 4) + (20- ^ 4) + (12 ^,4) 

= 5 H» 5 + 3 . ' 
••■ ^ = 13.' 

There are 13 rows 0/ stamps. ' 



M7 
633 



v;..3!he stamps in his 'book might 

*". '■'' rs 

•aiso be arranged as in this 
'picture at the right, J 



The way th^ array is separate.d ' 
shows that 52 = ^0 + i2. ^? ^f:}:. 



r 



10 



We -vgrite; 



52 4'= (4o + 12) -5- 4 

= (40 -1- 4) + (12 + 4) 
= 10 + 3 



The number . 52 can be renamed so that each addend is 
multiple .of 4. These numbers are multiples of 4: 

4, 8, l6, 20, .... ^ 

Can you name some/ other?? 

Try some other ways' of r^nartipg 52. 'tV 
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. ■ Exercise Set 13 



9^- V 



Find the -unknom number in eacii ".b^ 'these exercises,. ; • 



1. 



10 




2. 



10 ^ " ' 

I I I I I 'I I I I J 



8o sqtiares 



n X lo = 4o 
n= [4-) 




X 10 = So- 



: t = (?) ' 



I., 3. 1200 3 = n 



810 9 = t 



5.. P X 7 = 35 



420 -i- 6 = r 



7. q ='64o + 8 



8. y = 770 -j-'T 



635 
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Exercise Set l4 



' Reriajne-;each 'product using imiitipaes' of the knoto factor a.s^ 
addends ' --^ 

Example T; ' , ■' Example 2^:, , ■ ■ ' 

n =-24 -f- 2 >.- > ■'• ■ /.•V ■"•r =.393.. "3 ' ■■. ' - 

• : ^ (20 + 4) -5- 2 r , ^ (300 + 90-'-+ 5) , , ' • , - 

■ = (20 2) + (4 V^). - . ' (500 ;■^ 3) + (90 4- 3) +'(3 - 3) ; 

= l« + 2" ■ ■■ : ■=."lbQ-'"+ 30 '+,a'-.' ■ ■ ■-. - ■ ■ 

■Svl 11.. ..,96 ■^ 6 = r (r=./i) 

2-. 68 2,W3 (5 - Jvj'.^;::v^ 12'. 91 --f 7 =.s (^^t^- v^'^^/'^T"^ 

3. ■■^ ■96^* 3 = n {«-3^) 13. 11^ ^ 8.= t fr- /*^ v 

4..- 64 i,;^ =^'v^^^ 14. •217■■^7,= w /u,=:.:?/J. ., ' .-I: 

' 5. . 48 -5-;2;*==.^ff {'ki = ^i^iv ■ • ■. 15. . ■335..^,."9 ;= m \-r*^ =3 7^^^^^ 

■'6." 42 + 2 = k (Ji-21) ■ 16. 400. ;.=. ..n ■ " •• 

. 7. .h = 88 -s- 4 ( i = 0-2) ^ 3 =\ ^CA= 2/3) 

8. n = 55 -s- 5 ( ") 18. 420 t 4 =. m. = /^^3 ^ ' 

9. 75^ 5 = m 19. ' 770 f ':7 = P.' ^ 
.VlO. ■.. ,63 -f 3 = t ^ifif^'^ " " . 20. 630 6 = t .. (."^^ /i'^s').: 



-636. ■ .1.' 
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■ Exercise' Set; ... 15 >^ 

V/rite mathematica? ^.entences' tb-help you solve the following 
-.problems, Jolv.e them. •Write an answer sentence for each problem. 

^ ■ » , v^jy ■ ^ ' r 

* . , .' '■ - » ^ ■. 

1. At the^'dir show 4d planes fleytin f^Brmation. There were 

, 10 rows, ''how many. 'planes v;ere in e^ch rok*? .-^^ ' * 
-1/ , >f . '-r . .^^ 

^ 2.. A class of:* 56 children was divided equally into 3 

committees' to plan a party. How many children were "on 
each committee? ^/^^^^^ Jlji^^^ 



. ♦ : » — ' 

3. Th6_ grocer put 6o aar-rots in bunches of 5. How many 

btmches did he make? '^J^'^* :2J* ,^,^i.u^ u ytu,^ . 

How many days are there in .7- weeks? ' 

5. ^ Bob received an allowance ^^f .50>^. \ Jim's allowance was 
. '^5]^> ^How much more money does Jim 'receive than Bob? 

6,. 50/ --is how many times as mSxph money as 5/? 

7. The 8a men in the mar'chifeg liStid were divided into 8 
•. rows,' :^w many ..mien- Were in eaoh row*? 

. • .^'^^r ^ — : ;. - ■ 

8. - /- A Jet plane carried 42 passengers in. one " section and ' 1*02 

- '• "• , i.- ■ ' 

■passengers in another section; pot; many passengers were 



aboard the jet? " = ''^^'"^ MK^^fA-^f^Jl^JL ^ 
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A v/Ay op dividing two numbers 



Objective: To develop .a jiivisiqn algorism vising, as 'background 

• • 'a • 1 

the idea that -the product maj^ be expressed as multiples • 

• . '• • ■ 

of the known factor. . . 



■Materials: --i^rays appropriate for following dl'scus^ion 

' ' ; ■ ■ * ' ' / , ' ■ " i 

I * In this lesson review with the children 
what they already know itbout division. Help, 
th.^ . think of a; , way in which they '-can express 
ithe-^roduct as a sum of multiples- of , the known 
4 factor as they 'work'. • / ' - 

. H 

% ' You may .'wish to use arrays as you discuss 
, such sentences afe 2.4 -^ k-h^ n, for example. 
Discussion might' develop like this: 

Suppose we record vjhat happens as we are -;'" 
making an array with. 4 cards (pr vjhatever 
materials are being used) in on e-row. '"■Hene is 



Form 'I 



another vjay of recording oUr thoughts. 

Suppose v;e arrange 4 rows of 'r. ' 
We haye a' 4 by -4 array with 9 

1& cards. 
W6 record that v;e have made 4 rows. 
.VJe also write; that we have>used 

16 of the ■ 24 cards. .. 
(At each step note lc\ovi we -record'''' 

this?). ■ ; 
V/e .see that we have 8 cards' left. 
VJe make,. 2 . more- rows of '"4. ^ 
VJe vjrite this.- Also,' we wrij^^s^he 
! number of cards needed to make^ 
* 2'' rows of 4.- 

VJe have, used'^all the cards. VJe" see 
' ■ from our record -that ^we have 

M-:]to\'JS and 2 rows. , \ 

. 4 =-.6. ■ .. ■ 

Either form-, may be* used. 

In dividing 24^ by '4 the pupils should 
V^ognlze that this' is equivalent, to finding V^- 
tile unknovm factor in ,4'x n = 24; and they 
v;ill know that the unknovjn factor. is 6 from 
their knovJledge of ■ the multiplication facts. 
Hence, the rev;riting of 24 as the sum of 
multiples of 4 is :not necessary to finding 
the factor 6, But we are preparing the way 
for the algorism for division' In vjhich th^ . 
oinlmovm factor is^not immediately avident from 
knowledge . of the multiplication factis, 




Tri^r other examples, - relating the record of 
the arrangement of an array v;here only the 
niomber of .rov;s or the number of colunjns is' 



pie, for 




72 ^ n = 7 



elements to be placed in 4 rov;s 
find the niomber of elements in each 
number of columns. 

r » 

^ = n, there may be several ways of 
ng. Here are a few, using bo4h. forms. 



-52 

To 

-40 



10 



IE 



-4o 
1^2 



10 



fil 18 



18 

10 

4o 

-32 . 

0 



18 
~T 

5 

• 5 

■5 

20 

20 

20 
I? 

12 

0 



-v.- 



No^te how 72 has been expressed as a- sm. 

* "» 

; - - 72 + 4 = (4o +-20 ^ 12) + 4 
= (32 + 4o) + 4 ' 



= 4o 



+ 4o) + 
+ 32) + 



. We are not interested yet. in a short- 
cut form. 



15 



o 
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A V/AY OP DIVIDING TOO NUI-IBERS 



We have learned that we can rename the product and divide 
to find the unfcnovm factor. 



n = 225 -r 9 

= (180 + i^5) ■^. 9" 

= (180 * 9) + (^5 * 9) 
. / 

20 t 5 

i ■ • ■■ " . 

= 25 ■ V.- 



Here Is another .v;ay to shov; division'. 
Mathematical Sentence : 

n = 225 ^- 9 



Form I_: 

2Q 

9 W5 - 
-180 

. • 0 



(20 X 9) 
(5 X 9) 



Form II: 



yd2^ 




-180 


20 


45 ■ 




■■ -45 


5 


0 


25 



You may .use either farm shovm above. 

Now we Imov; 

25 x 9?^ 225 or 225 ^ 9 = 25. 

' 640 X54 
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Exercise Set l6 



Use Ponn.I or Form II to find the unknovm' number in each 
sentence. ,• . 



^' ^5 + 3 = n 8. 60 12 = n 



0) = /^) 



2. . 76 -*. = n 



y. 84 + 3 .= n 



4. 96 + 8 = n . ^ 



5. 72 + 3 = n 



6. $9 •^ 3 = n 



9. 96 3 = n 



10. 132 ^ 6 = n 



11. • A44 + 6 = n 



12. m = 207 •^ 9 . 



13.' ■ 325 - 5 = P : 



^- '84.7 = n ;• 14. '^W6.^ = cf ^ 



tDRE ABOUT DIVIDING TV/O NUMBERS 

' . .. ■ 

Objectives: To learn how to* divide when products are larger, 

using multiples of the knovm factor involving tens 
and hxindreds 

To learn to becoitie;: rtiore skillful . in renaming the 
• product '■; ^ 

Exploration: " 



You may vflsh to develop;' this lesson by noting 
different ways one of tiie 'examples has been worked. 
■;.Follow the form, your children are using. 

Here aire some different v/ays we foTjind n in • 444 -j- 6 = n. 



_74 





70 

6- JPT 

420 
.24 
24 
0 



74 



(a) 



20 

5D 

S pnnr" 

■ 300 
144 

120 



24 

24 



Co) 
.1- 

\ 



(c) 



10 

60 

6 JPT 

360 
84 

60 
24 
24 



(a) 



6 







(b) 6 J 444 


• (c) 


6 )444 




300 


50 


420 


70. 


360 


.60 


144 




.24 




84 




120 


20 


24 


h 


60 


10 


24 




0 




:24 . 




24 


h 






24 


4 


. e 


74 






0 


74 



is liie missing factor the same in each? (Yes, it is 74.) 



642 



7 



How was ^44' renamed in (a)? Point out the addends as you 
.rename 444.- (First we used 444 = 30O + l44. Then we. used ■ . 
444 = 300 + 120 + 24.) Then what did you do? .(We divided 50O 
by 6, 120 by 6, and .24 \by 6.) VJliat were the results? 
(The results were 50, 20, and 4. These were added to get the 
unknovm factor, 74.) 

How vjas 444 renamed in' (b)? (444 = 420 + 24,) Then what 
I'did you. do? (We.- divided 420 by 6 and 24 . by 6.) What were 
.'■'tHe results?. (The results v;ere 70 and 4. These were added. to 
f: ;get' the linlcnd 74.) ■ . 

>••:/;, 7 -How -^Ti^y '444 ^.renamed in (c)? (First, / 444 = 360 + 84., then 
444\i= 366 V 60'.4;.$4. ) rnen what did you do?. ..(we divided 360 
' ^ -'^.y^'^.^^-^ 24 by 6.) V/hat were the results? 
(The' results ^wer?^^;^^^ 4: These were added to get the 
Tac Lur, — T4^r) — ''"^ ^ ' '-'^y^C ' v'^^ ' '' ' ' ' 



Note that these wa:ys of finding 74 are 
all good. However, we will find our work 
easier if v/e can . think in the largest .multiples 
of the knovm factor in lO's or lOO's, etc. 

VJork some problems together, such as 
528 ^ 8 = n 



8)528 


60 


480 


■48 ■• 




48 


6 


0 


bb 


6g 




~s. 




60 




8T528 




480 




"TO 




48 




- 0 





106 X 8 = 800 



and this is greater 
than 528. 

8 and some 



Find the products of 
miultiples of 10: 
10 X 8 = ySo ' ' 

20 X 8 = 160 

50 X 8 = 400 ■ ^ , 

60 x 8 = 48o " • 

70 X 8 = 566 

Which product is best to use if 
vje select the largest one that i-s 
no more than 528? (480) 



You may v;ish to try other examples before 
children do those in Exercise Set 17 inde- 
pendently. ^ . * ' ' • 
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MORE ABOUT. DI^Dli^d W& lPjmEES 



..You Mve fourwi tliat -there a^je 


several 


ways to rename 


a product 


when you . dj-vld 


.e;.,^" Here'-are 


some ways that 


you may have used to find 


v;hat number ^ times- ,■ 6 is' 


444. n 


X 6 = 444. Using division we 


write: ; 


6 ^= n:. You 


may use 


either 


of these forms. 




Pom I..' -'-' '■ ■- 




. 

71 

4 


: 

f 


74 




■;;»\ 'aO;; 




. .10 


■ ^ 1 


4 




. -50; 




/■60 




.-: . 70 








6- pPTt 




(c)- 




''■ .■.■.'• 20^. 




• , 36a 


. • _ : ; 


«, 420' 


■ ^^^^ 






'v'- 84. 




' 24 












; . ._24 










ft ;. 


V..-r -y - 0 




■.: :yv .gi 
















■ .0;. 








■"■jtorln^il.V- 


: (b) 






















50 


360 


■.6 a--'"- 










84 










. 20, 


60 


1.0 - 










24 












24 


■4. ■ 






. 0 


7.4 , 


0 


74 ^ 







: In ;vj.hich one has 444 been renamed as (3pO/•f^il20 >y*24)?'=^^ 
-In which one has 444 been renamed as-^ (360' + *^ 2^/ 
In which one has 444 been renamed ais (4g^8^+;^)?. fc) A^^'. 



ERIC 



P383 



Exercise Set /I? 



Divide . 



1 - ■ 5 JTO, -. . • • 11. 9 15^- 



ill), (S3) 
2. 4 I25^.:_v ^ v;^;i; .. 12. . 8 }OT ; 



■ ' in) ; . r : ' ■ - ' (9oy 

5. 8 773^ • 15. 5 F5o 



6 Wo . ■ 15"... ^ 



i7f) ■ (7fj 

6. 7 16. 9 T7TT 



7.' 7 17. ■. 6 



a?; ' (97) 

8. 6 J57H .18. 7 J57^ 



9. 4 JTBT ■ 19. 8 JTo^ 



10. 3 725? fr--v 20. 9 JBoI 

6,45 



VSm'G DIVTSiOK IN PROBLEM SOLVING 
Expipyation: " 





, .-.^Before pupils begin vjorfc on Exercise^-' 
-iSet '18, v;ork 'V;ith ttiem. in .a class disausrS' 
-:Sion so that they haY?e»*opportunities 'to * 
-'read and understand' problems .vjhich are 
solved by dividing tvjo numbers. 

you_might begin by having the pupils . 
recall v;hat they know about solving: 3l.word 
problems". Importai^t ..ideas to be discussed 
are : 1 . . Read the '^^Eo'blem careful l;^:-;' , , . 
2.. Npte trie - question th^t is .asked..' 3. 
Look -f^T inforraatloa};reiat^ the:'.question, 
(It, may' be-neces'sa^ the problem.) 
^. Wrib^- a mathematlp^al sentence whi.dh use3 .. 
this irirdrmatlon to*' :aiiswer the Question, • ■ ^ 




^- ; . : 

A f c 
. museiim. 
same nur 
v/ere in 


5. Study, the mathematical sentence to de- - . 
teiTTiine'. w.hat operation to^use. * 6. ITien V ^:-:• 
c6mputeV••;• 71' Write an ansv;er. sentence wriicii"- 
ansv;er's 'the.- question asked .-In^ the prot)lem; . 

After pupils have recai^ed: .th^- pre'ceding 
• ideas abcJut ■ problem soIviiigi^::^jrite this ^ ■ 
problem on- ;£he jDoard: '■ ,/^':'-'^^^^'n^. I ' ' 

/ K . '■■ - ' -^^ '"'^f V':* ■ " * 
mrth grade -ciassV' ; which has .2^1' -Vc^^ visit 

Six cars weirev^tised to takSv the. chil'dren there. 
iber\of chii'dr.en/rpde in each car, how manychilc 
each car? ■ ■ ■ - , J. . ' ' 


^d a 

If the 
irenr 



V/hat question is asked? (Hov; many children were in each car.') 

Vfnat information is given? (There are 24 children in the 
class 2 Six cars were used to take the children to the museum. ), 

V/hat mathematical sentence caJi you write .which^ses this 
information to ansvjer the question? (6 x n -\2h or .24 ^ G^ n) 
Find the ansvjer to the question. What Is your ansv;er sentence?. 
("There i-jere 4v^children in each car/)*" . 

You' found: 1;He number of. children .in each car. 'We can divide 
vjhen we v;ant; to know how many are in each of several equal sets.- 

Can you solve this problem? 

• ■ fl _ ■ , ' , 

VJrite it on the board. > | - 

■ ' 646 ■ IbO - 
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the niuseiira the 24 children were put into -groups of 8, 
Hov/' many groups of children were there? ^. 

V/hat question is asked? (How many , groups of children v/ere 

What information did you. find to help answer this gueistion? 
(There, are 24 children. . The children are put into groups of 8. 

Vtot r^ajuhematical sentence, can you v;rite ^vzhich. uses this . 
Information to ansv/er the question? .(8 x n *: 24 or 24 ^ &v= h)^-: 
.Find the answer to the . question^ tfliai; is,- your ansv/e^i sentence^/::.' "" 
(There were -.j^;; groups of children, ) • ^^'^J^-i' ' ..." ".r^-fc: 

You foupd'-rthat there were 3 ''gTOUi5^B-..cf:fc^^ Each of ' - 

the groups Jfta4;the' same number .of cihfil^ v/e can divide- 

xizhen we- v;ant' :tc>- know how many groups-jof " the '.3;ame size there .are, 

Vfliat are';the two kinds of problems ;in . which we can divide? 

~iX'- v:e can divide ff we know the numb^ or 'sets .with an" equal — ~ 

number in ea'ch g;?oup and we want to' Icnow how mapy are in each^ 

set, . 2v V7e- can divide if v;e Imow how many iare'in each set and 

vie v;ant to Imow .how many sets there are,) .. 

In the preceding problems, ' the childrep could 
use multiplication factss to get^ the answer Kb w 
use, the folloviing examples in vaiich children can 
Aise divis^ion algorisms., 

Now let^s .try an ■'exampie in v/hich- we' v;ork with large,r 
numbers. / 

, Write this problem on the board. 

' ■ . . ^- - ■ ' ^ ■ . 

\^ Rangers v^n a park counted ,420 deer. They- need' to' feed 
the deer .drying the- winter. The rangers decided to put the 
d'eer into 5 g^iioups with an equal number- in each giroup / How 
many deer v:ere in each group? 



: Follow the. aame procedure • as was done with 
the other examples . , ; ■ . . 
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••USING DIVISION IN PROBLEM SOLVING 



■ There are lo8 fruit trees in an- ore ha^'^^ 9 . • 

rov;s ' of trees with the same number, yof .treee-^^lg^ each, rov;.- Hov; 

can you find ' the number Of trees in each ro^v* • ' * 

\ • • • - 'j' ■'■ , ' ■ 

The infOCTation inNthej problem is:, /* ;^ ' ■ \ . 

Thelre .'•a're loS^,.- terees. . : ■'■' ...v . ' 

-'. . Therefore 9 rows. ' 

.Eac'h'row has -;fche same number ^of trees. 
The question v;e w'ant to ansv/er is.: ^ " ^ 
■ '-Hov;. man-y; trees/are there in each rov; 



9 




— — .. Le i^ US fo ' rju- a iiiaUiema bical seht'engre to show novz tne bits of 

information in the problem are related.. Let n ^ represent the 
nuiaberj pf trees in, each row. ^ \ 

. ' ■ 9 X n = 108, . or'!. n = lo8-4- 9. ' . 

In the mathematical sentence-, 108 is *the ^)roduct, 9 is 
the knovm factor, and n is, the unknown factor. We can find n 
iy dividing 108 by 9. your artgwer sj:iould be 12 .so that 

9 X 12:'= .108. ' • 
We now write. an answer sentence: 

There, are 12 trees in* each row. 

In this problem about the trees, there are lo8 trees in 
the set. The set of lo8 trees is divided into .9 . sets vjith 
the same number in each group.' yo.u found the number of 'trees 
in each 6f the 9 sets. - This* number yjas 12. you used 
division to find the number of;" trees in each set.- 

' - . '■{ '■ ^ ' '' . 

..":'648 ^ ^ 



Nov; let us -think of- another .problem. Suppose there are, - 822- ■•' 

* . dogs in a large dog ' shb;n;- ' An' off icial' tells us that 'there are 

cocker . spaniels, poodles, collies, Irish setters, boxers, 

German shepherds. Also, he tells' us tij^t in each breeg there is the 

same number" of dogs. How'^many dogs of , each breed are in tie 'shov;?^. 
. '■" • * ^- 
• ?ae info'rmation in- the problem is: ■ ' T ^ 

•I * • . ■. ■ ^ . 

: -There are -822 dogskin 'the' shov;. . ^'^ 

. " * ^ ' • ' ^- •'. 

' There are ,6 breeds of ^dogs in the show. ■ " v ' -■ ^ ' 

\ ■» Each breed has the same number of dogs. ]> . ^ . ^ \: 

^ The question. v;e v;ant to ansV;er . is : ■ " ^ • " , " 

How many dogs are' there of each breed?. . ' " ' 

Let us f orm a mathematicaT s^ntPrtPP. • n gepge&ent the 

number of . each breed of dog., 6 x n = 822, or n = 822 -^-6'. 

In the mathematical sentdi^jce, 822 is the, product, 6 is the " 
toovm factor,. -and n is the unknown factor. . \je can find -n' by 
dividing 822' by S.. • VJe show the division in' eith.er one of. these 
v;ays . . • ' ' 



• , l2l ; 












. 50 






100 ■ 

. r 

6 ■ 






6 )y22' 




6do 1 .' 


* 600, 




222 \ 


■ 2 ^2 • 




■ l8o 


iBo 


30 


42. 


42 




J2 ■ 


' . 42- 


7 


• 0 . . ' ■ 


0 


137 



Th^. answer sentence is: Th^re. are 137 dogs of each breed 

• in the shov;.." > "* " , - ' 

In this problem about dogs, there are 822 dogs in the' set. 
•There are 6 sets with the same number in" each gl*oup. . -V/e found 

• the number--of 4ogs in each set by dividing . 822^^ 'by * 6;. ' ■ ^ 

• 163 649 ' . ■ V 



■■ * . _ Exercise Set l8 • " \" ' 

•Write mathematl^cai. sentences .to help you solve the 
•follov/ing prolyl ems. ^ Solve ^em. v/rite an,' answer sentencfe^ for 
each -prpbl.enu ■ , . 

1. The ^Jackson family is planning a 510' " mile' trip-. If. they ' 
,have 5 days to travel, about how many miles must they' 
travel each day*^ ""^^^ j^^ ^ a^^ ^^L,.l4^ .^p.^^.^^.J'^-^'^^^ - 

2v ' 'Seven ' jets "left, the Vairport OTie Each had ■ 128 ;;Vi 



passengers aboard. - Hovj many people left the airp'ort''by 
jet 'that day? "= ^ " g9L ^oa*^ MJ;^:it ^uiy^Z^ 

3. In Cub'-- Scout s, ■ John made a collection of 14*4 smalT shells . 
- He put the same number in each of" 6 boxes. '■ How many did 
he put in each box? '^ '^"V^'' >^ ^ ^-"^ . G. 

■ Pran collected 126 ■ leaves -'for .a ' piK^^^ in- school.' . . She • ; . ; 
moimted them .on -So/Iarge^^'posters,.- . Hov;- mahy. leaves; (ai.d ' 
' she'mount" on-each poster?" ■'v'^^^ ' , 7 ^ /^^^r^. ; 

5. ' There are 189 Boy Scouts in 9 troops,. If eiSih troop ^ 

has the same nimber ^of ir^bers, how, many boys, "are i^ eac'h*^^.' 

-• troop? ''^^"'^^ ' 'i^^ 

6. " Peggy's mother. baked 186 cookies for: a picni^^"^*^ "S^ 

' the same num:ber ixi each -of^hree boices . -How'm^^i^ Jdi^^ »' 
pack in each box? igCrz-^n 



P387 ^ ■ . ' 

7." Dick -and Tom offered to make tickets' for the puppet show. 

They made 139 tickets on Tuesday, 125 on V/ednesday, and 
127 on Thursday, . How many -tickets did the boys make " 
together? ^ - ^Xy,.^ 39^ :tJU . ' ' 



8, The restaurant hkd 2 dining I'ooma, One held -220 people, 
the other had room for "175 people. How many more people ^ 

- could eat in one dining room than. in the other? 

9. TS 21 visitors are taken through a state capitol building 
in one group, how many visitors aire taken'- through in- 15 
groups? ^-^^^^ S^-f f^-^y^ 

10. If one case of canned sox^p weighs 24 pounds, how much 
will 48 cases weigh? . »' ^ . 

11. A committee' of 7 pupils collected 455 r:ocks while 
working on a class project. If each. pupil collected 
the same number of rocks, how many rocks did each pupii 



find? ^ 



12. There. are 9 boys in our Cub Scout den. The boys 
collected 477 toys during their yearly toy drive. 

■ < ■ 

If each boy ''collected the same number of toys, how 
many toys did" each boy collect? 



t = 



■. ''166' 651 



BECOMING/ MOKE SKILLFUL IN DIVIDING ITUMBERS 



Objective; To 'provide mol?e practice 3,11 division and at-the%, 
same time learn how to divide vjhen products are 
. . larger and -the unknoivn factor is larger than 100 



Exploration: 



V You may choose to break the exploration 
of techniques of multiplication and-dlvision . 
at some convenient poiij|^ and re^fiew 4or develop 
some geometric ideas. This v;ill give the ■ 
children time to absorb the properties and 
techniques 'vjhich have* been developed. 

The aim of ' this unit is' to* help the c^hild 
learn 'the divJipion technique which requires a 
renaming of, the- product as a sum and dividing . 
'^each -addend of the sum 'to find- the missing 
factor. " . 

The children should tinprcve tli^r effi- 
ciency jin renaming a product .as a sum fo-r 
dividing; bu* at this ^tage they ahould-not 
all be expected to achieve the same level of 
skill. Here are examples 'Of what can be 
expected, ■ perhaps in order of prefere^^ice. 



• 80 

520 
_26 





, 89 




89 


-9 ■ 


■ * 89 


■ TT 


10 




8 


10 


• . 60 


70 


■■ 60 


20 








. 280 


^ 240 


Bo 










40 • 


24o 




■ 40 . 


36 







The following is suggested as a guide to 
the disc'Jfesion In l-eaming hpw to divide when 
the products are larger than' lOO times the 
T|jLknovm faPtor.' Show work on the chalkboard. 



/ 
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472 

(V/e know 
is 



If Is the first step in dividing "^72 by 4? (We^rename 
sum so v/e can divide each addend by the knovm facjpor. ^ 
X 100 =^4oo. The first addend of the nanie for ^72 
400.) vrny#did we choose 4oO. instead of a smaller addend? - 
(We chose- 4o©- because^ it is the smallest multiple of loO that 
is^o more than "472. ) The two addends used in renaming 472 are 
4(f(^ and . 72. , - . 

100 • ■ • ^ g . . •" 

^ 4 

4oO 
72 • 



^ 4 



'!£)0 



72 



100 



'Is. the division complete? (No, v;e have divided only 4oo b" 
4. V/e have. 72 to be divided by 4. ) Hov; can the - *72 be* 
renamed ,as a sum? (I^t can be renamed as 4o -f 32, 56 -j- 56, 
28 + 44, etc.) All of these could be ysed. -VJhich of these .flames' 
is best to use? (4o + 32) Must I rename 72 at ali?. • (No,' not 

know 72 + 4 = 18.) Divide' each by f4o 4- 4 = -10./ 

52 '-^4 = 8) _ Show this divlsion^on the chalkboard and show the 
' missing addend* . ; * 



9.- 



1?8 

' 8'- 
10 
3^0. 

• 400 

4o 
32 

0 . 



or 



Hqw -was -^2 named? 



(4oo + 



4 Jff75~ 




•. • 


Ifo^ 




100 


72; 










10 


52 










8 


0 


iff 


118' 



±xi the work Qn the ch«Llldx)ard. 
v;rltten. >Point out *v;here rv^4o 
.Point*out wherg- 472 + 4 is'^ wjritten. ) 



4(^+32). (Point oug^these addends 
Point Sut v;here ' 4oo -5- 4, is 
^ 4 and 32 4 aS?e written. * 



16? 
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Let us solve another example together- - . 

* Will the missing factor be at least 100? (Yes, > x 100 = 300.) 
Will the missing factor be at least 200? (Yes, 3 x 200 ='6oO-) 
Wlll.lt be at least '300? (No. 3 x 300 = 900i 300 Is too 
large.) We shall use SOO as one ad^dend In renaming, 867 as a 
sum". ^Vftiat is the other addend? (26?, since 867 = 60O + 267.) 
• . 200 .' 



3 JB57 
- 60Q 

267 



3 'WT 
- 600 



200 



267 
3? (267) 



Can we rename 



V/hich addend is s1?lll to be divided by 
267 as a sum of addends so that one addend is a multiple of -16 
and also a multiple of 3? -What are some numbers that are multiples 
of 3? (Some' of these are 30, 60, 90, ...) What is the larges't 
•one of these that is less than 267? (2^0) We can use 2^0 as 
one of these toat is less than '267? --(2^0) \fe can use .2^0 -as ' 
one of the addends 1-n renaming 2$7'. ■ "is,, the other adden^. < 27? 
(Yes) Can "we dit-ide 27*, by 3? (Yes)^ Have we renamed 867 as 
600 + 2^0 + 27? (Yes-) 6 



Now v;e can show "the steps in the division process in either 



of these two way§. 
Form I oQvi 



Dees this me; 
and see if the^ 
multiplying.* 



)8^7 




600 


200 


267 




2^0 


80 


27 




27 


9 


0 


289 



. 867ij+ 5 = 289 

that 289x3=867? (Yes) Multiply 289 by 3 
Dfoduct is 867. We can always check our work by 



65^ 



I' 



00 
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Let us study these examples to decide on a vvay to begin a 
division example. 

(a) .5 JT5^ (b) 8 jgm . (c) . 4 JTC^T 

Can you tell by studying these examples how many digits are 
in the numeral which names the unknown factor?' How many digits . ' 
.vjlll there be in the result of exerqise (a)? (Three/ because 
5 X 100 < 1620/ but 5 -x 1000 > 1620; so "the ^unknown factor will 
be greater than 100 and less than 1000.)' How many digits will 
thjere be in the result. of exercise (b)? (jFtou-r, because 
8 x'lOOO < 9820, but 8 x 10, 000 > 928O; so the unknown factor 
will be greater than 1000 and less than., 10,000. ) How many 
• digits .v;ill there be in the result of exercise (c)? (Three, - 
•because. 4 x 100 < 3124 and 4 x 1000 > 3124; so the unknown 
factor will be greater than 100 and less than 1000.) 

Knowing how many digits there/are in the numeral vvhich, names 
the_^unknovm factor can help u^ in beginning a division exerCise. 
In (a) you know the unknown factor must be between 100 and 1000. 
vmat multiples of 100 can ypu multiply by 5' and get a number 
no more than 1620? (I'OO, 200, 300) We can use this to begin.- 



300 

JTB20 or 5 JTW 

I5OQ 1500 



120- ■ 120 



300 



Novi^have the pupils tell - how tq complete 
dividing 1620 by 5. |; t .'-^ 

' ■ jj** 1 . -■. ."-> ^ 
Then lead them by similar questions to- 
. determine, 'the ^Larra^st multiple of 1000 
they can mil-tlplj^r 8 and get -a number 
no more than 9288i»in (b) and, the largest 
multiple of log^^Mey can multiply' by 4 
, - and get a number no more than 3124 in. (c)., 

■ ■ . , . iSy, ■ ■ 
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BECOI'CENG MORE SKILLFUL IN DIVIDING NUiyBERS • 

The fourtti ^ade class had 1720 inches of string. They 
wanted to eiit'-lt into pieces, each -8 -inches long. Hov; many 
pieces will they havet 

Mathematical sentence; 1720 •j-8=n or .nx8 = 1720 
We can work this probl^jm in seyeral ways. Here are three v;ays 
Form I: . • * = 



(a^ 215 ; (b) 215 

5 V 5 ' 215 

6o 'Vv 10 '5 

100 ■ 100 ■ 10 

50 iOO ■ ■ 200 

8 jrm 8 iTT^o ■ 8 JTW 

^00 • 8oo ■ l6oo 

1520 ^ ' ' '920 ■ 120 

Beo 800 80 

" ' 520 .120 40 

48o . 80 ■ .40 

40 « -40^ 0 

' 0 



40 



as- 



Is (c-) the shortest one of ,the 5 ways?' 

There ^re 29L5 pieces of stj^ing; 
.0 
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Form -II : 



(a). 


■ 8 )i?2o 




• 




■ 50, 




■ 1320. 






* 800 


IGO 




' _ 520 






' 48o 


60 




. 40 






4o • 






0 


215 



.r 







.' ' • ■ y Boo 


loo 


,i>92p" 




. *eoo' - 


■ 100 ■ 


• 126 


... 


■ ! So' 


,10 " 


^" .f. .^0 










215- 
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i (c) 8 



5;. " ^ 




^i^- Shortest of the three ways? 



171 • 

657 





Exercise Set* ^ 



Find the missing factor • 



,-.>.... 



5^0 + 4 = n 



2. . 567 + 9 = n 



5. 1^55 + 5 = n . 
' SC ""^Ta + n = 6 . 



6; Tsoi^-^^-^ 



= 72): 



■ ^'MI ■ '5250, + m = 7' 



. im- /^^t 8 = h 





1M..^^^0 + 2 = n . 



4562 + 3 k 



16. 896Q +. -8 = S-, 



ir9„' 569 + 5 = n- . , 
. (yi^ 133) 



17.. '576r + 7 = m 

, (f^ = S'23) 



18. . ' 3768- + .4'.= t 



19. 9>84 + 6 = p 



22^0 + 4 = m 



•658 



26. " . 9659 + 9 = 3 , 
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Exercise. Set 20 - . 

Write ^mathematical sentences" to help, you solve the following 
problems. ^ Solve them. . Write an answer sentence for each problem. 

1. If a plane travels 1675 miles. in, 5 hours, about how far 
does it travel in one hour"? 



2. How many dou'ghnuts ' are there in 17 dozen^ 

5. For the school carnival the mothers put 60O. pieces of 

homemade candy into bags. They put 5 ; pieces of candy in 
each bag. How many bags did they pack? 

4.. 720 ice cream bars were bought by the Dad»s Club to treat 
the -children of Baker School. There were 669 children 
present that day. How many extra bars-Vere there'^ 

5. A motorcycle traveled 2^4 miles on 6 gallons of gas.. 
How. far did it travel-on one gallon? 

6. A market put 1744 onions into bunches of "8 -onions 

1. A grocer ordereci 726 bottles of soft drinks. They were 
delivered in cartons that held ^six bottles each. How ' " 
many cartons were' delivered? 



each. How many bunches were there? 



FINDING' QUOTIENTS AllD REMINDERS 



Objective: To help children understand the technique of division 
vjith remainders and the mathematical sentence v;hich 
describes tills division process a = (b -^x q) + r 
or a = (q x^) + r vjhere a is the given product, 
b is the Imovjn factor, q is the unksnovm factor,, r 
-is the remainder, and r is less than b 



The operation of division is defined as 
finding an unknown factor n -in a multiplica- 
tion: (5 X n= 4o, n..= ^fO •^ 5). • A division- 
like ,59 ^5 is impossible within the set of 
whole numbers. Nevertheless, in many situa- 
tions, it is useful ^to find: a) the largest 
number smaller than 59 v/ith ^5 as a factor 

(55), ■ 
and c 

All of . this information can l>e shovm in the 
sentence 59 = (7 x 5) ^. 



b) .the corresponding -unlaiovm factor. (7^-, 
) the difference betv/een 59 arid -aj (4). 



""As soon, as the idea of rational numbers 
is developed, there is no need to distinguish 
"division" from '"finding quotients, and r[e- " ^ 

mainders." For 59 -s- 5 = and 'the content 

of 59 = (7 X 5) + ^ can b'e shorn by the 

fraction 7^^ .which is_ another name for . 

— ■ At present, v/e are using Just the v;hole 
numbers. Consequently, a difficulty arises 
in ^ the developipent of division with remainder. 
The^phildren know that a mathematical opera- 
tion 'on v;hole numbers starts with a pair of - 
Vihole numbers and results in a third v/hole , 
number, (10 + 5 = 10 - 5 = 5^ 

10 X 5 = 50, 10 4 5 = 2). Therefore, it 
v/ill. not do to say that the mathematical 
seo^tence, 59 = (7 x 5) + 4 or 
30 = (5 X q) + r, represents an operation 
on the pair. of. numbers 59 and 5, for it 
■results in two numbers, ' 7 and and not, 

in one. Consequently, it vrfLll be advisable 
to encourage the expression, "Finding 
Quotients and Remainders" for situations in 
which division-is not possible in the set of 
whole numbers. In this manner, the child, 
will still associate "finding an unknovm 
factor" with the- division operation. "Finding 
quotients and remainders" v;ill^be associated 
with* situations as "155 divided by 12" iig^ 



660 



174 



which we must find numbers for 
In the mathematical sentence 



q and r 



n 



" - ■ : ■ 135^ = (q x:i2) ^..r. 

In siammary, given any. two whole numbers, 
■for example 96 and^ '6^ If -.there i^ 'a whole 
number n ; such ;that 6 x n = 96-, we c^ 
the- pEoducjb, ' 6" the knc5wri factor/- -and' 
the ujiknown faqtor,' The-unkriowii factor 
i6 found by dividing 96 by , 6,. and we write 
n = 96 b.' - This is 'the operation of - 
division. 

,Now if/ for example, 'we consider- the 
number., 96 and'. 6> there is no whole number 
n, such that 6 x rx = 96, but. the3a?-4s always 
a whdle number q .'and a JWhole nu^er r^ 
(r < so that 



98 = (c^.x 6) + r 



v/hfere ' 



r < 6. -flritiing the numbers- q and- 
r is 'finding quotient q and remainder 
r.'^' Clearly, q is .16 



is 2. and 



98' = (16 x 6 ) + 2. 



Exploration:, - " . ' ' 

about many '.division-problems, and we know 
mariy^ituati^^ whloh require division.- Here is one for you- to: 
solve-v "Seventeen'boys want.to h^ve 'a rel^y race with five boys 
on a team. ;They line\up:in rows, five boys in each row. How 
'niany teams , will there be?" ' • ■ ■ . 



• ■ „■ ' . ' ' Figure 16/ — ■ 

Explain your drawing. '(There ar?4 3 teams of 5 boys each 

With 2 boys left out . of the rac'e'./ How many boys will race? 

(15) How many .teams v/ill 'race? , "(3j >. 

• ^ Is your drawing an array?, .(No) Why^not?^An array must ' 
have the same number of elements in each^row. There are only 2 
dots" in the last row'.). 



Can you see arrays in your drawing? (I see one 3 by 
5 array. We coul'd describe the .other part as* a l ; by. 2 array. 
What does each of these arrays representlin the problem? (The 
3 "by 5 array r,epresents the -0.5 boys who will race. ' The .1. 
by .2 array represents the -boys who will not race.. ) 

■Write a mathematical sentence which shov/s what we have found. 
[l7.= (3 X 5) + (1 .X 2)]^f Each number in this sentence is 
important.^ Tell what earch number.. means in. the problem, (17 is - 
the number of boys. The boys can form 3 teams of . 5 each^with 
2. ^ boys' not in the race;) 

■What numbers were given in the problem? (17 and ;5) 
numbers were, missing in, the problem? (3 and 2 ) 

. V/e may-- solve problems like." this by drawing a picture,, 
separating it into arrays. The result may be described by a 
mathematical sentence. The result miay be used to answer the 
question in the problem. ; 

If another detailed exampl^e. is needed, 
the_ 'following may' .be used;- 

• " .Let us solve this problem together. "22- boys want to p4.ay 
regulation* b^aseball'. How many teams can be 'organized^"; and how 
many boys will be -'substitutes?" - t ' ' 

.........a v > ' \. 



: ■ . . . ^ • -Figure 17 ' \ ' . . ■, : - 

. is this an array? (No, it is two arrays.) Explain- the ^. 
drawing. ' : (Thejre are 2 teams ..^f - 9 players and 4 sulDstitutes . 
How many boys make up the 2_ . teams? ■ (l8) ' ^ ■ ' ' ^ ' ■ • 

Expl^n the use of each array. ' (,Th^ ■* 2 ■ by 9 array 
representj^xhe ' l8 boys " who will 'play. . The , 1 by. 4 array 
represent^^^^l^e . 4' . boys "who -will be substitutes v.) s^ - , '* 

Wri^M^^thematical- sentence which shows, ho w* the .22 boys 
are' orgai^€^/;^22 = (2 x^'9) -h . The smaller array will 
always have ■ e£%|ier v., 1' . row or 1-- column. We do not need to/ 
write 1x4. 

' ■ ■ . ' 176 
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Answer the questiora^n the problem.. .(There can be 2 
teams with 4 substitu1^\^' 

V^hat^ niimbers were' giyen-ir>. the" problem? (22 'and-. ^9) ''^V/hat 
.numbers' v/ere- missing in the problem? (2 and/. . ^ 

. ^Consider this problem: 'if the scljiooi. custodian' put- 50 
.chairs into rows of .4 - .chairs. 'each^ how. many r^ows . coul'd- he make 
. Wi'thout .drawtog-^a picture /'can you -write a mathematical' : 
sentence v/hich shov/s how the custodian '-could arrange* the 50 
cha^irs into rows of 4 chairs each?. 1 56 = (12, x 4) + 2.1' How 
would' the chairs be arranged?- • (The chairs' :w6uld .be arranged .'in- 
12. rows of ; 4 chair's each .with ; 2. .ctiairs iinused.) Write 
sentences showing several waj/l to arrange the -50 chairs. 



(e) 



;50 = (7- X 7) + 1 
'50'=' (ll'x .4) + 6 
50 = (25 X' 2) + 0 



Some possible ' suggestions : 

(a) 50 - (10 X 5) +0. 

(b) ^ 50 - (9 ^ 5) + 5 

(c) 50 = (8 X 6).+ 2 

Each of ;these sentences shows three things. What are -they? 

(E^ch sentence shows the number -of . rows that • could be made, the ■ 

number of chairs- in a xovj, ^nd the . number "'ojT- chairs 'unused. 

Develop, a procedure "far "finding, q -^.and r 
using- the same procegs &s f©E -finding the missing 
'or -unknown factor; • - ' «. '" -^ 

. ■ ■ Por:m ir. ' ' • ' . 



Form I. 



12 
10 

4o 
- .To 
8. 



^150 

, v^4o 
To 
8^ 



■q and r: ■ and .write the mathematical 



Identify 
sentence 

■■ ;. 50 = (12^4) ^2. :. 

Similar' illustrations -may be given foj* .3 chairs 
in a row/ etc. Note that r. is' alvjays'.leae than 
the divisor.- (Unless we know that two numbers 
are a factoT' of a thljrd, it ij impr(^er"to v^te 
such sentences as .12 4- 5 = n unless . we wanT^^to 
■note, that- there Is no- solution if ' n *is to 
represent a- whole number^. ) '* . , 

Usfe. other. ■illustrations, in this exploration i;^ 



FINDING QUOTIENTS; AND . REMAINDERS-:- ; ■ 



We can use ther division- process to solve prolDlems like this 



one; 



■'^ ' ^Ther»e'*are ..306 people at the exhibit!. There are 'to he A- 
tours. . How many people should go .in each tour to^have about the 
same, niimber . o'f '. people /in each group? 

^MatheihaticaJ. sentence:' 5Q6'= (4 x ri) -j- r. . 

- You may use either form. 



Form 1. ' * 76 . . 

■ ' v '6.; 

. ■ 280 

. ' . ■26 • 



==;Form II.' 



)5ob_ 




280^ 


,70 


.26 




. 24: 


. -6 


, : .2 


• 76 


0 . 





' ^ • ■ ' . ' 506 = (76 X 4) + 2 . 

Each group" should have jS, D,eople. There are 2 ..people 
to' join *one or^'two of the: groups. . ; . . 
In 3. mathematical sentence liAce 

^ " ; r . " ^ - 506 =" (.76 X .4 V V2/ 



vje ;say that : 



306 is -the/dividend. 

. 76 ■ is -^the .^uptientr. 
4. ■ is the' divisor. / 
2 is'- the remainder. 
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Exercjlse Set 21 
rjumbers q; ,and r must r_epi.es.ent \cx^e-^ach fenteme-- 

true. 



1. 6^2 = (q X 9) + r 

=632 = X 9) + 2^ 



7. 4.21 = (q X 5) + r '.. 



2.' %6 = (q X 3) + r 
^^56 = {i£x X 3 ) + 



8- ^(q':^: 4) + r = 3320 

.{S3^.x^)+D - 3220 



3. 1576 =. (q X 53 +'V 
1576 = (ji^x 5) + / 



9. 299 = (q X.7) + r 
2^9 ~ (V-^x?)-^-^ 



4V 1242, = (q X 8) + r 
1242 = (j£rx 8) + 



10. • 151 = (q X 4) + r 



•5.- 943 =. (q X 7) +. r 



11. 525 .=■ U V 8) + r 



6. 1210 = (q X 6) + r' 



-4- 1 «> 
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12. 373 = (q x-5) + r 
213 =(7-^^^^) -f J 
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Exe^olse ^ 22 



V/rite mathematical sentences to help you solve the- following 

problems. . Solve them. Write 'an answer sentence for each problem. 

'*> ' ^ ■. 

. " .'■ ' . ' ■ ■ ; ■ 

i. 29 boys v(ant' to organize .teams t)f 5 boys fo:^a relay racegi 
How many teams can be organized? How many boys .will not race? 

"2.'" If the school custodian put 8o chairs* into rows" of "10 

chairs each, how many rows could he make? Would there be any 
chairs not us^d? ^^.^X8-.i^-^o aJU JU...*J^- 

try 

3. . Longfellow School bought 25 new bounce balls, ^ch of -6 

c-lassrooms are to share the balls equally. Any that are left 

will be kept, for next year. "'How. many balls will ea^h room 
;is-= 'C'^ti) £^ ^vs^ X-.-^ JLJI. ■ 

,4.- . "Polka for Three" is. a dance done in groups of '3. How many 
.. . - groups can be inade in a class of 3^;/children? How many ' 
children w5tll not ^ce? ^ ^ ^ Mu:. 

5- Mary is asking.. 3a girls- to her party. How many tables 

must she have if she serves'" . 4 ^at a table? How many girls 

- t ? ' ■ ■ .'^^ 

' ;^^ill have /to sit on the sofa to eat? 

6.' 271 reservations were "made for a Ijancheon, How many tables 

- * . • rt * • " 

v;ould have to be set if 4 people vrere -to, be seated at each 

■ i ■ ■ 

* table ' ^ 
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REVIEWING AND EXTE^ING 



Ob^ectl-vev"-TO-h-eTp- cMIdren fu^^^ to sol^ 

problems through the use of mathematical sentences 



Tne method of problem solving emphasized 
In Chapter 5 and reemphaslzed In this unit 
should be expanded'and reinforced 'by the- ex- 
ploration which follows. 

-.1 ' ' » 

The children should lie encouraged to vtse 
good Judgment as they use -the results obtained 
fronrthe use of the division processvto answer- 
the^uestion In Jhe problem. 



■ Exp.loratlon: ■ . 

Yo/ have already solved som^problems which required the 
division process.. We shall .^tudy others nlth large numbers and 
consider how we can become better at' problem solving. " 

There are some problems In your book which we shall study. 
They are In Exercise^ Set 25. v . - ' . 



1. 



A baker Is to pack 1250 cupcakes for a school 
picnic. . He will put 8 - in each box. How" many 
boxes shall he order? ^ . 



2. 



Each of^ 15 - Girl Scouts sold • 24 boxes of 
coolcies. , How many boxes vje re sold? 

f> 1 . * 

Six aiieets of- colored paper are needed' for 
a booklet: How many booklets can b'e made from 
500 sheets of colored paper? . 



4. The Parent Teacher Assoc iatj^Sn of a school had 
. 32^ members last year and 296 members this 
^. year • Hov; many more memberships are needed tc^ 
breach last yearns record?, 

I^ei'd Problem (l). ;^t information is given in the problem? 
{Tl^^^^e 1250 cupcakes to' be packed 8 to a box,) Write 
tkitMks 3i mathematical sentence, (1250 = q x 8. ) Will there be 
agiJjejTi^nder? (We cannot tell.) Hov; do you. show this in the 
sllitehce? []l250 = (q x 8) + rjj Does the sentence tell you 
whafvoperation to use to find q? .(Yes, we should divide 1250 
by "' 8, ) / . 

VJrite the mathematical sentence .oji your paper. Then, divide 
to find q. Answer the question asked in the problem, (He will 
need 156 boxes to pack all of- the cupcakes except 2 and one 
box. for the- 2 cupcake^-. - Ke will need 157 boxes.) 



_The wor^ of the children may follow 
either form. j * 

J * =? (q X 8) + r 



256 
c* 

' .50 . 
• 100 
8 73350 ■ 
60c 
■ ~^5o/ 

• 400 

~3o 



48 



8 jl2S0 




8o'> 


100 


45g 




400 


50 


50 


• /6' 


-48 


> 2 


15b. 



1250 = (156 x a) + 2 



The baker should oMer 157" boxes, 



The children^ should also solve problems 
(2); (3), and as' .a group or individually, 
the following exploi'^^ion should be made 
after the children teve oorripleted the first 
four exercises of Exercise 23.- . _^ 
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Let ois write on the chalkboard, the" four mattematical 
sentences you used in the'problemi so'we^y study them. ■ 

" (1) . 1250 .-^"(q x 8) + r . , (gf^m = 15 x 24 - ' ' ■ ' 
(3) 50C'-=-(q X.6) + r • (4) *'296 .+ ri = 394 ' • 

• ■: ' . • 

Each of the sentences you have writt§n is of a different 
kind. How did you know what sentence/ to write? , (Answers will 
vary. ) ^ . ' ? 

■■• • ■ . ■ - . 

Why did- you write 1250 =(qx8)Vr for the relatioi^hlp 
in problem- (1)? (The baker had packed 1250 ' "cupcakes in q 
boxes with 8 to a box. .The i* was^ -addld to take c'ire of any 
extra cupcakes. ) . * .. p ' <i ' ^ • 

Why' did you write m ? 15 x 24 £or m Relationship ih 
problem (2)? (There^ were .^girls who sold 24 boxes each. 
W% thd\ight of a *L5 by 24 array. )• 

. ^ V^y did you writec 50(3^-= ('q^^x 6) + r in problem (3)? 
(The 500 sheets of p^per were made into q' booklets of 6 . 
Sheets. The- r ^as added *o take care of any extra shee^^s of ' 
paper* ) ■ • . , . . : 

•\-rhy did you write* 296 + n = 324 for problem (4)? (The 
words, in .the groblem told us that .-296 members and some new ■■ 
»menfcers %re ttie same as 324.) . * ' 



. You have solved four problems by finding the answers to the 
.question asked in the 'problem. What operation did you use to 
.solve these probiemi? ...(we used, addition 'in one, multiplication 
in one, and division in two. ) How did you know what opei/at;.on 
to use? (The mathematical sentence told us.) 

^ Look at- your work' for the two problems in.-V;hlch you used 
division. - « ■ - • . 



•5* 



(1) • • 1250 = (q X 8) +'r 

• . • : • ^, ' 

6 

100 

8 JTS^o' 

_8oo : 
• ^50 • 

• : .400':' 



• (3)' -500 = ((fejK 6) ^ r . \ 



or 8 



50 
48--. 



2. 



.1250?;& (8 X 156) + 2 




boxes. ■ 



The bakei*. should order 157 



; ;Mr=i?(B> X 6)-,+ 2i 

. 5«ei-5an make. . S3..- bbok-^ . 



lets'\v^r$h'j''^5-:- extra slieets'-h^'-- 



Th'e 157 which us^^'.-as' to (i);does-:. -^-^ 

not* appear in. your work.' V^j^' npt? \(The: Mssibg '^^tc>It^^is^^^ ' 



156 v;ith a remainder of ■ ■27 bu?id-*ttmt -the^^^ 



cupcake^'-lef t over imless'^ ^iejji&^-l^ bci^"^' / Yo\i;-.heedi. to 



ns 'i^;j>r.oblems . like, trvis ^ •• 



use good Judgment in ansvjei;iing q 

,Th'e 83 v^^l^j^^oU problem \.(, 

the division vfpr] 




i's in 

did. • jm;ir did^yo>i ignore' the -nemi^nder.? ' . '< 



(Since it tai|p,/- 6 shee.ts for ^^fc^'^bobiae.^V 

85 b'6oklets"'-bou3,d be made. '■■■The\^ ^ee^ of ; ■ 

oaoer left over v;ere not'^QUgh for anoth^ bookleji'j )k . 

^ ■ :;. ' '\ - • 

You were told by the problem hov; io- use ■ the reraain^fofv 

■' • - ■ ^' 

solving problems it is a good plan to let the;vJords 9^^^^ 
problem guide your viorkl - ' / - ''^^ 



Exercise -Set 25 



4 



1. A baker is .to pack 12^50. c.u?cal«!^s,f;Qr ; a' school .picnic.: ' He 

? -iri. each box. .-How many boxes will he- order' ■ ■ 

2. -- Each of 15 Girl Scouts- sold '24\bo«es of.lcookies 



many boxes i-.'ere sold? ' ^' % < 



■5., ' Six sheets of c:olored papgr are-ri&edq^ fo^ a booklet. How 

. many booklets " can be made. 1^^^ ^rjp^. shee^ of colored paper' 

The Parent Teacher Association a sfhc% had '''"^'S'' rafeWSrs^'. 
• . last year and 296 members pil% j&^',_ How m|n^'mpre'<> 
, ;. memberships, are needed to. r^aah iast'-yJU-tst^Skr.cic. ' '"^^ 

5. 



'.In a.schoo:^^ library there were _^;23 sets leaders. 5:h6 
were . 35 bdoks in each set. \ ^oi{ mang boj^^re thfere 1^? 



the .23 sets? JJU -C^-^gcS^lJ^, 



o. Bill planted 12 ■ rows of tomafoeip ; T|^>"e»^re?; ' I'S. 
• In .each row. How many plants did Si?; 1 St out' ' ^' v 

^ ■ ■ ' ' , ■ ^ . a/. 

7. rne. children of .miler School are rsisingimoney-^^uy 

. television set which costs $350. . They ^avfeollect 

' t . • , ■ ■ W- ■ ' 

$179. How much more money do they need?? ' " . 

' ^ ^ , : ' f •31' 
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'8, Nancy is maidng some decorations for a plrty. She needs • 
: 560 white beads, 720 red beads, 180 green beads, and 
45 yellovj beads. Ho v; many beads does she need altogether? 

■•9, If a- Jet. travels to8 miles an hour, hov; far will it travel, 
\ in 5 hours? 

10, There" were 385 tickets to be put iij bundles of 8. How 

many bundles v/ill there be? Will any tickets be left? 

On a reading test,_ Mary read 28^r •words in 3 minutes, 
. About how makv v:ords, did^ she^ read in one minute? * ' 

12. A farmer packed 360 boxes of apples for shipping. Each 
box weighed 45 pounds. VJhat 'v:as the weight of all the 
boxes? ^-- 5^^^^^-^^^ ^ /^.^o'^ f^^--^. 

15* 573 scouts who attended the Jamboree slept in tents vjhich 
had' beds. How many tents v:ould 573 scouts need? 

.1^, -.'ejo dancers attended the Folk Dance. Festival, Into how 
many gi^oups of 8 could they be divided for square 
dancing? " ' ^ ' . 
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Exercise 



• • • 

Find the niombers q . and r must represent to make- each sentence 
true. . '• „ - • 



- 3. 



.4. 



5. 



o. 



7. 



8. 



9. 



• 994 = (q X 8) + r 
' 99^ V-xs-) X 

889 = (q X 7) + :r 
290 = (q X 9) + r 
^93 = (q X 5) + r 
389 = (q X,4) + r 
- 534 = (q X 5) + r. 

954 = (q X 4.) + r 
\^88 = (q X ef + r 
6769 = (q X 9) + r 



10. 3626 = (j>S< 4) + r 



673 



,,L1 . 


290 


='(q X 9) + r 




;? 90 . 




12. 


5308 


= (q X 7) + r 




S30B 


-( 75-2^1) -l-^ 


13. 


7449 


= (q X 8) + r 








14. 


.■ 3636 


(q X--8) .+ r 








15/ 


2390 


= (q X 6) + r 









16.^^J^3 = (q X 5) + r ■ 
17 .- ^2770^(q, X 3) +' r 

18. = (q X|^9). +, r 

19. 6792 = (q X 7) + r- 

20. 493 = (q X 3) + r 

, 4fi -(i sz) -h I . 
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. / .Practice Exercises ^ 

Place the parentheses correctly to make these true 
mathematical sentences, ^ 

• ■ '-^ 

Escample: 24 + 6 - 5 = 25 ,f (24 + 6) - 5 = 25 

■ ' /J 

^) 6 X 9 + 4 = 58 fl^X ?)-^^ =<S-i] ' , 

b) 27+13^4=10 ^[(^7^/^)^^=/o] 

c) . 9 X 6 + 4 = 90 [9 x(6i-¥)i 90] 
d ) 7 X 8 + 8 = 112 [7k(^ //Z] 
e) 7 + 63 ^ 9 = 14 7/^3 

t) 5 X 40 ■+ 8 = 208 ^6'x¥S}^S = ZoS] 

Z) 7 i 9 - 4 = 35 - [7kC9-^=3S] 
.h) ,35 - 7 + 4 = 7 [(3S-:^^^ = .7] • 

1) 43 + 7 5 = 10 [(^3:/-7hd'-'/o] 
J) 5^--i-"9 + 6 = 12 ^^^^^^r/^y' 



II. ''' Write the 


number that ft 


^represents 


a) 


n ^ 4- 


= 276 




b) 


693 - 


= 445 ■ ^ 




; c) 


224 = 


n x»7>.' 


^ (-^ = 3Z) 


. d) 


859 = 


384 + n 






n = 8 


X 317 


^ (^-- z,5:3^) 




392 + 


n = 1748 




g) 


798 - 


n = 344 




• h) 


511 ^ 


7 = n 


73 ) . 


i) 


786 + 


n = 974 




J) 


457 + 


1066 -K; 5^61 = 





'r:B V 674 .^^^ 
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III. Add: 

25 
38 
- '46 

. Subtract 

7010 
6258 

Multiply: 



496 
• 4it7 
58s 

785 ; 
621 
{3,007) 

8300 
7519 
(721) 



■ 589 
' ' 9 
899 
" ,8938 

(/^ 7/0) 

-.610 
352- ^ 



358 868 

'7 8 . 

Divide 

9)2550 7 



69 

38, • 



8 



; -32 

200 
8934 . 
- "32 

3709 ' 
• (/ZJ9P7) 

9001 
3^22 

98.:. 
82 • 




IV. In the chart below write a mathematical sentence then.' 
solve it. 



• Number Pair 


. Operatioij 


Sentence 


Result , 


25, 40 


addition 


25 + 40 = ^' 


\ = 65 


a] 


34, 26 


, multiplication 




^ 


b] 


9a7, 49 


subtraction 


9/7-49'^ 




c] 


972,-6° 


division 




/(iZ 


d] 


845, 766 


addition 






e] 


896, 47 ' ■■ 


— 3lK ■- ■ 

imiltiplication 






f ; 


3442, 2461 


subtraction 






z\ 


828, 9 


division ■ ' 






K 


9, 8289 


multiplication 




^r7i^,CO/ 


i\ 


23334, 6666 


addition 






i] 


1 , 768, 8 - ■ 


division 







V* By regrouping, find the unknown .addend . .. ' ^ 

. Example: 462.- 4oo V 60 + 2. ="^400. + s50 + 12 
-157 = 100 + 50 + 7 - 100 + 50-+ 7 

, 300 + O + 5 - 305 



</3 



' ■ ^ -219 ^^^/^^y -^^"^^^^ ^ ^2l6 -J^^/^^i 

b) 633 ^^^^-^i^t^^-igfc'-^/jb^^J . d) 761 C^tt*^^^/ r '7^^7/^,/.// r 

563 Soo^^o^3-sbo^(^^;^ 257 ^g>g^:^^^7 ic^^^^,5!g?^r 

■ VI. Solve- the following: . . • 

a) 8p X 27 = n ^^^^9:5-) f) ise > 3 =-n" , ^^£\ • . 

b) . n - 5:- ^05 [^:ZpZ5') g) 600 -.n^ 568 ' (^-,-5^) . . 

c ) 9 X 847 - ' n h) ' 876 + 889, - n C^-, /7<i£') . 

d) 352 + n = 900 (x^.-j^s?) !) '726 ^ 8 ^ n ^-^'^^J 

e) 27 + 5 + -8 = nC^.-^l j) 900O - 3402 = n {^--^6-'9?] 

■ VII. Solve: " , . ' 

a) n + 9 = 97 (C^ = f f ) f ) , 6 >ic 7008 = n (:J= -i^^^^j') 
89 + 95 + 96, - n(:;v--<^i&)g) 108 5 ^- n'^ ^/.y^ s)^ 

c) 10 X ^ = n (^rfsb) h) 65 -K 5W51 + 70 + 33 = . 

d) 671 .-^.9 - n C^rTZ-Avk)!)- n ^ 7 = 9.6 - (^r rf^^ij ; 
- . . e) 6040 - n = 2159^r^^'P/jj) 422 -f 6 - ' n (^^ z7'i> A.z) 

VJII. Solve the foilowlng:." ' ■,, ." ..' 

, " ;a) 39^ ^ 8 = n- f^-Vf^/} f) 680 + 807 + 739 = n 

b) '' 6?.)^ 36 = n ^^.-^y/i^J g) .n + 279 = 871 ^9z) 
' /c) 64 + 48 +:9 + -85,= ru ,h) 5^2 -- 498 = n .£^1 

.d) 29 + n . 86.- (-----^t;; !)•■ 547 - 9 = n -f,^ ^-^^ 

e) 8 X 1321 = .'Ti ('^>/4^?)j) n ^ 5 = 5030 /:5ijj. 
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. .i.; ■ ' Review 

■ ■ . V . SET ■I *^ 

Part -ft 



1. Use i= '> , or <, to make' these- true/ statements. ' 
Example: if n :+ 2 = 7^ , then * n 7/ [ ■ 



a) 


If 


•27 -f- n = 


9 ,' then . n(= ) 3 ^ ■ 




H 


If 




17, then ^ .n- gjir ^ i 






If ' 


n -x 15 = 


45 . / thW:.- n -l .. ,• 




d) 




50 .n"' = , 


50 , tlien n 0.' 
--. 32 / then / n {^) 4 f 




e) 


If 


128 4-. n = 


.. ^ 




I-f 


n X .33 = 


132 , then . n 33 






If 


^- 7 =^-' 


I-/ then n.f^ 4 - 






If 


1407 + n 


= 2989 , then n (^J l4o7 • 




1). 


If 


iHi = (2 


X 71) + n, then- n {^ 2 ' 




J) 


If 


n - 6357 


!= 653 ./i-theh ' n 6357 . 





2v Write a mathematical sentence, to-;-*^ the following. - v 

- . Example: 7 +- 2 = n , (7 + ,2). - 2. = n . " - 

a ) 31 + 4 - n ((^/^y)-y'y7C)f y 6^4- 8 = n ((^¥-fx f r:^) * . 

b ) ■ 12 X 6 = . n --^) g > .125. -: 25 = n(^';2r5^je,£-iy) 
^ c) 15 ~ 3 = n((:>^^5>5^^')h); 3 X 3 = n ({S x3)^ 3 - y^).. 

'it3 + 172' ^\n(<f<^s^/7Jhy^^^^^^ 
e) 72 - 13 ^ n((7Z-/3k/a^^i) 3592 - 1782= = n \ ' • 

3. For each multiplication fact* write two division facts-. 
. Example: 2 x 6 = 12,^12 4- 6 = 2,/ 12 f 2 =t ' 6 • V • 

. •■ . a) 6 x 7 = 42('^^^.-7); f) 8*x 6 = 48 r^/^;^:fj ' . - • 

- ; ^> 7 X 8 = 56Y^.j;^. g)^T.x4 = 28 {^i^ : • " ' 
/ c) 8 X 9 =„ T2 .^^/9^-5=^5.7^;r/:^ ' . 

•" ; -^a) S'x 8 = 24^^!'^.^. fj. i)- ■ 4 X 8 =. 32 Xj^^f:^^ - 
' . .e), 6x-9 . 54g|;fj:|>,; J) / J g-^ -^63 I - : . > ■ 
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'4. Write the correSt words, or numerals to' complete this chart. 



Number Pair 


Result 


Operation 


Result 


Operation 


a) ■ 40, 25 


' 65 ■ 


Addition 


15 


Subtraction 


b) 72, 8 ' 






576 




c) 96, .8 


f£ 


Subtraction 


^12- , 




d) 84, 23 


1932 . 






Addition 


e) 369, 9 


.378 






Division 


H) ■ 80, 12 




Addition 




Subtraction 


g) 45, 5 


225 ■ 




9' 




h) 90, 9 


■81 






multiplication 



5. BU E ^ (red^ blue, white, green, purple} 

\ ' ' E = Igreen, purple} • . . 

What operation could you use to Tind the number of 
members in Set B?^ Name the members of Set B. 

6-. A U<f = [2\ 4 ; 5 ,'6 , 3 , J-a , ' 
A h G = {5 , 6 , 7} 

0.= [5 , 6 , 7} . V ■ ' . ' 
Could you use. subtraction to find the nianber of members 
In Set A?'^ame the membere of Set A. ( ^^^.'^/^^^.v) 

7. C = {2 , 4',' 6 , 8) .• • 

0 = {1 , 3 , 5 / 7,9). - 
Name the members of, the Set C U 0. (^/,JZ, 3^^/'^,^^7, 2,9^ 
What operation r^ou Id .you use to find the nmnber of 

members in /c U 0 ? ( Clct^^L^^^i^^ 



A 



8. Draw a polygon that is the union of 
•-a) 2 ' line segments y^^^^^^^^'*'^-^^^^^ 

b) 3 line segments 

c) 4 line segments 

d) 6 line segments 

e) 10^ line segments 



o 



9. How ;nany vertices has each polygon in Problem 8 ?. 

\ - ' ' - 

10. Find the number thsrt n represents in each of these 
Exsunple a is done for you. 



53 + 22 + n = 89, 53 + 22 i 75,.' •89 - 75 = 1^, n 
2k +.30 + n = 79 ' 
^3,+ n + 25 = 87 
n +^ 9 + 30 + 27 = 152 
798 + 9 +_n = 150^ 
59 + ^97 + n + 7 = 1069 
3^ + n + 11 = 68 
2?5 + 596 + r) = 1716 
l6 + n + 66 = 96 ' 
n + 669 + 352 = 1021 



88 + 7 + n = 174 





134 
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11. Match each of the Ideas in Column I with a Model from 

* ' . • . . . ■ 

Column II 



Colunin I 
Idea 



1) Point (jS) 

2) Line yiegment (^) \ 

3) Line U) 
' Ray .U) 
[ 5) Plane 

6) Simple Closed Curve ^a) 

7) ^ Polygon (f) 
B) Circle (C) 

^ ^9) Plane region ^} 



Column II • , 
Model 

a) Hy path when I waik all the 
way around tlie blotsk and 
return to my starting point 4 

b) A stretehed piece, of string 

c) The rim of a drinking glass 

d) A football field- 
Tg)' The tip of a compass 

f ) The edges of a piece of • 
, floor tile J . 

g) The surface of a calm lake 
whose .ffhcyes cannot be seen 

h) ' The light from a distant star 

i) A straight ^narrow roiad with 
, no ends in sight . 



Part B 



Write a miathematical sentence (or .two .'sentences if necessary) 
for each problem land solve. Write an atswer sentence. . * : 

1. The Polk Street bus makes three roiand trips every hour. How 



many;, minute Sb should 'one roiond trip take? 

2. -The school cafeteria .charges-^ 25 cents for lixncri.' How much 
money will a student need- for lionches all week? (-^-^ =^ 



p4o6 



3. Eddie bought 6 tennis baills for $3.l8. How;much did one " 
ball cost? 

4. , A dairy cow requires three acres of grazing land.. How much 

land Is needed for 175^ dairy cowe? (y7S^x3^/ 

5. Mary's jDaby sister drinks 8 . ounces of . milk six times a 

y^. day. , How much milk will the baby drink in one week?- 
'^$^^-'7" ">^J^-'^. ^-^^^ J^^z^t.^ 

6. me class in Room^Jfi invited their parent to a puppet 'show. 
. * There* were only forty-five chairs, in the room and 72 J 

.parents came. How many parents had to stand? /^--^^Tr. 

One scout troup ciellvers- 364- hand bills, another troop has 
37 .less to deliver; How many hand bllis <ib both troopsv - 
' deliver? <^^'^^-^r f = ^^Z^ /^r^J^^-- 4' '^.(3^^-37) 



■S 



Group Activities- , ,^ ' V 

Multiplication Quiz / . , ' > ^ ' 

Child (leader or qu^z- master ) stands in front of the class 

and says^^ "l am thinking of t-wo faqtors whose prtfduct- is 42." 

" • • ■ * • ■ * ■ - ^ v 

Then he calls on class members. i 

Child in class group caired on asks, ^^Are you thinking of 
6 and ? ?" -V' r * 

.-^^y^The leader replies yes or no as trie case 'may be. A record 
ijs, kept on the board of all combinations, of ^ numbers correctly 
given for review later. ' . , 

^ If the leader passes . 'a -wrong combination h^ 'must^ sit down 
and a new leader is'jchosen.*^ * « • 
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Review 
SET II 



^sing the symbols > , < , of =j complete these to make 



:^if;rue sentences. 

7^7 f<r) -319.x 3 ' f) 343 ^ 7 T<") 49 x 6 

b) 83 X 7' ) 73.x 8 g) 3148 (^) 232 x 14 

c) 576 9.1=1 -32 V 2- . h} (7x 8)x2"r_=](i2x9)i+4 

0) 914 . 326 Y>) 22 x 25 - 1) . 25- X.25 r>) 30 irto . 

e) a4 X 19 ( - ) 799 - 153 ' ' .j"") (4o+ 4)x 4 ( = ) 4 x 44 

• - - 

Tell Whether each of the following Is true or false. 

6+3 = 3 + 6 '(t) f) (l6-r2)x2 = l6-r(2x2f/::^ 

b) 12^ 8 / 2 + 2 (r) ' gj 7 x;6 <"l56 - 112 (T) 

c) 36+ 7 < 35 +-'8(/^) ^ . h). 29 - 8V">x 7". fr) 

d) 16 +12+9 = 52 . 15 (t) 1) 4 X. 6 > 2.)^ 11 X 1 fr) 

e) 3 x' a -Is always > 3 x 2(p) 'J>- 6 x 5 x 2 / 30 + 30 (fr) 

Tell what operation Is uped and find r. ' 
Example: 7 x r = 42 , division , r = 6 

a) ■ 23 = 14 + v(xuM:i,a.ct:^^:C^e) r - 23 = • 46 (^«^^s^^^J 

b) ' r = 5 X 9 (^wife^^a^A!!^!^ 24"x r ^ X2o(^dj^^4.^*^ 

c) 27 + 14, = T{aJjj±Uryi> /u-J^/) 56 -J- r = 8 (''^^'j^jt^) 

d) 16 + r = 3^fiuZ-^ULctLBi^Aj:/2^Yi) T = %2 -"^^(f^'^f^^'^^^^ 



4, Write each division sentence as a multiplication sentenqg. 



Find the number rl 


x*epz*6sent8« 






iucainpie: ^ oh ^ = 


O \^ Y\ . r\]l. m 

n J c, X n*= o*t , n 


— 0^ 




a) 832 4-^ = n 






\ 


b) 273 3 - n 








c J 5oo T o - n 


f o v ' ^ - jry o 




- /f ) " 


d) 4207 7 = n. 


( - ^^c/y 




- ^^/j 


e) 3^5., 4- 5 = n 








f ) ^602 4-'7 = n 




'^^^ 


-- f^) 


g) 664 ^ 8^^ n 






- ?5) ■ 


h) 111 3* = n. 


( '3 x^. - ■ ///- ■ 







Complete these to make thenl. true sentences using words from,) 



this set of words ^ division^ .operation j multiplication, 
addends, subtraction, factpr,' axiditlon, wjodTict . 

a"-) We* operate on two factors and-'gelf a/^^j£;^^^^ 
^/'*' 1 ^^^^^^^^^^^^^^^^ 

b) ' The operation of f^ZzcaJ^^^^^^) imdoes subti?a<?tion , 

c) We operate, on two( /7y^</&vt^^ aiKi get a sumy 

d) The operation of subtra^ctionr uhdoes^^^^^^^^^) \ 

e) Tc^'find.an unknown :add€fhd we yxse (jajjJ-^y)j*J^A^ ^ 
X) We us^ division' to find 'an unknown (^^^^^i^. 

g) The^operatlon X>i f/2^yJyl.^^j) produces a sxam. ^ 

h) \ Ah^|^^2iS^^:£i?)o^ numbers is a way af 'thinking about 
' ^€wo' jiumbers and getting one^and dnly one numbei:^ 

^r) A-produ<it :^y^the result o^ the operation ot(j2UdJ^ 



^^6. Complete these to make;, them true sentences, .•^Pind the product, 
BxuqiXe a 1-s done for you. - ^' 
' . a) 5 X 14 = X5 X 10) + (5 X..4) = 70 - . 
?^ » 6 X 18 = (6 x(22)) ^ (6 X 8). f= /O?) : - 

. ;c> 9x32 . (9 xC2d)) + ((2;x2) U^SS) ^ 
• - ^ d) 7 x^25^ (7 xf;^^) + t7 X 20) (^/7S) ) . . 
. ' e) 5 X 82 V{^>x^) + ^(5 x^^) /rV/^); - 

; f)- 25^x6= <2c)x 6)+ (5 x(j^) ^ 
' g)" 100 X 21 = (^x 20) + {f/o6)x 1) 
' hj .32 X (16, x '4) + ^x'4)^ C= /ZF] • / 

^ i) • ipoo^x 13- (iooo^><:i^ + iO(xx) )x ^\^(= /3ddo) 

7; - Wftitg each of the following using symbols. . , ' 
. ' , Example :: T5ie\nuiiber 8 increafe^ed by y. , 8 + y - 

, a)' The sum o^ jy aiid '6 i)f.^6) * * • - 

;* .b) •T5ie xaunxber y,^ added to^ 6 Y^^-^"} . , ' ,v: 

c) The nijmber * y .Increased ^by six (^^^)' * . > > ; 

^ d) Six more than the number y /^^^) ■ * ^ 

Find the\number represented by each of the above 'if y .?= 7. 



6.' Writife eaph addition sentence 'tis a subtraction sentence. \ 
."Find what number n represents. - ' v'^* 

{r a) 40 + n - 68 (C^-^^^ />uczh\ n +. 69 = 534 /^^"^^^^ 

/b) 36 + ni= 39 (>f ^<^W^=5)f) ^52 + n = 93lf-^-^^^^ 

c) W+ 5^ = 90 f9o-SY=^ -r^S^z) 384 + n =' 73i(^/^|V^ 

d) 102 + n = 2.b^(zs'6>-/oZ-^\\) 465 + n = 

' ■ ' . 130,. ' • 

V 

685 •' ' ' - ; • 
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9.* Match each word in Column 1 with a picture or, a meaning- in . 



Column II 



EKLC 



Column I 

1) ' vertex • . 

2) triarigle (Ji) ^ 

3) intersection YC"} 
radius {^) ' / 

§) ' quadrilateral (^) 
*6) plane region (a^^^) 
• 7) circle : (^) . ^ 
/s.' 8) triangular region fx-) 
' 9) ray fj,)^- 



Column II 

a), the union of a simple closed 
curve and its interior 




-c) 



d) - the study of space and location 

e) the set of points that Is "^e 
triangle and ^Its Interior 

f> ■ 



G 



g) the Short way to ntae a line 

h) the polygon that is the union 
of three line segments 



1) 



that 



■ j) -th6 cjommon endpolnt of" two rays 



"Tart B 



are not on the same, line 



Write a mathematical sentence (or two sentences-df necessary) for" 
each pi^oblem and solve. Write an answer sentence. , . ' - 

li ^ ' ' ' ■ ^ ' . ' ' 

1\ Coach Lang paid 85 cenfcs each for school soffet)a lis. . How 

much does he pay 'for two dozen softballs? ^^^^f^J^'^-^ ^ 

2. Ho^ many Ice cream cups can be biught for 90' cents if^each 
cup 9ost8 ^ cents? ("^P p^ ' >^ r ^ 




3. ; There were sjUth grade girls, 32 fifth grade girls* * 

and 30 four,th 'grade girls at Lincoln School.. HoW many \^ 
girls were in the three grades? C^^^^^ '^^O 9o 

4. For his model plane -collection, ^Mark^ pays $1,29 for one 
i model, '$^25 for another and ^1.46 for another. What 
* is the total cost of the models? ( /-^^ '^^t?^^^^^/ > C 

5. ^n J;he problem above, Mark had saved ' $3^29 and borrowed " 

X the remainder from his father. How -much did he borrow^ * 

A7/ • 
6-. Barbara can sw^im 120 yards in. 5- mlr^utes. How far can 

■ ,she swim in- 20 minutes? C^^-^^-^^^^^^ - 

7. , A sign in the bakery reads; cookies"- 30 cents a* dozen.. 

donuts - 60 cents a dozen, chocolate cakes - .80 'cents \ 
'each. How much does it cost for. two dozen -cookies and a 
* cake ^ /^^p ,'''*"^ » 

8. In the problem above, find the cost of ^wo doz^n cookies,. . 
two dozen donut^ and a^ cake. (^^ ^^^S./ iia) 4^ C'^^P 

Individual Projects ^ ^ ' 

1^. Make up some operations and their symbols. 'Work at -least 

8 problems with each of ' your make-believe operations. Then 
put some examples on the board to see if your class can 
discover their meanings. • / - . • : 

2. Arithmetic is .only one kind of mathematics. There are at 
least 79 other kinds ^ Name five or moT?e other kinds of 
. mathematics . Make a chart for your classroom of the kinds, 
you can find. . 
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-Review 
III 



Part^A 
1. 



In the chart vbel6w^> 'tell "Which property is Illustrated by ^. 
the number sentence the left. ^ Write the first letter of 
each Wopd that names -the property, instead or- writing the 
words. For exampi6 jf^rite A* P. A for Associative Property \ 
of Addition. A ' - * . 



Number Sentence 


-Property' ' 


a) 320 X 7 = (300 x"7) + (^0 x 7) 




b) 643 x'29 = 29 'x 643 - " 


(c.p.^.) 


c) 287 7 = (280 -r 7) + (7 f: 7) ' 


fD.PH)' 


d) 381 + (546 + 9) =• (38l + 546)+ 9 


(am) 


e) 250 V 5 = (200 T 5) + (50 4- 5) 


■ (dpo) 


f) 37 + 504 = 37 + 504 
— : 5, 


(//one) 


g) 46 X 6 = (40 X 6) + (6 x 6) 




h) C23 X 7) X 18 = 23 X (7 X 18) . 





2. 



Pill in the symbol = or. / which makes each of the 



following a true sentence. 








Example: 324 + 415. / 748 








a) 46 + 18 £=) 64 


f) 


534 . - 


273 (jtfj 271 


b) . 303 + 235 Le2 538 


g) 


56 + 


19 + 53 (Vi" 148 


c ) 456 - 121 ^ 337 


h) 


941 - 


327 ^24" 


d) 87'+ 344 T-) 431 


i) 


8.97 4 


■ 638 1=1 1535 


e) 538.- 382 ^-156' • . 


J) 


1962 


- 1549 313 
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3. ^lace parentheses* in these sentences to maKe them true. 
' Example:, ^ x 2 - 1 = 4 , 4 )< (2 - 1) =; 4 ^ 4 
a) .23 + 2 x 5 = 125 ■■['Us^£)xS=y^k] 
14 -r 2 X 3 = 21 [{/^^£)xS = Z/ J 

30 -.7+3 ^ 20 ■ [ido-7)i-3 ^20j 

•6x2-5=7 [i^^^S = 7]^ 

5+3x5^ 20/ \ . [(d'^3hS :^ZO'] 

6 + 2 X 3 / 12 - ^zf 

16 4 2 X \ ■ >^_7 . . s 

135 ^ 5 + 3 = 30 ^/^5-^ j)^5 ^3o] ■ ' - 
232 X 6 - 5 = 232 ^^^Sy=^3Z] 



123 X 3 - 3 = 0 



4. 'Write each o'f these sentences using numerals and the symbols 
for "lesa than" and "greater thaft*. 

Three is less, than five (3 <^ S) 

Fifty-eight is greater than thirty (s^> 3o) 
Eighteen is less th^ nineteen (/?< /^) 
Pour hundred five ils greater than^ f ive (^OS^S) 
Three tens are greater than twenty (30 ^ j2o) 
One thousand twelve is les^ than' two* thousand (/0/£K2lOO^ 
Seventy/is greater than sixty- two f 7&^> ^.s) 
Nirjie^niandred ten is less than ten- hundred {9/0<^ /OOo) 
TSiree hiandred thousand is greater than- three thousand 
Forty-six is greater' than twenty-six. ^^^^^^^4^^^' 
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In the following exercises, use what ybu'know about- 
multiplying by 10. and' 100 to get-the answers-'. 
Example: 4 .>c 364 =vl,456 , so 40 x 3.64 l4,.56o ' 

a) 'So.x 117 = 9,360 , s|> 8oo'-x 117 = w3.^0o) *S^ 

b) 5 X 766 =: 3,836 » so'' 50 x 766 = (S^^.^Oo) 
c> 9 X 36 = 324 , 3D 900 x 36 .= . ('32,'^o) 

d) 30 X 592 - .17,760 , so 300 x 592 ^ (/YV.I^Oo) 

e) 8 X 125 = l>-000 •/ so 8go. x 125' = C/OO.oon) * 

f) 3 x'987 = 2,961 , so 30.x 987 =, ^9,Z/Oy " 

g) 12 X 91 = 1,09^ , so 120 x 91 = f/0^9Jtn) 



11. 12 13 14 J.5 16 1-7. 18 .19 20 21 22 -23 24 25 26 27 . 
Using the number line* above find how many whole numbej?^ ^are 
"between these- nujnbers . ' > ' ^ ' " . 

a) 13 and 17- f'J.) e) 27 and 23 fs^) \ 

b) 12. and 13 [o) ' f) 21 and 20 / (p)' 

c) and 11. S) 15 -and ^7 {/ }• ' ^ / 

d) -19 and^ '^'? (s) \ h) 12 ' and 26 //^ ) ^ ^ " ' 

Colpy^and complete these jaentence.s. ^ , • 

a) A ray has (^tul) endpoint (s) i ■ 

b) /' A triangle is 'the union ot f/fj?/}^^^ « line segment(s). 

c) ..A line haa tl^zL^y gndpoint(s), 

d) Space .-is the^'aet of - (dJJ^) ' * point Cs); 

e) . A- line segment has fyt£/J7\) endpoint ( s ) , . / 

f ) A radius is a:> line segment with (&?7a) endpoint^Cs). 
on the circle . - 

g) ' A .quadrilateral is the union of. (^T^zA?i line segment (s) 

■ >^o^ • • ■ ■■, 



8. Match each word or symbol in Colupn I with a picture In 
Coliomn II V 

' Column I 

. 1) AB ■; (c) 

2) (ji) 

3) triangle (a) . 
^ QH f^) 

5) ^AC (c^) • 

6) triangular region 

7) AP U) 

8) circle fj-}. 

9) quadrllaterll.Y^) 




Part B 



and solve • Write ah answer sentence. 



Write a mathematical sentence (or two sentences if necessary) 
for each prol^p 

1. The Clark family traveled 387 mllCTjLri 9 hours. How many 
miles did they average each hour? (3 ^7 ^9 - ^3 

2. During Public Schools Week, 1,162 people visited Pine Qrove 
School, 1,219 visited Sleepy Hollow School, and 1,094 
visited Inland Valley School. How many people Visited the 
three schools? (//^2^fZ/9 ^ /09i^ ^ ^ ^^^f 

3. -^^Dean and Qaftl have stamp collections. Dean has 364 stanqps. 

He "needs 37 more to have as many staiq^s as Qall . How many 
stamps does Oall have? (3^<A^3 7 ^ =r ^Of 
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The thirty-four children In Room 7 were making "bird pictures/ 
The bulletin board would hold 4 dozen pictures, 'How many 
^ children would need(|to make twa pictures? T^^/^ "^^2^ ct^S^-^ 

5. A Jet liner averages 449 miles an hour between Los Angeles- 
and St. Louis. The trip takes four hours'." How many air 
miles is- it between the two cities? =cL 'd.=/79'6' 

6. How much more do I pay for two shirts thaf^^ost $2.15 each 
than for one shirt that costs ^ .2S^C^/Sx£=Jr y^i'=^.30 



7. "nie price of potatoes, is 5 pounds for^ 29 cents. What is 



the cost of twenty pounds^f potatoes? 
Group Activity y^^'*''^^*^^**^ '^'^:) " ■ ^ 

■ - ; 

Tic, T&c, TOe ; 

The object a of the game are' speed and accuracy In addition, 
TSils Is a racing game. Each child draws intersecting ^ line 
segments as shown. TJie sum is announced by the teacher. 
The children put single digit addends in sqxiares so that 



each row gives the sxim. 


6 


5 


2 


Example: Sum is 13. 


k 


3 


6 




3 


6. 


\ 




' 7 


k _ 


2 



Individual Project 



Use only' polygons to make an interesting drawing. See how 
. many polygons your classmates can identify. 
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/ Chapter 8 

• Cognition op common. (moMETRic picfdbes 

PURPOSE OP UNIT 

, After a short review of triangles and quadrilaterals, 
the pupil is introduced to several ways of comparing line 
segments and the idea of congruence. Now he has an 
^opportunity to develop an \inderstanding of isosceles and' 
equilateral triangles and to develop a notion^f a right 
angle. Angl'es ar^ compare^ with a constructed model of a 
right angle to determine ii they are "larger than," 
"smaller th«i,* or "the sne as" the model of the fight 
angle. The unit includes a discussion of rectantles andf . 
square^. ^ ■ 

The work is planned to develop the child's ability 
to recognize certain common geometric figures and to 
obse^e their distinguishing characteristics. The idea 
of a^particular set of points called a Simple closed 
surface i« developed. This is done in a way slmllai* to 
' that in which simple closed curve was developed in the 
unit> Sets of Points. 

The simple closed surfaces studied are the prlssi, 
cube, pyramid, cylinder, cone; and sphere. Parts of these 
surfaces are identified with points, lines, and plane 
figures previously" studied. 
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;matical background 



we mean that .4 and -2 + 2' 



ar^ 



Congruent . Line Segment 

When -we write 4 /= 2 + 2, 
two . names for the s'ame number, ^^en v/e write AB =, Un, ,we mean 
that AB and c5 are two nameSsfor the same line segment; that ^ 
Is,, the two segments' are^ the. same ¥w of point's. ''If "55 and 515 
have the ^ame .length, but are not the saine set of points, we 
cannot say they are equal and we use the word congruent to 
.describe the relationship, - ^ 

The workmen congruent line se^ents Is needed for. a descrip- 
tion of Isosceles and equilateral triangles In this chapter. . A 
triangle with at least two sides coxjgmaent to each other is called 
an isosceles triangle. A triangle which has t^ee sides congruent 
to each other is called an equilateral triangle. ' . r 

Bight Angle - ^ 

A right angle is an angle which has a measure, in degrees, 
of 90. . S*ince the pupils have not had this concept, they will be 
taught to recognize a right angle through -using models. Many r 
models are available such as the "homer" of a piece of tablet • 
paper, the "comer" of a book, etc. Pupils may construct thell? 
oven right angle models by folding a sheet of paper twice as is 
shown in the text. a 

An angle which is not a rlgfit angle(may be con5)ared with a. ' 
/right angle. The right angle model can/oe placed ox^er any model . 
v/hich suggests an angle so that a situation similar to one of the 
two in Figure .1 occurs. 




Cose X 




^ Suppose th^ the ahgle to be compared Is /BAG and /BAD 



ls>the right J|ngle. In' Case I, AC is between AD .and AB . and 
we say /BAC is smaller than a right angle . In Case II, AD is 
between AB, and AC and we say /BAC -is larger than" a right " , 
.angle; ^ . - ■ ■ ^ . , 

Although the words rectangle and rectangular we3?e used 
earlier, it is in this T^nit.that the meanings' are given precisely. 
A quadrilateral, 'the 'angles of which represent right angles, is 
calljsd a 'rectangle , [one sees at once why we speak of a rec-- 
tangula^^ prism (see Figure 7 'and the paragraph on prisms). Any . 
pair "^of edges of-^he rectangular. pri?m with common endpoint 
suggests a right angle and each face is a: rectangle and its 
intferiorl] A'- rectangle in which all sides are congruent to. one ■ 
another is called a s quare , Some of the surfaces of which paper 
models will be constructed have faces with edges forming squares. 
To determine whether or not objects. represejit rectangles and 
squares, we use a right angle model and methods for comparing 
segments, ^. -i. ^ ^ - ■ : " 

Simple Closed Surface- V . . ■ 

i — ~~ / . ^ 

\ The points A, B, and C (jvhlch are "not on the same line): 
in Figure 2 determine a' plane, 

' ^ ■ 'it . 



_ Figure 2 • . >■ 

In fact, any three points not on. the same line determine a^ 
plane, ahS there is only^one plane that* passes through these 
three points, ' . 
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•Now drav: line -se^ents connecting points^ A, B,' and C -as 




' ' • >Figure 3 • • 
of points in a plane. This set of , points is called a triangle. 
Triangles vjere- discussed in the chapter qn Sets of Points. The 
un^.on of triangle ABC and its interior is called- a plane region 
and in this case specifically a triangular region . . 

^'ow let us a^dd to 'our figure the'^point D. which is not. in 
.the' plane formed by points A/ B, .and C. Suppose bS, , a5, ^ 
'and DC are dravm- as shown in Figure 4, to form new 'triangles. 




Figure 4 ■ ■ " .- . 

ABD, AK:, 'and BDC. ^Triangle 'ABD and .its interior form a 
.triangular region (shaded in figure 4), triangle ADC and its' 
interior also form a triangular region/ as does triangle BDC 
,and its interior. Together with the trian^lar region. ABC, we 
now have four triangular regions, no tvjo of which live. in the 
same plane. The union' of these triangular regions' is an example 
of a simple closed surface . In this case, the simple closed 
.surface is called a pyramid .. There are many different kinds of 
pyramids. See page 699 ^*or -the background regarding pyramids. 
' ; A simple closed surface divides space into three sets of 
'pointy: the set of points interiof to the simple close;d. surface, 
the/set of points of the simple closed surface, 'and the set of 
pc^nts -exterior to 'the simple closed surface. One must pass 
throu^ the simple closed surface to get from an interior pointi^ 
to an exterior point. 
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•In^a plane, we calle.d the .union of a simple closed curve and 
points in its interior a plane' re gloV . m a similar- manner, we ' 
will call 'the union of-a simple :cWed surface and points in Its 
interior a solid region . "'' . • '' 

IMS unit- is - c^cemed with the recognition of .several' 
Simple closed surfaces; . Also, some additional simple closed 
curves such as . the square and the rectangle are ■iniroduced". ■ • 
These are recognized as the union ^of some of the edges of a' ■ V 

simple plosed surface. - . ' • 

■ ■ ■ . ■ •* , • ■ ' ■ • • 

. . . ' ^ ■ ■ ■ • - ^ ■ . ■ ■ . '' ' . ■ 

Prism • ' ' ' 

The first simple closed surface to be discussed is a prism, ' 
whjLc.h we will define as follows. Consider a polygon. Let a line 
not in the plane of the polygon intersect the polygon. Think 



m 




Figure 5 

ojfall lines such as line p (see Figure 5) which are parallel ' 

line m and intersect the polygon. The union of these lines 
is. the surface shown in'in Figure 6a. The surface extends indefi- 
nitely up and down. Now let the surface be cut by two parallel 
planes. The two "cuts" are polygons. The portion between the two 
parallel planes together with the portion of the planes (you might 
call them the top and the bottom, or better, the bases) which are 
interior to the "cuts" form.a simple closed surface. It is .called 
a prism.' Observe that a prism,, as we are using the' term, is' 
hollow. ■ ' • 
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• Figure 6a 



Figure ' 6b 



Figure 6c 



1 



Each of tfie plane regions .is called a face of. the prism. 
The two faces formed by. the parallel planes are called the bases 
and the other "faces are called lateral faces. (The word "lateral" 
is not used in the pTJfpil text.) The intersection, of two Adjacent " 
faces of a prism is a'line segment,' called ar; edge . The iriter- 
^section o^f lateral faaes are called lateral edg^s. Here the use 
- of the' word . .edge is suggested by the meaning of the word as it ^s 
commonly^ used :!5^:ach endpoint pf an edjge is called a vertex . The 
plural' of vertek is vertices . 

If the polygon outlining the base is a triangle, the prism 
^Xs called, a triangular prism . - A prism is called a quadrangular 
"^^rism if the polygon, is a quadrilateral, and .a pentagonal prism 
if tlfe polygon is a pentagon." The special quadrangular prism in 
which the quadrilateral is a rectangle is Salledf a rectangular ' - 
prism . A special rectangular prism in which all edges are con- 
gruent, to each other.' is called^a cube. The only prisms;, the pup^^ls^ 
are expected to identify ii> thJ^ chapter are the rectangular prism 
(including. the cube) and the triangular prism. See Figure J. 




Triangular 
Prism 





Rectangular 
Quadrangular prisffi 
. P^'ism pigure 7 




Cube 
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|, . . All of the prisms in Pl^re 7 are examples of \ special type* 
of pri^m called a righ1> prism ' in which- the'lateral edges' are 
perpendicular to the base. All prisms in the pupil text are right 
prisms and the terminology "right prism" is' not introduced. A 
• prism which is not a right .prism is shown- in Figure .6c. 

. Pyramid . . • . ' 

In defining « pyramid, we will proceed sorowhat as we did 
for the pris^ This tim4 think of a point p- not in the plane ' 
of the polygo^ ,and all. lir^es that intersect/ the polygon and^pass 

, through the point P.' The point- P is call.ed the vertex . The 

union of.-ttiese lines is-a surface such as "'is shown in Figure 8a. 
Another ^ t ^ . \ - 

Wi'// . \ \ I / X 

P/Vertex 



V 

Laterai 
Surface 




Nappe 



Base 



Pyramidal ^rface 

Figure Sa 



Pyramid 

Figure 8c 



Pyromidai Surface 
-Cutting Plane 

' Figure 8b 

This surface consists of two par^s separated" by the vertex. 
Each of these parts is called a nappe (Figure 8a). Cut one nappe 
by a plane in such a way that the intersection is a polygon 
CFigure 8b). This polygon and its interior is called the base . 
TTie .union of the base, the vertex,, and the portion of the nappe 
-"between" the vertex and the base is- a simple closed . surface 
called a pyramid (Figure 8c). Observe that a pyramid, as we are 
using tTie term, is hollow.* The triangui-ar regions are. called ' 
lateral faces , in the pupil's book, the'lateral faces are Just 
called faces . ■ " , " 

As with the prism, a pyraMd -is classif ied as triangular,, 
quadrangular, pentagonal, ' e€c ., "acco rdlng to whether the polygon ' 
outlining the base is a triangle, quadrilateral, pentagon, etc. 
S^e Figure 9 on the folQiowing page. . * <■ . 
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Triangular \ - , >^ Square • 

Pyramid, ' . ' "^"^^ Pyramid 

(Also called a tetrahedron) " ' \^ 

'Figure 9 — ' ' 

- ■ * ■ ' f ' 

Cylinder . 

-A cylinder is defined in a manner similar to the way •we 
defined a prism. In fact, in a very general sense, a prism is 
Just a spe.cial case of a cylinder. Does this surprise you? This 
time, rather than starting with a polygon, let us start with any 
simple closed curve (it coul*d be a polygon, of coi^rse). 

We will proceed exactly as we did in defining thh prism. 
Let a line .m not in the plane of the single closed curve inter- 
sect the curve. Think of all. lines which are parallel to line m 
and intersect the curve. The \mion of these lines is a surface. 
Now let the surface be cut by two parallel planes.- The inter- ^ 
section of the surface with either of these two. parallel planes 
is a si(.niple closed curve. ^.."Each of these curves> together with 
its interior, yis' callecj a base . • 'The \mion of the two bases and 
the portion of the surface between the two bases is a siiiqple 
closed surface called a cylinder . - Figure 10 shows some examples 
of cylinders. . ' / ■ 



TOO 





Figure 105 
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Figure 10b' 



Right 

Circiilar 

Cylinder 

Figyire lOc 



CirciiLar Cylinder 
which is not a 
right cylinder • 

Figure lOd . 



Figure 10c is a special, type of cylinder in which the siinpl( 
closed curve is a circle and is called a circular cylinder, 
AS with the prism,^we will consider .onl^r^ight -cylinders where- 
line m is perpendicula?» to the base. 



Cone 



If, in the deHnition- of a pyr'amid,- we replace the word 
polygon by "simple closed c{irve" we obtain a cone, oiius/ in a 
very . general sense, a pyi-amid is a special type' of cbhi!;^ 

If the simple closed curve is a circle, we get '.^bircular 



cone , 



A cone, has a base, a lateral surface, and a verte:?c. The 




Cone 

Figure 11a 




'Vertex 



lateral 
surface 

base 




Right Circular 
Cone 

Figure lib 



Circular cone , 
not a right cone 



Figure 11^ 

lateral surface is not called a face, ' since -it is not a plane 
region. See Figure lib. 



Sphere 

We have defined a circle as a sef of points In a plane such 
that every point of the^set Is the same distance from a^lnt In 
.a plane called the center. The definition of a sphere l&g^he 
same as the definition ofXa circle except that the phrase "In a 
plane" Is omitted.- For example, a sphere of radius ^ .inches 
consists of all points in space 4 Inches from a- fixed point. 
The fixed point is called the center of the sphere. The center 
is • not a point of the sphei;^. Any\point in space tJhose distance 
from the center is less than ^ ,iriehes is in ^e/ interior of 
this sphered Any point in space- whose distance from "^e center 
is more than 4 inches is in the exterior of thls\ sphere. 

The surface of 'a globe is an example, of a sphere. The 
.equator and the lines , of longitude , represent some "of the circle's" 
that compose 'the sphere. Observe that, a sphere, as we are using r 
the term, is hollQVj. . ' -* . ' 
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REVKl'i OP TRIANGLE AND QUADRILATERAL • ' .' . . 

Objective: To review xipder standings of the' properties of the . ' 

trijKigle aiid the quadrilateral, developed in a previous 
• ■ , . unit.* 

mterlals. needed; Chalkboard, cl^alk, paper, pencil, straightedge, 

pegboard, pegs, crayon, string 

vocabulary:" Sides,- vertex,, vertices., triangle,; quadrilateral " 
Suggested ^Teaching Procedure: ' 

The teacher may v;ant to use pegs and a peg- 
board in this^r'eviev; section, pegs can be' placed 
at selected points of a, pegboard. These points ' 
nay represent' the vertices . of either triangles or 
quadrilaterals. Vertices may be Jbined by string 
pr rubber bands. The idea jof sides and vertices 
can be easily . developed. ' Pupils might then open 
their books and quickly worlc through, with the 
teacher, , the _T^iinklng. Together .exercises^/ They- " 
will do the On' Your Ovm exercises Independently.. 

m connection with the last three "Darao-raphs 
on page klS of the pupil text, 4:he follovring dis- 
cussion might -be helpfia. Draw on the board a ^ 
figure similar to the on^bel^ow and say, 

■ • Let us examine one of these an"sles,;say ^dab. The' sides, p' 
and- A3 are segments and not the entire ray s '^Fthe .angle. ^/Dab 
is shov:n in he^jy. lines below. This shows that the angles of the ^ 
polygon ABCD are not a-, part of the quadrilateral < 

t) X ,C 



It may be necessary to shovj, in a sim-^lar 
way, that /a3C, /BCD, and /CDA are not a 
part of the quadrilateral'-; ■ , 

■ A discussion to demonstrate 'this same idea 
was don^ with a triangle in Sets of Points, so 
children might not have any difficulty with 
this Idea. 

217 v 
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-V ^RECOGNITION OP COMMON GEOMETKCC FIGURES 

« '■ ■ . . . . ■ ' ^ 

REVIEW' OP 'TRiANGLE' AND QUADRILATERAL' ■ 

; '/ - . * • ■ Thinking Together ^ 

> ■ > , . ■ . ♦ ■ 

1) a) What nam^ is given^ to a polygon which is the 
union of thype- line segmentsi' 

The^ three "line segments- are ~called'- the* sides^ 
^ \ . of the -triangle . ^ 

b) What is the common endpoiht of any two sides of 
a triangle, called? (d. ^v*^^^) . ^ . ^ 

c) ■ What. are the endpoints of the line segments of 

a triangle called? [y^f^JZuM^^ _ 

ci) How many sides and vertices does a triangle 
have?. ^^^^^ 3 ^yf^ftzZuS^ 



2) Xifh'at is a polygon which is the union of four line; 
segments called? ( f^^^^^L^^hiLi^y 
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V;e call the four line segments of the quadrilateral the 
sides of the quadrilateral, feelow is a drawing of a- quadrilateral' 
with sides 35/ B?, TO, and ' ' 



rC 



-Xe t ug re cal l th a t quad- sugg€s4^four^ — iEn:^the~f±gure- 



Shown above four -angles are formed. They ^re /DAB, ^PSC, 
/BCD, and /CDk. There are some points of these angles 
that are not points of the- quadrilateral because angles are 
made up of' rays. 

^ S' ? 

The vertex of one of the ang]«^^ds called a verte^^t of the 

. . 

quadrilatei»al. • • 




le. vertices of these/four angles are called the vertices 
V 'of '-the\quadrilateral-. ' ' • . ■ / ^ ! . 



/ Exercise Set 1 

1. • a) Pour points are marked below. Trace these points on a ' 

sheet of paper and dabel them- as shown. 

t 

■•■_;b) Draw W, PG, GH, M. , • . . ^ 

2. On the sheet of paper on which you drew the figure for 
■ exercise 1 write answers to' the following questions ^ 

^a) Do these segments form a quadrilateral? (^"^^j 

b) Name |;he sides of this quadrilateral /£? '^^^ <^'^ff_Gj\ 

■ '. - »^Gr J Bff ^ HE ) 

c) Name a vertex of the quadrilateral . (^Z*m.,«>^..^.,^ 

d) . Name- the vertices of this quadrilateral. (.B,f,Q,^h) 

e) Color the interior of the quadrilateral. 

Go back to exercise 1. Ti'ace the k points again on a > • ^ 
sheet of paper and label them^as shovm. 

a) Driw EG^ M, HI, and PG. ' 

b) Do these segments form a quadrJ.lateral?^"Why? C^JL^ JL^^ 

... ■•: ... is^x. 
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4. a) Pcmr points are marked below Trace these points on 'a 
sheet of paper and label them as sho\m. 



b) Draw T7, HT, and KT. 

. ■ * ■ 

5. On the sheet of paper on which you drew the figure for 
/ exercise 4, write answers to the follovjlng questions. 

a) Is your -figure a union of four line segments? 
, b) Do HT and gC lie on the same llne?<V^-»>*^ ^h^^^ 

c) Is yoxir figure a quadrllateral^^^Why or why not? - 

d) -Is your fl^gure a polygon? ^^"^^ 

e) What Is a name for your figure? ^jfcl*.^ } 

•ft ♦ 

6^. Mark three points (not all on the same line) on, your " 

paper. Label them P, Q, and R. Draw P^, 1^, and ' 

> ... . 

a) Is your figure a polygon? ( ^^-^) 

b) Is. your figure the union of three line segments? ("^^9 

c) ' What Is a name, for your figure? 

d) What Is a triangle? (d / ^ ^aW. -^y^^ 



COMPARING LINE SEGMENTS . . 

Objective: To develop methods of comparing line segments and to 
develop the notion of 'congruence. 

Materials: String, compass, straightedge, pegboard, pegs, paper 
pencil,, chalkboard, chalk 

Vocabulary: Congruent 

Suggested Teaching Procedure: • . 

Reviev/ the instructions for .using a compass as 
taught in the lesson on circles in Chapter 5, Sets 
of Points , ^ ^ 

In making comparisons of . line segments, a com- 
pass, vjhere it can be used, is probably the best 
device. In other cases, a piece of string may be 
the only feasible instrument of comparison. Super- 
imposed tracing J.S a third method. 

Thes.e ^three methods, all involve the use of 
models^* As you read the pupil's book you will find 
that the use of models in comparing line segments 
is carefully described.^' A tracing and a piece of 
string obviously are models. It is not.^o apprarent 
that we are using a model v;hen we use a compass, 
because only the endpoints are indicated. 

If two models of line segments can be matched 
endpoint for endpoint wjLth eacj:i other, we say they 
are congruent or v/e say '\hat one segment is 
.congruent, to- the other. ^ 
To begin the discussion, ask- the chilcb76n^ 
compare 'by eye alone two segments Represented by 
objects in the room. They should check this 
comparison by making a comparison using a. piece 
/j" of string. Ask the children if the comparison 
made by using their eyes is as accurate as the 
comparison made^ by using a piece of string. Next 
show the children tvjo different g^^ces of chalk ^. 
and ask them hov; they can accurately compare the 
tv;o. Ji A child might answer that he can either use 
a string or place the two pieces of chalk next 
.•to each other to make^ comparison. It is pos- 
sible that a child might suggest the use of a 
compass to compare- the two segments represented 
by drawings. At this time allov; the child time 
to experiment and to demonstrate his ideas to 
others. The teacher * should guide him by sug- 
^stions, directions, or demonstration so --that he 
achieves success in his endeavor. 

The Pupil Book is in. sufficient detail to be 
follov;ed. 
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COMPARING LINE SEGMENTS . . . 

Thinklns Together . . • ,. 

1 ) ^Henry. sajs he thinks the line segment represented by the ed 
of his desk is longer than the linp segment represented by the 
bottom edge of the door. Bill thinks diff erentl^r. They ha^j^ ' 
only a long pl'ede of string. Hov: can they find out vjhich 
se^^ent is longer? . 

2) Bill says, "I can talce this long piece of string and holdfc 
it at one corner of yoizr desk. Then vje can extend the, string 
along the edge to the other corner. Let us hold this string 
30 .that it represents the^ edge of the desk." 

"Henrj^, you hold your end of the string at one corner of 
the bottom edge of the door. I place the string along the edge 
leading to the other comer. Suppose the string does not reach 
the other corner. Then the segment represented by the bottom 
edge of the door, is longer than that represented b^^cthe edge 
of your desk. If the string goes beyond the other comer, then 
the edge of the door is shorter than the edge of the desk. If 
the string matches exactly the bottom edge of the door from 
comer to comer, the line segments represented are congruent . 

' Bill- says the line segment represented by the edge v;hich 
runs from . the top to the bottom- of the door is longer than 
the line segment connecting the comer of his desk to the 
teacher's desk. Hov; can Bill .^ecide vjhich is longer? 

You can always compare line segments v;hich are represented 
by objects if you have a piece, of string that is long enough: 

Another way to compaire lln^^g^ents is to use a compass. ' 
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If you had.oDly a. compa&s and you wished to. decide which 
of the repiresenled line segments below Is the longer^ "haw vjould 
you do It? ' . 

•B 




3) Follow the directions'- and you wlll^leam how a compass may 
be used to c^o^are the line s'egments represented above. On 
a separate sheet o£ paper- trace the above "figure . 
/a) C5 Is part c5f c^. Extend 
to the edge of the "sheet of 
paper. 

b) Set the metal tip of the ^ 
. . compass on A and the pencil 

tip of the compass on<-B. 

c) Without changing the- setting • , 
of your compass,, place the metal tip at C as If you 
were going to draw the circle with center at C. 

d) Draw Just enough of the circle to Intersect c^. 

. e) Label the Intersection T. ir T Is between C and 
len • AB Is shorter than UE. If D Is between 

then AB Is . longer than -; CD. If the point 
of lnt,ersection Is " D, then Is congruent to c5 

(or AB and ape congruent segments). 



' 1^en • A] 
C ark 
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a) eompare -the 'segments with a piece of string. 

b) Which way of comparing do you think. is better here 

Trace the three line segments. Compare their lengths. 
Use a compass. 

a) Name the shortest line segment, ('coj 

b) Name the next shortest. 

c) Name the longest, i 





Look at 3S and ^ below. IVhich appeiars to be 
longer? Use your compass to compare AB and cU. 
Which is .longer? (yi^SJLj- ^ jtL^A^ u^^^y^^^,^ 



B 
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7) Compare AB and CD. 
Vfhich is longer? 



D 



. A C B 

Exercises 6 and 7 shov/s us that sometimes we must 
use an instrument to compare segments.. We cannot trust our 
eyes alone. 



8) 



The line segments represented below are congruent, 
a). Show. that they are congruent by using your 
^ compass . 

Place 3 ^^ ^ eet of. thin paper over 35 ' and 



b) 
c) 



trace it. i ^ 

Move the tracing so that the dot marked' A 
covers point C. Can you make- the dot marked 
B cover ^ D? The tracing of 1C5 matches the . 
drawing of c5 exactly, endpoint for endpoint. 



Of cburse, we have not actually moved IS. - 
VJe have moved a drawing of it.. 

9) If ,5omeone asked you to compare segments, which 

method would -you use? Y^aL-i o. /^ ■t.. »^ tw /»^ft .i 

Z-^A^^J- €^ X f m. ^ »,ur .^,UZLJ ^ J 
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ISOSCELES AND EfllllLAlERAL TOIANCJLES 
Objective: 



Materials; 



To cievelop an under3tandlng of properties of isosceles 
and equilateral triangles. * ^ 
^ a) An equilateral triangle has three sides • 
Cqngruent to one another, 
b) An Isosceles triangle has at least. two 

Sides' congruent to each other. 

• . . ■ ' > 

CojtipasQ, straightedge, string, paper, pencil, chalk 
and chalkboard, wire or stick 'fepresentations of 
isosceles and equilateral triangles, models (paper) 
of prisms and pyramids for display. • 



i Vocabulary: isoScei^, equilateral 
Suggest^ed Teaching^rocedtire: 



J 



Prior to the lessorf, the teacher should con- 
struct an equilateral triangle 'and an isosceles- 
triangle out; of wire or sticks. ^ - ' 

, ^The procedure for const2?uciAhg isosceles and 
equilateral triangles on paper with compass and 
straightedge Is given below. ^ , 

1) Construction of an isosceles triangle, 
a) Draw a cirqle with center at A. 



b) 

c) 




'Draw two ;7adii. of the cirtle* 

(not on the same line). 

Label the endpoints.of these radii, 

whlcK are. also points, of the 

circle, B and c. 

Draw 'BG. ■ ^ * 

A ACB is an' isosceles triangle. 

JS and; 7JE are congruent » 
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^ • ■ 

2) construction of an equilateral triangle 

with a chosen, line segment AB as one 
side, 

a) Drairra circle with center at A 
' and radius .A§. • v . ' 




b) Without changing the opening of the • 
compass, draw a circle with center 
point at 

c) * Label one of the points where the 
_ tvjo circles intersect, C 

d) Draw and 55. * .■ 

ej ^ABC is an equilateral triangle, 
f) "S, SJJ, and Off are congruent,^ 

The children .will find' it interesting to make 
a bulletin board display of geometric forms found 
in nature. They may bring to class ,1-eaves, 
shells, arrow- headgj ^nd pictiires of insects, 
animals, snowflakes, crystals/ volcanoes. The 
.children should classify and- label .th6se repre- 
sentations .of geometric forms. . 

Prior to^Exercise Set 2 you will need' to 
show the children how to construct an is0sce4.es 
^triangle and an equiiateral^triaiigle, using. only 
a compass and a straightedge. 
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ISOSCELES AND EQUILATERAL^ANCELES • 

.<>■■■ ■ ' 
Thinking Together 

- ,. A triangle Which has at least two sides congruent to each 
other is called an Isosceles triangle. 

-a; triangle which has three si^es congruent' to each other 
is called an eguiiateral triangle: * 

1. .Which of ^the^triangles below is a« isosceles " 
• triangle? Which is equilateral? (3-^ i) ' 



.2 



3v 



5. 





Figure 1 



Plgure 2./ 



J Are there any isosceles triangles suggested by ■ ' 
^^J f^^!i/5 *^l"^°dels in your classroomo ' ' 

Are there any equilateral tri'angles^ suggested 
by the edges of , the 'same models? 

Name .some things on which you sle isosceles ■ , 
triangles represented. . r • ' 

.Name some things on which you see equilatiral ' '. ^ 
triangles represented. • _ • f ' . ■ 
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Exercise Set 2 ir 

1. a) ^ Draw an Isosceles triangle using only 
a compass, pencil^ and a straightedge. 
V This picture may help you follow the 

directions of your teacher. 




ERIC 



a) Draw an eqviilat^al triangle using only a 
— compass, pencil, and a straightedge. This 
.picttire^may help .you .follow the directions 
. ..^ of your teacher. 




))X:/)L3^^_!^ congruent to Ic and to AC? ^^^3 
Why?" ^^tffj - > ' ^ A^JLui txtt^J^M 



Draw ian isosceles triangle which is not also 
an ^^gui^ateral triangle. Make one of its 



sides congruent tfe T^. 



Draw an. equilateral ^triangle, wake eabh jof its 
sides' Congruent to W of exercise 3. 
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Objective: 0^ the concept of a right aijgle, and then 

' ■ -^o.^coi^da^e angles with a constructed model of a 
.• bright; angle. 

l^.teri^^;^^^^^^^^ models (paper ^ 

' .": "• / ' • 0/ prl^M display " ' V ^^ 



Suggested peaching Procedure': 



. • The presentation in the Pupil Text is 
Ija ^sufficients detail to be followed^ 
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RKJlCr ANGELES 



;.Thinkii>e ■ Together^ 



- ■ We have le^pnea. . that an-angle is the union of two rays 
which are not on the'-yame .ii^^^^^^^ The two, rays* must have a common 
endpoint. By f ol ding;, paper ' .w?-; a going to represent an angle ' 
which Is called a rij^t - angife .. '■ ' / 

Fold a sheet of paiiWj;';. -.llfcis not necessary to have the 
edges even. The crease repsesents 'a- liri'e segment . Vnow fold 
the paper again so that the edges -of the first crease line up 
exactly. The intersection of. the two creases is the vertex of 
an angle. The creases represent, part . of the jays of an angle. 
Show these rays. The angle thattvls represented is called a 
right' angle. 




Step I 




Rtghf Angle 



'* St«p 2 




Step 3 



Does this page itself suggest a modelC»of a right angle? 
Name some other models of right angles in your classroom'."-'' 
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We shall '.use the right- angle model -to drarf- a right angle 
having a chosen ray as one of its rays. Let^'the ray represented 
belovj be the 'chosen ray. Draw a ray" like t^s on a sheet of. 
paper. 



1. a) Label the endpoint of the ray as : r 

b) Place the folded paper model of thej'right 
v£ angle so .that the^vertex is at A ' and 

one of the creases lies along the ray. 

c) Trace along the other crease from the vertex. 

2. There are t\iA) possible right ari^^ which can, be ■ 
'Tepresen€ec^ on the paper if thfe^instructions above 
are 'followed. Draw 'both of these. <-•.:■ " 

We shall our model to compare angles with a right angle. 
Suppose we wis-H .to con5)are /BAG, repr^isented in Figure .J, with 
a right apgi&e." '(^..another sheet of ^ paper copy .^BAC. Th^iri' draw 
the rigft|;V'angl^ .£bAD^ with ^kafi..one of its rays. Dr^Vi^-'it so-, 
that D "is'^'oii^the same side of AB' as C. Notice that AC 



falls between. AB and AD. We shall' 3ay, therefore," that 
^BAC is smaller than 'ZbaD > So ^BAC is smaller than a right 
angle. a ' 



. Suppose instead oX the. picture^ of the previous 
rigure^ .ue have;.the picture below. Here AD is 
between AC .'and' AB/. So we say that 

/BASl — i^s Greater than a right an^e. 




Figure "2 



T 



Of course, if C is on ' AD, then /BAC is 
a right angle. * 

\ 



7 
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Thinking Together 



FIGURE i 



FIGURE 3 



FIGURE 2 




FIGURE 4 



FIGURE 6 



FIGURE 5 



FIGURE 7 



!• In this picture seven angles are represented. Look at 

each angle carefully. Without using a right angle model, 
name those angles which you think are right angles. 

2. Without using a right angle model, name those angles vjhich 
seem to be greater than a right anglb. C£U^^pjug^ ^-^P^ 

3. . Without using a ri^ht angle model, name those angles whicli^ 

seem to be smaller than a right angle. ^3 

4. Now check the figures with a folded pa^r model of a right 
angle to see if your answers are_^orrect. 

5*.^ Are your ansv/ers in Exercise 4 the same as yoijr answers 
in Exercises 1 - 3? (d^^M^ v^^*^*^.^ 
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6. , You see how an angle may. be compared with a right angle if 

the angle has been represented 'by a drawing,' Suppose an 

/ 

object suggests an angle. How would you ccSnpare this angle 
with a right angle? Find some object in your classroom 
which suggests an angle and compare it vilth your model of 
a right angle. . 



7. Are tffe angles represented by the edges of your desk right 
angles? { /".^JJU^^ • 

8. a) Do. the hands of a clock ever suggest right angles?. 

b) ■ Name 'a time when tiiey suggest an angle less than a 
right angle. 

cj Name a time i;hen. they suggest an angle grearter. than a 




Sue wants to know if the angle^ the hands of, the clock 
suggest v;hen^'the time is 12:10 is larger or smaller 
than a right angle.. She has a tracing of a right angle 
on thin paper. How might she use this tracing to decide 
v;hether or- not the' angle is larger or smaller than a 
right angle? - 



0. Name some other objects v;hich suggest right angles. 

Xi ^u-J ^ <,^M^ n..^^^ v^,^-^ , ) 
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RECWGLES MD SQUARES 



Objective: To develop an understanding of properties of > " 

'rectangles and squares. A quadrilateral vrhich has, 
fdur-righ't angles is called a rectangle; a rectangle 
v/hich has all its sides congruent to' one another is 
called a square. ♦ 

Materials: ' Paper, pencil, chalk, chalkboard, coinpass,* string, ' 
' straightedge, models (paper) of , pyramids and prisms 
. for. display. ' \ . ^. . , 

Vocabulary: rectangle, square 

Suggested Teaching Procedure: 

The presentation in the* Fupil ■ Book] is in 
sufficient detail to be followed. . . 

Ansvjer to Braintv?ister -on Page 435'o'f '.p^pil Text. 

Drav: a square using only the folde'S' paper 
model of a right angle, a compass, and a. pencil. 
With a right angle model v/e- can represent a 
square. 




Choose a point and label it A. ■ 

With the right angle .model made of folded 



paper, drav/ a right angle with vertex 



A, 

and 



c) Draw a circle v;ith center at point 
radius any convenient length. , i 

d) ■ Label; as B and C the tv;o points of 

Intersection of. the circle and rays of the 
right angle. " . 

e) Draw, a right angle with -vertex at B, 
having BA as a ray, as in the picture; 

f) ^ Draw a right angle with vertex at * C, " ' 

having CA as a ray, as in the picture. 

g) The right angles with vertices' C and B 
have rays vjhich intersect in point A and 

: another- point . Label this point D- 

h) Compare the angle ^BDC with yout* right - 
.angle model.- It is a right angle. 

The rectangle with vertices A, B, C, D, 
is a square. Testing with a compass will show 
that. the sides are congruent. 
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ICECTANGL^S AND SQUARES 



OJilnking Tojgether . 
If each of the four angles of a quadrilateral is, a right 



'angle^ we say that the quadrilateral is a rectangle . 



" 1. Can ybu^hd edges, of your book which represent 
a rectangle^Tcheck/with yo\ir right angle, model. 



i 



2. Do the edges of this sheet of paper represent a 
. .rectanglet^ Check with yooir right angle model. 



3* Can you f Ind- ^ny models in your classroom which 
represent a ] 
angle model. 



represent a rec tangle ?^*^*^eck with yoirr right • 



^: Name some objects'" at ybirr home which suggest 
rectangles. J^'^-^^ ^-i^^ 

5. How could you draw a rectangle using your right 
angle model? /V.^i ^ '^-'^^-'^•-^O. ' ' * 
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Exercise Set 4^ 

a) Is the quadrilateral represented below with vertices 
r A, B, C, and D a rectarigle"? ^ Use your .model of 

i . ■ • • 

. • a right angle. . 




.^ -b) Is S conjgruent to SC? 

.^:*!Vc^);, . vis AB congruent to- . DC?. if^lJ^-^ 

d) -'.Is congruent to. A^? ("iT^ 

e) Is BC congruent/to c5? 



V/hlch of these statements is true? 

a) A rectangle has two pairs bf congruent si^efip^ . ^. ^P^'J 
, -b) All four sid6s of every rectangle "ar^ cpngrueiit^.^^^ 
. :c) A rectangTe has four riight angles'. 



Make a copy of AD of exerciser. Usi«^'' S5 as one 

Side, see if you can dr^w another rectangle v/hicti looks vj;.::^^^^ 

different from rectangle ABCD of - exercise a. 
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.-thinking Together " ' / 

A rectangle with all its sides congruent to. one another 
is called a sqixare . , ^ 

1. -Belo^ris a representation of a square. Check ' 
' the ^gles V7ith your right angle model and 

the ^Ides v/ith your compass^ 



/ 




a) Are ^11 the sides congruent to eac6:;|)ij^r. ('^^^ 

b) Are. all the angles right angles? 

2. Name som^ objects in your classroom v/hich suggest 
squares. 

3- Name som^ objects in your home v;hich' suggest scjuares, 

4. Is ^^v^ry, sqiiare a rectangle? (^^^'^ ^ 

5* a) Is ^very rectangle a square? (Ti) 

. b) Are^cne rectangles also scjjiares? ('^^ • 



BRAINTI'/ISTER 



Dravj a square using only the folded paper model- or a right 
angle, a ^compas^, ^d a pencil, (JL^TC Z^y ) 

241 ■ .v-iV .. 
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Recognition of some common surfaces ' ' ^ 

■ . ■ ■ ■ / 

Paper, pencil, compass, chalk, chalkboard. Geometric 
models of a rectangular, square, and triangular prism ; 
circular cylinder ; non-circular cylinder ; sphere ; cone; 
square, rectangular, and tri^gular pyramid ; square . 
Objects that have these geometricL shapes, ;such as 
cereal baxes, cylindrical ice cream cartons, non-circu- 
lar cylindrical tooth brush containers, drum,- drinking 
glass, funnel, blocks of vjood or plastic boxes, in the 
Torm of a rectangular prism, and' plastic, wood, or 
paper models w , • 

Interior, square prism, rectangular prism, triangular 
prism, cylinder, circular ^ylinder,- cone, face, edge, 
rectangular pyramid, > square pyramid, sphere. 

Suggested Teaching Procedxire ; r- r . 

* -4 " 

One way to e^stablish the. background for the 
idegis that vjili be developed in this lesson: Prior 
- to the lesson (this could mean jusjb before the ' 
children go home th^ preceding day or .at the end of 
the previous day's lesson) take about fifteen 
minutes to. show geometric models and the photographs 
of k rectangular and triangular prism, cylindeSr, 
cone, square pyramid^ triangc0,ar pyramid, and rec- 
tangular pyramid. The children will be able^to name 
sonae of these geometric forms. 

Direct the discussion and supply the correct ; 
names which will appear below the photographs in the 
text. Then ask the children. to" bring to school the 
following day objects that ^resemble these models 
) J-^^.-- shovm. The geometric -^orms listed in the materi^s ^ . / 
Jl . : ' section should "be suggested to the children. (The 
teacher shoTild have a supply of these models -^ 

As the lesson is presented, each child 
should have an object which has the geometri 
shape being discussed so that he can follow 
•discussion and indicate the various parts of 
objects'^as they are explained. The terms employed 
here will be used in a descriptive serise and not in 
a precise way. . • ■ . ' 

Throughout this section,, it 'must be iindierstood 
. that the models we are using are' Just representa- . 
tions- of sets of points in space-. 



SURFACES 
Objective: 
Materials: 



Vocabulary: 
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■ P.rl-sm . ., • /-.V- 

• • ■ * ' i» • • ' . 

' A discussion of the prism Is given in 
• the mathematical background sectiori of this 
tmit. - . . ■ . • • . * 

!f^'^P^ most. difficult thing for 
the children to understand is that: ;a prism' 

figure-- - That is, 
a prism is "noiiow" . it is composed of a 
finite ntunber of portions, of plaaCs. We will 
consider the points that, are "inside" of the 
prism in the unit on Volume in grade 'six. 

A prism can have any polygonal region 
for, a base . but its other faces: must be 
rectangular regions. The . two bases must, of 
course, be. parallel and congruent. The 
bases are also faces. .. if the polygon out- 
lining the base is a rectangle, the prism is 

P''^^'?- -polygon, is a 

triangle, the prism is a triangular prism: 
if^it is a hexagon j it is a hexagonal 
prism, etc. , • 

Directions for making paper models of a- 
square, rectangular, and triangular prism 
are given on the following pages. Every 
child should have some, sort of a set of 
models for reference. Pupils may want to 
bring models from home rather than makinK 
paper models. Paper models are not vSto- 
sturdy. it_^is realized that the construction 
of paper models is time consuming, .it may 
well be^jaiat t:he teacher will want the chil- 
dren to do most of this. work outside of class 
time If the patterns for the models are ■ 
duplicated and then pasted on heavier paper, 
such as construction paper, a stronger model 
can be made. ^ . * m^v^ci 

< The' development for the prism-'as con-' 
talned in the Pupit Bo53k is in sufficient 
detail to follow. The use of large models' by 
the teacher will help develop the under- 
standings of this section. 




:V. 'J " ' . ■ . ... ! . • 

PRISM - C"o*hstruction-of a square prism: " — 
1. Draw a reoptangle ABCD as shovm. 

Drav/, as shovin, three other rectangles congruent to- 
rectangle ABCD with tabs, as show n. 

Draw the two squares along IS and DC VJlth tabs, as shovm. 
Cut'aroxind the boundary of the figure' and fold along the 
... dashed line -segments, ' v. . /-^v'"' 
j'^k. Use scotch tape or paste to lipid, the. iriodel together .x The ... 
tabs will.'higlp givfe rigidity W the' model. You may ji^t- to • 
trim them'.Bome if you use scotch tape. . > i\ />' '". 

The bases of this rectangular prism are squares, hence^th'e 
name - -square ^pr ism. • ' 

This; piipture has been reduced photographically. The' orlginai 



2. 

2i 



6. 
7. 



ha.d ;ibh<e^ length of aB as 1^ and that of , *BC as 4"; 
square ;prism. . 



This made 'a 
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PRISM - construction of a recteiigjurar'-prls^^^ ' .. ' ' 
1. .ptaj* a rectangle ABCD as sKbwii^ .•,'■* ■• ■ '. •• ■ 

£^sh V^^^;''^' AGHD, - EJKF, 'aBML, and.. DGPn; ; with ' ■•featis,'' 

Be sure '-'l^t ABCD, =''Ejlb'r:-- AGHD"s\BEPCr^:".^ DCPN 

of the fisire-and fold- along 'the ' 
dashed line segments. ■ ■ • 

?=L°^H??^W*f^® ^''P^^^ ^° hold the model together. , The " 
tabs vd.ll help strengthen the model; You may want ^ trim 
them some,-if you use S9otch tape. ■ • ' f 
'^e bases-.of this rectangulai* prism are rectangular reaitAs 
This picture has been reduced photographically. Se-^bSSnal 

2 , 1 , 2;,, 1", and 4", respectively. , . . 



2. 

i: 

5. 

\ 

6. 

7. 




Tab 




Tab 
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Pyramid .^''::r ' 

A cliscusslon of the pyramid is given In 
the irtathematlcal ^acRgroimd section of this 
unit. 

Many children will already have a 
general Idea of pyramid. The mathematical 
notion of ^)^am^d will need to be develel- 
oped. 

The pyfamfii Is fhollow" - we think 
only of the fac^s and nbt^'Jhe points which 
are on Its "Insld^^" A pyramid' can have any -.; 
polygonal region-' fo? Its base. Its other 
faces are always triangular regions. The 
pyramid Is named by the shape .of Its base, 
^Thus, we l^iave square pyran^Jds, .rectangular 
'^i^amlds^'-^t'i^iangular pyraml'ds>' hexagonal 
pyr^amlds,''4n'^^ on. 



^ f Patterns for 'malcing a square pyramid 
>nd a rectangular pyramid are given on the 
^-fol-lov;lng pages, A pattern for a special 
:klnd of pyramid,, a tetrahedron. Is also 

given. 
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FZRAMID - Construction of ''a sqxiare pyramid. 

w . . .'.'«".'■ 

■• • • ■ . -c 



1. ' ' Draw a ^quare ABDE as shown. 

2. Draw the arcs with Centers at A and B and radius 
AB. Label the intersection shovm a*s C. 
Draw dashed line segments A? ancj Sc to form IJdashed" equi- 
lateral triangle ABC. Draw tabs as shown. 
Repeat ^step 3 to obtain -"dashed" eqviilateral triangle EDP 
with tabs, as shown. • ' \ , ' . 
Draw the equilateral trianglefshotra an HP and ; ; \ 
Cut SLTOxind the boxindary and fold along, the dashed -line * 
segments.' r * 

Fasten witli sfcotch tape or paste. The tabs will help in ; 
putting the model together. Yo%k may want to trim some of ^ 
them if you use scotch tape. 

This picture has been redaeed photographically.' The origi 
nal model had the j.engths of TS^Q 2". * 



3. 

I: 

7. 



8. 
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PYRAJgD - Construction of a rectangular 

1. Dravr-^'dashed"- rectangle ABDE as sJioto, 

2. Drav; the arcs vjlth centers at A' and 
Label the intersection shown as C. 
Draw W and dashed line segment BC to 
triangle ABC. Draw -tab, as >shown. ^ 
Repeat the process of ' ' o 
3tep 3 to form' triangular 
regions and tabs on 
TSF, and Eff, as shown7\ 

''Cut aroxmd the ^ 
'bpundary and f old . 
along thp dashed line 
segments. 

Fasten with scotch 
tape or paste. The 
tabs will help in 
putting the model 
together. 



P3rramid: 
B and radius S5". 
form isosceles 



7- 



This picture has 
been reduced 
photographically. 
The original 
model had the 
length_of in, W, 5?, 
and BP as 2^', 3", 
approximately 

2^", and approxi- - 

mately 2X", 
spectiveiy. 
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CYLINDER ^ - . 

A discussion of the cylinder is given 
in the mathematical background of this unit. 

Some children may already have some 
concept of a cylinder. Probably their idea 
is of a special kind of cylinder, the circu- 
lar cylinder. -Cylinders can have bases that 
are not circular regions. Fo-r example, some 
oil tanks for .homes, gasoline tanks f"or cars, 
and toothbrush containers are models of 
cylinders but are not models of circul-ar 
cylinders. 




Children can find many models of circu- 
lar cylinders such as frozen Juiae cans, 
baby food cans, fruit' and vegetable cans, 
and oatmeal boxes. It must be remembered, 
hov;ever, that -^ cylinder has -"both ends 
covered." A cylinder 'has two bases which 
are^ congruent and parallel, .and a 
cylindrical surface. 

Patterns for making a cylinder and a 
^ circular cylinder are *given on' the follow- 
ing pages. 

The demonstration in-Exerc^se 1 of. 
Thinking Together will help children' get a 
clearer idea' of a cylinder. An oatmeal 
box would be a good model to use. To get 
3ust the idea that the ciorved surface of a 
.'cylinder is a rectangular region when it is 
.straightened out and p3^aced in one plane, 
cut the wi^per off" any cylindrical can. 
Be sure to make your cut perpendicular to 
the top and bottom edge of the wrapper to 
-obtain the rectangular region., if the cut 
iS not perpencjlcular, the oiitline of the 
resulting figure will be a paJ^allelogram. 
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CYLItgER - Construction of a 
TI Draw rectangle ABCD. 2, 
radius as shown. In order to" 
these circles can be tangent^ 
to rectangle ABCD. 
3. Cut a:|gund the boundary 
of the figure. Do not 
s.eparate the circles 
from the rectangle. 
This will make 
It easier to 
construct the 
model . 




circular cylinder 

Draw two congruent circle's with 
make t he model easier to construct, 
^. Fold Into the form of 
a circular cyllnde-r. 
• Use scotch tape, or' paste 
to fasten the model to- 
gether. Place BC on . 
aU first. 'Fasten 

the bases last. 
Do not fold 
the 'tab at SC. 
^ Lap It ovet 
JS and paste 
or fasten 
with tape., 



B 




This plctiire has 
been reduced 
photographi-T 
cally. The 
original model 
had bases -of 
radius 1" with 
the >len gth s of 
a5 and A§ as 
^" and approxl- 

; matfily 6^", 

respectively. 



>Tab 



CYLINDER - Construction of a cylinder. 
Draw rectangle ABCD and tab, as 
shown. 

:.2. ;Draw the bases with tabs, as shown. 
3 .' Cut aroiond the-boxmdary of the ' 
. /v. figure . Do not separate' the bares 
' from the rectangle, 
.i^.' Fold bG over £5 and fasten the 

tab with scotch tape or paste. Do 

not fold this tab. . 

5. Fasten the bases by folcjing at the.. 

dashed line segments and securing 
with t^*pe or paste. 

6. Our model is a cylinder which. is 

not. a circular cylinder. ■ ' 
t?. This picture has been reduced - 
photographically. The original 
model had each half circle with 
a radius of one-half inch and 
with the lengths of aI5, I!F, M, 
and JS as ^4", 2", 1", and 

approximately '7^", respectively. . 



B 
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CONE 



A' discussion of the cone is given-in the ^ 
mathematical backgroxmd section of this \xn±t. 

Construct a model of a cone as as shown on 
the following page. It is , not necessary to use 
only a semicircular region for the curved 
s\il»face of the cone. Any part of a circle and 
its interior could be used. The. larger the 
part used, the shorter will be the resulting 
cone: The semicircular region is a handy part 
to use and makes a "good" model, so that is the 
pattern given .here. 

^ <• 

After Exercise 3 in Thinking Together (in 
the section on the cone) has been completed, 
then disassemble the, cone. Remove the circular i 
part first, leavingJan exposed circular edge. 
The model now, resembles, an ice cream cone with- 
>03i.t...th^. ice cream. Next 'cut tJje^ remaining 
■;sur'fac;e- along a line segment from the circular v 
'..edg'e. tb the vertex. Lay this part flat against 
tne chalkboard.' it should look like a piece of 
pie which suggests part of the xinion of a ■ 
circle and its interior. Ask the children ?wh^t:- ' 
this looks like. Then reconstruct the cone^l j^.: 

■ 

A cone may be thought of in another way.-- ' 
Start with a circle and its interior. Choosjs a ■ 
point directly over the center of the circle ■ 
not in the plane containing the circle. This 
point wiir be the vertex of the cone. ' Think. of 
^11 line segments with one ^ndpoint, the vertex 
and the other endpoint on the circle. The union, 
of all these segments and the circle .with its 
interior is the cone. The ri]?bons from a May- 
pole suggest the segments from the vertex to the 
circular edge. . 

■ In Exercise 4, to emphasize the fact, that 
the Intersection describedls a. triangle, the 
teacher should hold the model of a cone at the 
tip and at the center of the circle so that > 
the line segment Joining the tip and the . center 
of the circle is horizontal.. Look at the 
shadow produced when a light -is held directly 
over the figure. The outline ,of the shadow 
will represent a triangle. If the model is 
held so that the line segmentals vertical, the 
shadow will represent a circle and its in- 
terior. Name objects which suggest cones or 
parts of cones. 
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60J®.. . - Construction of a cone 

..Use a compass to draw a circle with a radius as "shown in the 

: ".diagram. Draw tabs as shown. • • 

•S."^^^. (^^^^ the boxindary of this figure. The circular region 

: ■ . • will be the base of the cone. • 

•3>^;Vse a con35a^ to draw a semicircle with a radius as shown in 

in the diagram, c is the center of th^ circle. AB is a 
; , .diameter. Draw the tab as shown. 
".Cut around this figure. 

/Fasten A? to with scotch tape or paste sa tha% 55" 

■; ^ . falls on Sc. 
•S'.'r Fasten the base to this model by folding the tabs and using 
scotch tape or paste. . 



SPHERE . f-v 

• ^ A discussion of. the; sphere glvehsln the 
matheraatlcar background section of this uMt. 

. The ^-mathematical" idea of ^ sphere, wili, be 
rather difficult for some children to graspl ^ 
Certainly if we should begin our study of>s^here 
by -saying, "A sphere .is the set of all i^e points 
in space -that are the sam^^ distance fi/om a- "'■•■^ 
cHbsen- point called theVceritjer" somb.cliildren 
. .would be quite confused.^'' Y-e^ tbis-iis^ the idea, we 
want children to have at -tii^ ei^d'of this\brief 
section on the sphere. i 

This lesson might be started by identifying . 
a hollow rubber ball as a model of a sphere. 
Emphasize -that the model of,, the sphere is Just 
the "covering" of the balll and does not include { 
its interior. 

^ Exercise 1 in Thinking Together could be 
performed with this^ JTubber ball and a flashlight 
ot gome '.other source of light. ' For Exercisea.\2 
and 5| actually cut the hollow ball. into two.--, 
congruent sections to show that* the edges ^-repre- 
sent a circle. ■ (Some teachers- have used sivglobe" , 
that can be 'separated into- 'Bv/o sections to show 
this.) Children might indica'te inhere* they think 
the' centep/ar the sphere would be. A stick or 
piece of wire could be used to help develop the 

^' idea. of sphere. This stick could be held so • 

■ vtHat one end is ^t the center of the sphere and 
the other end moved abqut one of thie halfr? 
spheres to show that tlie end. moved ^about is 
always touching' .tjie "cov€rin©W;of the ball. 
The sketch indicates how this niigh'^'be . done. 
Exercise 6 should help' 
develop this idea, too. • 
It- might prove helpful 
tot.xise an orange for a . 

c :ino'de'l of ;a sphere . . \ 
The irisicie of the 
orange is not part 
of the sphere. "'By' 
cutting the braxig^i ' 
as we suggested for the rubber ball, and then 
removing the fruit, the same concepts couiH^^e 
developed. / f 

A small piece of clay or styrofoam cc^l^ be 
used to represent a center of a sphere. Many '*' 
toothpicks could be stuck in it- at random. The 
other ends of the toothpicks v;ould then represent 
points of a . sphere. Children could see t^f the 

^ ends of the toothpicks ' do descriT^ a^ sphere. 

Exercises 7, 8, and 9 aak»the pupil to 
verbaliz^e his idea of ,a sphere. Some children 
may/ have difficulty doing this .s ^ > 

• J- 

7^1 . . 




Patterns for the construction of ,models of 
a ^ube and tetrahedron are given to develop the 
ideas'^giy^n;..,ir> the exercises. Haj^e several of 
ie pamper /n^Ddels or other geometric models^ 

Lable for expLoraJtory use. 

'.. . • * • 

T Coristruction of a cube. 



thed 
avaiV] 



at 

. \ 
J 




1'. Draw six squares (.at leas-t 4" xT') oh 
heavy paper or tagbpard as shown in the 
figure above. 

■2 . Cut around "the boiindary of-the-figure — 

and fold along, the dotted lines. ;- 

3. Use scotch tape or paste to fasten -the 

■ model together. The tabs will help give 
strength to the model. 

4. The model of a cube has six faces, eight " 
vertices, and twelve edges. 
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■ TETRAHEDRON 

>■ ■ ■ 




1. '' Draw f oiir equilateral triangles (with the 
-...glyen segment-atLJjaasi_j!tilJIlp.ngi^ 

shown In the* figure. Refer to Page Jlk 
for constructibn of an equilateral tri- 
angle. 

2. - Cut. around tHe boundary of the figire 

and fold along the dotted lines. ^ 

5. Use scotch tape or paste to fasjb^ the ' 
model together. The tabs wi^Iihelp make 
the model more rigid. / 

4/ The model of a tetrahedron has fotir faces, 
four vertices, and six edges. 



We' are. going .to. look a,t some objects/ The 'surfaces of 
theses/Objects represent^ sets ' points- ln apace y' sets 
have 'flames which you will find belctiw^^ihe pictxrres^ of the' 
obJ^t3. ■ " V ... 



The objects are called models because they represent sets 
of points. Parts of the 'surface of some of these objects remind 
XX3 of parts, of Blajnes because they are flat. . 



jf closer iQok at these flat parts shows that one suggests 
a triangular, region (i triangle and its interior). jf'Anotlier 
flat part of a model so^ggests the -union of a quadrilateral and. 
its interior. Still others remind us of .circular regions 
(circles and their interiors). 



Not all parts of the surfaces are. flat. For example, the 
sphere, the cylinder, and the cone have parts of surfaces which 
are not flat. . . • / 
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Rectangular Prism ^ '\ ■■ . ' 

; . . . X ' I^iLnking Together " V- - 

- Let us look closely at this model ^ 'a rectangular prism. 
Any one of the flat parts of the surface suggests a quadrilateral 
and Its Interior. The S.et^ of: points on tfie.flat part 'is called 
a fa^. The. union of all the faces Is called a rectangular 
■prism; A rectangular' prism consists, of the entire surface of - ' 
■the. model ^ but not the inside, of .the model. 

1. ' Look at. a" face. • ^ - 

' . ■ _ . ' • ■ • ' ■ ■ ■ . • . ■ _ . ' ■■ '■ . 

■■ . a) Trace with your finger th\ edge of a/ V . / 

face.. The edges repres^t 'the sides 

of what figuj'e? 



b)' . Show with your finger Jbhe vertl^ses of 
the rectangle. 

.c.) Tl^k'.wlth: yow^^ tbpee .points in 

. the. interior of the rectangle. 



P440 ■ ■ . 

1 

■ ■ • '-*••.*' 

3. a) .Trace an edge wlth^yoxir finger. " 

b) Show two faces whose intersection is 
this edge. 

c) CoTont the number of edges of the 



rectangular prism. How many are there? 



The comers of the mcdei represent points. Each such 

point is called a vertex of the prism; it is also a vertex of 

each of the three quadrilaterals which come together at the 

comer. -The pl;iral of the word "vertex" is "vertices", so we 

can speak of one vertex and several vertices. 
* . ** 

^. a) Mark a\ertex of the rectangular prism 
on your model with a pencil. 

b) What three quadrilaterals have this 
point as. a vertex? 

r 

c) How many vertices does the rectangular 
pl?ism have? 



5. Name some other objects which represent a" 
rectangular prism. { c^^M ^ (Un^^ j 



6. If a wooden block were hollow, v^uld it still 
represent a rectangular prism? 
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Exercise jSet 2 • • , 

•• ^ ■ ■ ■ 

. 1. Complete the /dllowlng sentences, using a ^• 

♦ separate sheet of paper. 



a)_ A rectangular ijrism has. faces. 



Eaeh face represents a rectangular 
region. ' ^ ' ' ^ 



^b) The rectangular prism has j(*^£^ 
■ %s eciges and -x.*y^ vertices .- 



2. Is. avrectangular "^rism hollow? {^l^t^J 
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Trla^igular frlsm 



Triangular Prism ^ 



. . ■ Thinking. Together 

The model we will study next, represents a triangular prism.. 
As in the rectangular prism, the f-iat parts of the model will 
represent plane regions which-^are called faces. The triangular 
prism is the union of the faces. (Notice -that a triangular 
prism, as we- have defined it/ is ^-'ho^low" . ) " " ^ ' 

^ 1. Are all the faces of the triangular prism the 
union of • rectangular regions^ Y '^) • 

. • 2. Indicate a fac^ which does not represent a 
rectang^lar region. ^ %^.^^..l^ ^J 'm 
3 -' VJhat does this face represent*? -2i^^— A 

v;e call a' face which represehts a triangle and 
its interior a triangular face or' a triangular 

*■ , ■ ■ 



region. |^ 

How many triangular faces are there? 
5- How many rectangular faces are there? 



4 



. The triangular prism also has line segments which are the 
intersections of tv/o faces and are called edges . The endpoints 
of, the edges are cal]e d vertices of the prism. -They. a*re 

represented bj the comers of the model. 

• ■ ■* • 

■ •j ■ . ' 

6. How many edges does a triangular prism have?. T^***^} 

7. How many vertices does a triangular prism have?(^a*ic^. 

8. Name' some objects which represent a triangular prism 

264 , .. ' •■■ 
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Exercise Set 3 



Loigk at your model and write on a separate piece 
of paper the words that complete the following . 
sentences.. - . --f 



a) A trianigular'prism has ^ triangular, 
faces. • 



b) A triangular prism has fac 



es, 



c ) A triangular prism has . 9 edges . 



d) A triangular' j)rism has 



vertices. 



.'J 
•5^ 
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Thinking Together 



• Look at-the jnodej oT the: pyramid pictured oh page 445. 

If is made-up of flat- ^,arts^onl^^ike r^hose a 'prism. These 

suggest, parts of planes, ane ^s ^z^^'^the case^'bf the priem,. .they 
^ f^' 0 ■ ■■ . ' ^ l \ ^ ■ r ' . .. .^^ . . • ' 

will be called faces ^. The i^imid is :*the union of . these faces , 

(Notice that a pyramid, ^s we ha>v^ define^, it, ^'Is ' "^^^^ 

Faces next to each.pthar- intersect in a line ^segmentv which has ■• 

endpoints 'call'e.d yerljices. * ;■ ' . ^, - ■ v 



3^/ > a ) 



■ How "many, triangular faces . does this 



•pyr ami c^have^^ 



Are,ythere any s face* on this pyrainid. which: 




r»0 0 my 



E) 



riahgular? ^Trace" this, face wifet 

ces are there on- this.pyra mm : 
ertices are" ^'there^on thl^Hpyramid'? 
:7ijwf^2SSl'nger on a vertex whlci^ls. the'- 
on of thr'ee faces., 
ertex v;hich'is the-jC: 
"of ^SPour- f ftc e s / - ■ ' ■ 7^ 

How '^Sany edges does this, py 



TTOTe. with your finger fcj&r.edg* 



intersect at a vertex 




Name, some objects v;hich su^ges^ya' pyramid. ■ 




Cylinder^ . , . 

Thinking Together * 

Let us look at the model of the cylinder which you have 
brought to class. 



1. a) Are all parts of the surface of xhe 
' model flat? { Tto)^/ ' 

b) What do the flat parts represent? ' . 

C) Are the circular regions the same size?^*^^ 

-Remove, the top and bottom of a . ^ 
.box4^ich is : the model of a ! 




cylinder. .I^lake one straight' 
cut as shown- in^the picture. 
Spread out the part just cut 
SO that it lies flat on the 
desk. • 

2. a) V/hat geometric figure is represented? 

b) Does this suggest how you might construct 
\ a model of a cylinder? 

c) . Put the parts of the box together again - ^ 

. so_that it is a njoder of a cylinder. 

■- >. • 

.Name some objects v;hich represent cylinders or 
parts of. cylinders. ^jL^^\lf^X^ €it4^u^ - 
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Not all cylinders are like , the oatmeal bopce^s or the 
cans that you brought.- Your models are examples of a 
special kind of cylinder called a circular cylinder. 

Circular cylinders, have circular regions for bases. 

. ' ■ • ' I • 

I>iany cylinders do not have circular regions for bases 




'Look at this picture of" 
ai cylinder. Its l5ases\ ^ 
are noli circular 
regions. " ^. 

Take a can which is a^ 
model of circular 
cylinder. Take out 

bases . Press ; ■ 
it dovm like this: 
Think of' bases that _ 
are oval regions 
being put on the can. • 

Now we have, a model of a cylinder which is n<Sb a 
circular cylinder. 

Try to find a model of a cylinder which is .not 
a circvilar " cylinder. Sometimes toothbrushes 
come' in .this kind of container. Would part of ' 
the front o;r the back fork of. a bicycle be an 
example of a cylinder? - ■ 




•V 
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Cone 



760 



ERIC 



Cone 

/ " • , Thinking Together 



•..we ca^: see from the photographs that the' model of a- obne 
is dlfferen't from that of a cylinder. " ' • V 



•3. 



■V...' ■ 

^: 5. 



v.v' 5. 



.0-.' Describe ways in which the mode-1 of the corv< . " 

differs from that, of the cylinder. . _ ' ^ 

2.^ a) ..What geometric figure does th^ flat p^t' ' ' 

- suggest? ( < d-iU-^J^ 

■b) Place the model' of -the cone so that the.', ' . 
^: flat part is on a sheet of. paper and trace-' 
: around the edg;^.^; vJhat is represin.ted?/ /^^^ 

;^t is^'^^esented "by the tip of a model; of^ ■ . 
i a cone? ©le point- rfepresented by the, tip'is 
;■; called^ the vertex of the cofte. • . . . 

Suppose the model of a conelfis 
' cut in half so^tha^t the cut*' . 
passes through the vertex, and 
divides the .circular region. 
. into parts of equal size. 

What Will the, cut edge representV ^^Tcut edfel^' 
■ shown as the heavy line segments in this dra;7ing. ~ •- 

13 a.,c.one hollov,? (-^ .^^M:^J^^j[j^ 
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Sphere ■• ■'■^j^'. ■' . ■'' . 



1. 



Thinking Together ' 
The sui'face ,of ay b^ll- or a globe a model 'of', a sphfere : ' . 

Ix>oIc at the shadow^of a^ bali dn the sidewalk v.-hen. / 
the su:^ is directlV- overhead, or -look at tl^e shadow v, 
made by a .ball with a llght:dli^fictly . overv' lt. / ■ ' ■ > 

'.v-hat does the edge of the- shadow .look like? '^&-c*rr4M 

C^^a ^raodel of a spher^^ into^ two;, ple</es of eialV ■ - 
^sl2e.',vi' _ ' ". . ■ ■„;■"■ ■■■ -, : ■• - i— 

\Jhat geometrical ■ figure -do the edges of ea&h half i""'. 
of-'the sphere repres6/t?\'^<s^ ) ■ ; * ' 




3. Place one ,ofN^}^^^.jla]J^4s-■•^ the spherfe.on a flat 
, surface so -that; the cut edge is' against t^e flat 
.. surface. Tradie aroiaid thl's edge. . 

1-Jhat does the drawing represent'^ vurxjL\ 

' Ito^. you; .think that iall the points of . the half ' ' 
spherfe are the same .distance f^-om the centei#f : ' 
; ■ ; the circle that Is represented the- edge' (^-3 

■ • ' ■,. ■ . ;■■ ■ ■ 'X'. ■ ■■■■ r ■ ' 

5. Does, this s.^g^est that therfe^ls a point Inside' ' 
. , . the sphere tliat v)^" >d/ght c^ll^the -center? f ' . 
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Think of a tetherball, \lhen "the rope is tightly 
stretched, the ball is alv;ays the same distance 
from the point v;here the rope ?s attached. 



As the ball moves aroiind 
into different positions, 

do you think the point 

*v - • 

where the rope is 
attached to the? ball 
goes through points 
on a sphere?-, ^t^^ ■ 



tl^tly 
tire>tched 




How would you describe a sphere? 



v;ould the description of the sphere a's "the set 
of .all points in space that are the same, distance 
from a chosen point called the center" be a good 
description? ('"^"Jp^) , 



How does this description differ from that of a circle? 



Is 'a sphere" hoi lOT^T?-^ 
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EDGES ANIl- PAGES 



1.. 



2. 



4. 



ft 



Thlnkjjpg Together 



•V* 



Do any .edges of a triangular prism form a ^ 



*rectanglefT^heck wftk your 'right -angle model 



Do any edges of ' a pyramid f orm''a rectanglfe?('^-->y2£^..^,wj 
Check with your_ right angle model, 



3. How many faces of the*rectan|[ilar ^k-lfem have 



edges which form a .rectangle''' (^J •■ 

How many faces of the' triangular prism have 
edges which form a rectan^e? ' 



5 



5. How many faces of 'the 'pyram4|^l have edges' which 
• form a -rectangle?- (■^'^3 . " 

^. Look at- the models of a rectangular prlsm> a 
triangular prism, -and^a pyramid, j^opy the 
following tabiife on a sheet of, paper and" fill 
in the blank spaces. ' ' ^ * ' 



o 

^ - ¥ 


NuiTjber 

of 
Paces 

# : 


Niimber 
of ■ 
Vertices 


Number*^ 

erf 
Edges 


Number of faces 
Plus number of 
vertices minus 
number of edges 


Rectangular prism 






ya 




Triangular prism 










Pyramid ' 


; s' ■ 




: ^ 
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Add the number of faces and. the number of., 
vertices of the rectangular prism, ^btract 
the number of edges fronjxthls sum. vrfiat is . 



your answer? 



Do the same for the^ triangular prism and the 
pyramid. \Jhat is youn ansv;er in each case? 



Look at other geometric figures made up of 
portions of planes; -Is the number of faces 
plus the nimber of vertices minus the 
number of edges the same for these geometric 
figures ? 



Do you think you will always get the same 
answer if you add the num.ber of faces and 
the number of vertices, then subtracit the 
number of edges of any geometric figure 
which is the union of parts of planes? ( ^J^) 



Write a mathematicail sentence for your 
answer, of 6d. ( d.^^^.^ ^SJ^^^j^^^ ^aLJJ^^ 
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Chapter- 9 
- LINEAR JffiASUREMENT ^ 



PURPOSE OP UNIT 

The purpose of the unit is to introduce the 
pupil to the concept of length and to the technique 
of linear measurement. 

Our study of linear measurement may be divided 
Into four major stages which parallel the historical 
development: 

.. . . ^ . . , 

^ 1. Intuitive awareness of difference in 
size 



2, ^. Choice. of an arbitrary unit , understanding 
that the unit imst be of the same nature 
^ as'the th^ng to be measured - a line 
' • ^yX ^se'gn ent to measure a line^^^segnen^ 



3. 




Selection of standard units for purposes 
of coanmunipation 

s ■ 

ivislng a suitable scale for convenience 
in measuring , 



Ft. 
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.V IflATHEMTIGAL BACKGROUND 

' • — ■ • 

Long before the. ^^j^^ comes to school ^he has experience vjith 
• the notion of measure. Hi5 father is taller than he is; his 
sister is younger than he is; he gained three pounds since^his 
last medical check-up; the^new house is tigg'er than the old 
house. By tjie time the cfefld haj^ come to,yiis unit, towards * 
the end of the fourth g5?ade% he understands tod makes .sucii ' 
statements as, "My -Dad is feet two,;; "The 'milkman- leaves 
three quarts of milk, f or?^ every day," "it' takes me ..'IS' 
minutes to go to. School.". He knows that there .are many different 
kinds of 'measures: time, weight, liquid, linear;; and. he applies 
the appropriate units. "It is the purpose of the present Unit 
. not onlV to expand* Che- child «s kaowfedge of -Anear measure, but 
also to deepen *his *ntuitive und^standing. '■■ 

^ -It' is of interest t^mote that irl ^he development of the 
idea of ^easjurement '^or- the pupil, wfe are actually following 
the historical develop^Rent of this concept.'. The counting of 
discrete, separate objects' Uike the number of sheep in a herd) 
^■was<not^ tecl^hi que applicable to measuring 'a continuous curve' 
■ (ll^e a side of a wheat_ field) ^ At f^rst the notion of size 
J was ^ealrized Intuitively. One "boundary was longer than another; 
one piece of land was larger than another. Later u.hen fields 
boBder^-mbre closely on each other, more . refined measures tvere ■ 

ssary. vn^en a unit of measure (e.g. that part of ''a rope^ 
between two knots) was agreed upon,, it v>;as possible to designate 
a piece of property as having a length of "50 units of rope" • 
and having a width of "30 units of rope."- With the increase 
Inrtravel and coiijmunication,- it became obvious that "5.0 units 
of. rope" did ^ not represent the same length to people not 
familiar with the unit. The need for a standard unit 'was ' 
realized. Once a standard unit was accepted, a scale, for 
greater convenience in mea*su3?4.ng, . was devised. . . 
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Comparia i ^ nd Lengtiv , 



A basic, concept in :measureme 

comparisons of the sizes o'f collec 
'that c^ be counted, and comparisons 

like line segments> that ar,e "continuous 

not directly applic^b;Le. It is meaning 

of objects when-.cof"*" 
■or of eggs, or- of 
..There is. a clarity o 
''Is, ^."You have a largej';;^ 

I counted l48 , record? 

in. mine*. " i 
But if the sizes 'o 

what could v;e count? 



dJff^ence between 
.of. oLscrete objects 

kzes dt objects. 



the sizes of .cbl 
j^^n- a room, or. of 




aat coTintfrig. Is 
t tYie number 
)f marbles,. 



in a sta 



s^such 1 



tion of rec 



albums, -vij 



ilife segments f^re 'to^i^^bjfeair^^^ 
^t^;the niunber ; ■b^,,rpoi^^|^ 



'.sets which constitxx^r^v^the^^^ 

■points on .aCny ll^ne'segment-' tl:^ can- csouHt-./lii W^^^ 
system. ga^a^I^J:y, tjien,- cou^-ting- points ^Is'^not .'^^^e.fiS^^^^ 
cedure f or-'?c.omparing the''^-sille*','Q'r. two .line■.^seg^le]^sV* 

H#?every;.'we can- always Vc comparihg ^wo .line ■ 

segments^ for/ fijjia^^ 



-V 



•0 



P*,^ize ;b3c;;la7l^pg •o|'f .-AB -•along, W Iri, .siich ^- w^y-.;*Mfc tfe 
pffe-^-A. a^' C coincide: ''.^ ■ ■ . ■■ ■■■ ■ ' 



In the example ..lilustr>a ted above', it turns out' ■^'i 
betvjeen C. and. D. When, this happ^s/fve-say -.tM^^ 
shorter than "CD or that A§; is of ..s^ ^ler length thaVr'^^gS. 

■ and ^^''^^ ml-ght happen th^ B 




len fal^l 



For. some line segtaents^';.^ Al- ■ w^^, -^v liui^e^i^ ..a^yoii uiiau a 
coinqides with . D, in^ which case we^would^ay^tlia.t^'^LB is^f ' 
the same length as CD. (Recall that in tk^is ca^^'Mj-^^ iay-. 
that AB . and CD are congruent . ) Or it might fiappeh^^that D 



falls betvJeen A a^d.",,B, 'in.;VJ:lich case we'-would say that JS •,• ' 
is J.ong^ ,.thfin QD- or-that ,Ag '',is -or' greater . length than C^, 
^ ;;nien/as^in .the^' illustratidp^ on page .769/ the line segments,;,". 

■ AB and ^Cp, cart be cqnvenientily d^rawn -on a sheet of Dauer. this 
comparison Can* b5^- carried qu-t,. ap»pra:xlnately, ■ by 'making a tracing v 
of A3 and placing it. on- top of /the drawing of cS: But even 

if the -lihe se^mgnts, ^.and "cD, were much too^l^ng,or much V,' 

■ too. micresc6pi.c^]^' s^orf to\.be "drawn satisfactorily "ori. a- sheet" ^ 

of paper atv^ll,- Vie>. would- stiH conceive of. AB Vnd jJp.- as ."-X^ 
being snch" tirjat^exactly one gffthe following ^three^irSt^enients -.is 
-true: ^ / ^ ^ \ ■ ^ ; ^ 

il) '^-AB. is" shorter thanX CD. ' . V -/ '--'"^l^l 

(2)^ - j-s. of tRe-^ame ^ehgth as CD- • ^ ^ ■•* / 
. (^)iv AB 4& longer than . CD; ' ■ -V- ' 

: Recall^ (/^^^ Cha^terKil&e-) that| ■fh-'-.mathejFHatics we .thi^jik \o^ '^\^ '. 
the endpoints'' ''^^anfi^R^ of an^f ^igij^^^^^ AS ; . as^belih^^^ 

exacjt loca>ti:ons ^ fk 3pacepSal though these 'endDoints can'^■^^reDfie-^^ 
sented only §pproxir^t;eAy, ^ by "^r p.§*^cired dots*;* etc • ^r!^^'.^^^^ 

as ■hayfng-a' '^^i ■ 



the same v/ay Ve think 



lth€ 



fee/segmerrt^; 'ABr, 



certain exact length / i^houp;^" t^s length 



approximately; by gteasufi^^g a chalk or'penc 
A3. ^ • ^ . * 

^ . Measurements 



.""can -be'-detei^Xi^d- only.T; .-^ 
cil. "<3raw^L-ngi^epresen ^> 



Let us describe- thiS^ pr^^^ess of mea?&arem.ent nibre'-'cloaely.^^- 



The first step i.s^tg choose a ]^rie 
unit . • This r.eans t^t j;^. .^^^ct 



&gment , . RS, ^to iei^/e,.-as^, 



and .agree . t*o cjs«side'r l£s' 



length to b^ desq^ibed^ fSpasure.d' exai-^ly by' the number 1 



length JL 



unit 



!t ■ th^ unit RS 



Now we can conceive of* a lin^ segment, CD, such- 
can be laid ofi* exactly ^t^*;i^'- along CD, suggested -in the 
picture below. 



Unit 



-t— S 



XJnit 
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•We say that CD ^has length exactly 2 units, although CD can ^ 
be represented only approximately by a drawing. In the same way ^• 
. we. can conceiv^ of line segments of .length exactly 3 \inits, or 
^exactly^ ^ upits, or exactly any larger nimber of units, -although 
such liner segments dan' be drawn only approximately, in fact, if 
a line segment is very long' ~ say.a million 'inches long*— we . ' 
wouldn't want 'to try to draw it even approximately;- but we can 
still thi-nk . about such a line segment./- ' . 
^ .We can also. cpnceive of a line segment, AB, such that the 
unit RS will not "fit into" AB a whole nimber of .times at all. 
In the picture- below we have shown a line segment-, AB, 

Unit ^ Unit Unit Unit 
/ — w— * r ^ -V ^ 

A* • * ' r 1 • 



a p 

such that stajrting at" A the xinit .can be laid off 3 times • 
along- AB wi.t^iout quite reaching B, though if we were to lay ; ^ 
off the unit t times we would arrive at a- point P which is 
well beyond B. VHiat can we say about the length of AB? Well, 
we can surely say that AB has length, greater than " 3 units and 
less than h units, in this particular case, we can also ' 
estimate visually that the. length of AB is nearer to 3 units 1 
than to 4 units, .so.v;e can say that to the^ nearest unit ^ AB ' 
has length 3 u^iits. This is the best we can do without consid- 
ering fractional parts of xinits, or else shifting^ to a smaller 
"unit. . . 

Let us emphasize one thing about terminology. In a phrase 
like "length 3 units" we refer to the number 3- as the 
"measure 3." The point here is simply to have' a way of! referring 
to the numbers involved so that we can add them, etc. Remember ' 
that we have learned how to^ apply ■ arithmetic operations like ■ 
.addition only to numbers. We don^t add yards any more thari we 

add apples. If we have 3 apples and 2 ' apples, v:e have' 5 ^ r' 

w 

apples altogether, because - 

■ • -J 

3^2 = 5. ' . :•■ 

Likewise ^if we have 3 ■ yards of ribbop and 2' mor& yards of I 
ribbon, we have' 5 yards of ribbon altogether, again because 



St^rndai^ytJnlW and Systems of Measures 
^ Tifir •■ — ~ — 



The acceptance of a standard unit for purposes of conmu^lca- 
tion is soon followed by -an appreciation of the convenience of ' 
■ having a variety of. standard units.. An inch is a- suit.a^ie 
standard unit for measuring., the edge.' oh a.'sheet of paplrV^but " 
hardly satisfactory for finding 'the length of the- school-, corridor. 
•Ifnile .a^yard is a satisfactory standard Tor, measuring the school ■ 
corridor, it v;ould not be a sensible unit for- finding . the"* distance 
betv;een Chicago and Philadelphia. ' - . . ' '\ 

',. The' standard u^its of linear mea'Sure: inch, foot, yard, and 
mile, .whibh we treat in this chapter, are units in the British- ' 
American System, of Measures. ■. In the eighteenth'' century -in ' France, 
a group of scientists developed the system of measures which, Is 
known as. the r4etric System. ' \ , 

^. There are. two ■ things -to be noted in advance about the. brief 
.discussion of the me.tric system, which follows. IJlrst, only metric 
units of length are discussed , here. . To be sure^. there are also ' ' 
metric units of volume, » weight, etc ., ^but -there is no need. to . 
introduce -them at this po;in.t. Second, the discussion- below is 
intended ^ as background information for the 'teacher only . Jtr is 
neither expected nor desired that this material v/ill .be taugKt 
this form to paipils.. The only . material on the metric system in- 
tended for pupils Js thii^ v^^ch specifically appears in the' . 
pupil »s edition -^f the - . ■ ^ 

In the metric system'. the '^sic -unit- of . length is the meter, 
which is approacimately ■ ftiches or a. little more than ' 1 

;i/^rd. Thu-s -in the OlympI^Games, - where the metric System is used, 
we have, the ' lOO ■ meter 'd^sh, which*- just .ja little longer than ^ 
"the 100 yard dash. ^ / ' . ' • - 

The principal advantage of the >metric -system over the 
British- Airie3?ican^ system lies in the fact that the^ 'metric system 
has been designed for ease of conversion between the various 
metric lAiits using the decimal system of numeration. The metric . 
unit'v;hich is Just on^ tenth .of a meter is called the decj.-meter . 
Thus \ ■ " ' ■ / . " • 

• ' ' ^ ' - - 1 decimeter = .1 meters, 

■ . Hi.. ' ' . • • ■ 

10 decimeters = 1' meteir. 

• . • ■• . , r 
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The jnetric imlt which is just one hundredth of a meter (and y 
hence one "tenth of a decimeter) is called the centimeter. Thus 

* :, 1 "cefitfimet^r ' = .Ol, meters,. 
' lOG* centifneters = 1 meter. — - 

The metric unit v/hlch is^ Just" cSi'e . t3iousandth^of a meter (and 
hence one tentji of a centimeter ) is ' called *the mnij|JJ^ ... Thus 

.1 millimeter. . '= .001 meters, 
lOOO millimeters "= 1 meter. . 

To see how easily. conversipns are niade. between these units, 
consider a length of 3.729 meters. To convert this to 
decimeters we need only multiply by. 10, because - 10^ decimeter^ 
1 meter. 'Therefore,^ since 3.729 x 10 = 37.29, we see that 

3.729 meters = 37.29 decimeters. 

To convert; 3.729 meters to centimeters, v;e need only multiply 
by 100, because 100 'centimeters = 1 meter. Therefore, since 
3.729 X 100-= 372.9, we see that » ^ ' . 

^ 3.729 -meters = 372.9 centimeters". 

Finally,, to convert 3.729" meters to- millimeters, we-need only 
multiply by ITDOO, .because lOOQ ' millimeters = 1 fheter.. 
Therefore; since' 3.729 x looa- 3J29, we see that 

3^.729 meters = 3729 millimeters. 
Also siijce ' ^ ' 

3.729'= 3 + .7 + .02 + .609, 

we can" think of 3.729 meters^ as being the sum of 3 meters, 
.7 decimeters, 2 centimeters, and 9 millimeters. This brings 
out the connectioh between' the metric units 'and the place values 
o^ the decimal '^system of niimeration. . . ^ 

V/e have- already\oted that in the metric system the meter is 
the^unit which corresponds approximately to the yard in the • * 
•^British- American system. The metric unit which most closely > 
corresponds to the inch is the centimeter. ■ Since 1 meter is, ' 
approximately 39.3 'inches, and sinae .1*'. centimeter = .01 meter 
we see that 'l centimeter is approximately 39.3.x .01 inches 
•or .393 inches. This is nearly .4 inches or,a little less 
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than half an inch. Below is illustrated for .comparison a scale 
of inches and. a scale of centimeters. • ■, . 

Inches , 

Centimeters • . 

SO far we have said nothing about metric units- larger than 
the meter. The most useful of ' these is ."the kilometer. , which is 
de-fined to be 1000 meters.. - The. kilometer Is the metric' unit 
'whlch^ most -closely corresponds to the Bri-tis-h- American mile, it 
turns out that one kilometer is a 'little, more than six tenths of 
a mile : . ^ - ' ' . ' ■ ' ^ ' ' " 

. ■■ _ .1 kilometer = .6 miles (approximately). . . 

' Since /the .metric system is the official .system of measures.' 
for -many countries^ and is used by scientists all' oyer the world, 
pupils should become acquainted with this 'system of measures. Ut 
the fourth grade level, the pupil 'is ■ introduced to the centimeter 
only. . , . ' ■ ' 

Ive have treated the inchr, foot, -yard, and mile as "standard'.' 
Tinits for linear measure, in contrast to units of arbitrary size 
which may -be used -when coramuni cation Is not important. Actually, 
the one standard unit for linear measure is the meter, and the 
correct sizes of such other units as the centimeter, inch, -foot-, 
and yard are^ specif led with reference to the meteor,. Various 
methods for-maintainlng a model of the' standard.- meter have been 
used by the Bureau of .Standards-. For many years the model was a 
platin'jiiu bar, kept under carefully controlled atmospheric condi- 
tions. The meter is now defined as having length which is 
1^650,-763.73 times the wave length of orange light ■ from krypton- 
86.- This standard for the meter is preferred because it can be 
reproduced in any^good scientific laboratory and- provides a more 
precise model than the platinum bar.. 



Scale s and Precision 



Once a unit Is. agreed upon, the creation of a scale greatly 
'♦simplifies measurement. A. scale- can, be made with a non-standard • 
unit or with a stancjard unit. V/hen we use a stari.dard unit segment 
to mark off . a scale on a straightedge, we are making a ruler. If 
We use the. .Inch as^^the'unlt In making a ruler, , we have a measuring 
device which Is designed- to give us' readings to.; the nearest inch. 

Because a line segment is continuous, any measurjemerit of its. 
■length, made with- a ruler, is, at best, .approximate. ' VHien seg- ' 
ment is to be measured, a scale based, on the unit appropr^te .to 
the purpose'' of the measurement Is* selected. ■ The iiiAlt .is ,thb 'seg- 
ment with'endpoints at ^two consecutive 'scale dl'vlslons of the 
ruler. The "scale is placed on the segment with the zero-point 
of the scale'^pn one endpolnt of .the segment. The number V/hich. 
corresponds to the division point;, of' the scale neai^est the othei^^ ' 
endpolnt of the segment is the measure of the segment. Thus, 
Qve^ measurement is made to 'the neare'st unit . ^ If the --inch' is 
the unit of measure for our. ruler," then we. have 4 situation IfT- 
which two line -segments, clearly not 'the same length/ do have'v.? . 
tne sane measure, to the nearest Inch. ' •'• • 



A , 8 ■ • C ■ T ~ •:• ■ ''D 

•■- : . .IV-.- ■ :^ 

The measure, in- inches, of AB to the nearest inch Is 2. ;We 

write this, m AB.= 2. The measure, in Inches, of to the ■ 

nearest inch is also 2; - m • CD = 2. ■ 

V/e may make a more precise .measurement if we . use a';smaller 

unit segment, it should be clear that IT the unit is changeB^^ 

the scale ^changes. Thus, If we decide to use the aentimeter-.¥s^ 
our unit, the scale appears thus: 



1 • ■ 2 3 ^ 4 5 6 7 ■ 8 9 >:iCf "11" . 12: 



,.-m AB^ (in centimeters) =• 4 
m CD . (in centimeters) = 6 



Now the measures indicate, that there is a *^fference.:in the 
lengths of the two segments. ' "■. ^ ^ 

^Sometimes it- is .more convenient t6>. record a. length of 31 
inches as . -2 feet 7 inches. ^Vhenevei? a" length is recorded ' 
-using, more than.one unit, it is understood that the i^ecislon .of 

■ the. measure is indicated by the smallest 'unit ^namegl. ' A length 

■ of the nfeasvre is indicated by the "smallest uiiirt named. A length 
of 4 ■ yd. V- 2 -./ft. 3 in. is -precise to' the nearest inch. ■ It ' 
is closer to ^ yd.- 2 ft.. 3 in. .than it is to either 4 yd. 

^ 2 . ft. 2 : in. or 4 ■ yd.^, 2 ft. k in. A length "of ' 4 yd. ^ 
. 2 ft. is interpreted to mean a length closer. ^to- 4 'ycj. 2 ft. 
than to. 4 yd. 1 ft: or V yd. Tt. ^ However, . if this 
■segment -were measured to the nearest inch we^ would have to indi- 
cate this by 4 yd 2 "ft. C in. or 4 yd. 2 ft. (to the 
nearest inch).- IJhe^dif ference in the precision of these measure- 
ments. Is < marked. VJhen..the measurement is inade to the nearest' - 
foot, ■ the interval v;ithin whiph tbe' length may vary is one foot ; 
when the measurement is. made to the nearest . inch, the 'interval- 
within, which the length may vary is one^ Ihch .- ; . ' V 

An application of linear measure is the calculation of the 
perimeter o|. a polygon. As an introduction to 'perimeter, . the ' 
pupil shoul^^be' made aware of the 'fact that length is avproperty 
of a curve,' wMch is unchanged if a representation of the curve 
is moved^r i>r- it becit and' changed in shape. Thus a .\;ire .* 
represei^atio.n of any curve .may be i^traightened- out to^represent 
^^a line -segnent- and its length may fchen J^e measured with a ruler. 
^VThe preS.enta.tion in>this linit strefises.^the_, concept of perimeter 
;..6f a poli;gon .as- the vlength,. of the polygon. *If the. lengths, of 
the. sides|^oif^a polygbn^'are?:- knolvn, we may find the perimeter' 
■rea^iily^by^Qding ^fe^ of 1?he segments, provided ^t he 

s^e unf t' Vs^sed. ■ The plausibility of. this procediit'e arises 
fromtt'he- definition, of Vperimeter as a length, and 'the nature . of,. ■ 
length as uncharging when tjie curve ds^ reallfeped. ' ' / : •<» 

- '. • , ' ' * ' , • * . r ' ■ ' ■ • , . ■ i 



CONCEPT 



The unit for measuring Tnust -be ' of the. s^e nature as the thii^g 
^ be measured: a line segment as a unit :for measuring line".' 
segjients, .art angles as a;unit for "measuring angles, etc. '-For 
convenience in cojnmunication, standard units (foot?^. meter,/ ^ ■■ 
degree, sc^uare foo't, square meter, et<5.) are used '■ 



The measure.;^*^ 'a geometric object' (line segment, angle, "plane ■ ■ 
region, solid region), in . terms of a. un^J i'3» the dumber (not- - *' 
necessarily a whole number) of times thi-unit will'fit into the ■ 
object. , ■ . 



Measurements* yleid underestimates -and overes>timates of measures 
in terms 'of whole' numbers of Units: In the\case ot line 'segments " 
and angles, they also -yield approximations to the nearest whole ■ 
nuxab'^r 'df units. . ' . * ; ' ^ - v * ■ ' 



Segments - ancT, re gixxis. can , be thought - of as mathematical models of 
physical objects. Physical term3. are used.to describe the . 
: physical -objects, and the physical ' terms: "aVe alsO' used-^'in -discus- 
sing mathematical models .' ^This is ' acceptable' provided the " 
correct mathematiaal>interpretation .of the physical* terms f s • 
understood. ^ • 



A cur(^ in 



space may - have length, 



Some/ measures of a figure may be calculated from''6^er measures*' 
or:jthat figure. . . ; ' .■• ... 



Disjoint "seGments "(several separate pieces) may also -t^aye -the '-- " 
•property of length. \ . ■ . ' '>^r: : 



LENGTH 



A line segment is a set of points consisting of tv/o different 
points A and B and all points -between - A and B on the 
line containing A and B. Sometimes we say "segment" when it 
is clear that//."e mean "line segment". 



V/e use a^ line 



segment as. a unit for measuring line segi^iiits. 



¥e use the vjord ''meter" to name the segment which is accepted' as 
the standard unit^or linear measurement. We use "inch," "foot," 
and "yard" to name certain other units which are defined v/ith 
relation to the standard unit. 



The measure of a line segment in terms of a unit is tlB nxmber 
(not necessarily a whole number) of times the xinj^t will fit into 
the line segment. ' The unit segments may have common endpoints 
but must not overlap. 



In measuring a line segment, a's the unit becomes smaller, the 
interval within -*fhich the approximate length may vary, decreases 
in size. The precision of a measTSStement depends upon the size, of 
this interval. The smaller the unit, the smaller the 'interval 
and'^he more precise the measurement. ^ • 

The length of a line segment in t^arms of a unit consists of (1) 
the. measure of this segment in terms -of this unit together with 
(2) the iinit used. Example: The length of this segment is 5 - 
inches; its measure (In .inches) ip the number 5. 



Many of the familiar curves in a plane or in space also have ^ 
length. ^ We can bend a wire to the. shape of the curve "and then 
straighten the v;ire to represent a segment. 

We can calculate the perimeter of a triangle or other polygon." 
,If the measures of the sides of a triangle (where the unit of ' 
measurement is the inch) are 4, 5, and 6. then the perimeter 
of the triangle is measured by^the ^number ^ + 5 > 6 or I5. 
• We say that the perimeter of the triangle is 15 finches. 

A figure consisting of several segments that- do not touch may" 
have .length. The measure of. the figure in terms of a given unit 
is the sum of the measures of the separate segments in terms of 
that unit. 
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TEACHING THE UNIT 



Each section of tMs imift'^s divided 
into activities of an e!Kplora.toiy nature and 
Exercises. In most aectiisms, a generaliza- 
tion will? be reached Witn the completion of 
the activities. Howev;^, In some cases, 
demonstrations '-or .additionaa teacher-di- 
rected activities njsty be necessary in ol»der' 
to reach the desiped generalization, 
J 

The pupils^ should work independently on 
the Exercises/^ Since the Exercises serve . 
not merely 'f^r maintenainc'e and drill, biat . 
also Are SMietimes developments in character, 
it is ?"agge s ted that • clSss discussion of . the • 
.Exercises foll6w. their completion byvthe 
pupiil/. 

You may want to have the pupils study 
5iiie thing on the history of measure. There 
/aa:e several goQ^,reference books and com- . , 
^merQial charts [sriiitable for such work. 
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COMPARING SIZES 



Objective: To deve|pp the following iinderstandings 
skills: •. 

1. The size of a collection of separate 
(discrete) objects can be'found by 
coxinting the objects. 

2. The size of a continuous object, such ■ 
as a line segment, can not be found 

by coimting only. • , 

• • ■ • * 

'5. The sizes of two collections of discrete^ 
objects may be con?5ared )vithout counting, 
by a "matching" process. 

.4. The sizes of two line segments may be.. 
con5)ared by laying- a copy of ' one on . 
■ . the either. * . ' • 

5. A model of a cxarve may be "straightened" 
without chawging its length. . 

'6. A con?5ass is a useful device for ♦ 
congjaring sizes of segments. 



I^terials Needed: 

Teacher: Collections .of small objects such as 

\ Jacks, marbl^e^, pencils, erasers, books, 

' string, chalkboard compass," straightedge 

Pupils t String, Cfixr[pk&s, crayons . 

Vocabulary: . Line s^^nent,'i^k:urve 

.291 
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Questions About Size ' . 

This, exploration serves .-as an introduction 
to the comparison' of ^sizes, 

Comparing Siz#s Without Counting ^y'' 

. After '-the. pupils complete the firstvfour 
exploratory exercises on page 461-2 lg. the puplls» 
"6ook, activities- similar to 'the one below should 
help give' .them more insight on comparing sizes 
without counting. Pupils shcuTd^.draw representa- 
tions on their papers and match-'bbjects. by . * 
drav;ing a line to match one member ^ of a set with 
one. member of 'the other set. They should be led- 
to 'the generalization that one se,t' IsMarger 
than vthe other set if, after matching, it then * 
•has unmatched members. . ' ' ' ' 

. Below'- is an-' egg box and' a set of- eggs. 'The 
line matches one egg .with one place in the box. 
Represent the- box and the egfes on your paper, 
mtch each egg with a placeMn the box/ if 
possible. > . 




a - Q- 

0 0. 0 o\. • ' 

a © 0 • 0 

' ' 0 'QJo. o 



Are there any spaces without eggs?. 
Are. there" any eggs v;lthout i^papes? 
.■■Jhich set, is larger? " ^ 



Using a Compass to Compare' Segments 

* The use of the compass to compare slgnents 
is reviev;ed in the. Exploration of the section 
cn Usln^ a Compass to Measure Line Segments . 
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Chapter 9 
LINEAR MEASUREMENT 



50MPARING SIZES 

■ ' ■ I' 



est ions About Size - 

Expjoratio?^ 



./ . How^many^ of the questiorig you ask and other people ask ^ 
rbegln, "How/niuch?" . "How many?^l "How f ar,r" , .. 

• ' We say/ "How many pupils afe thei?e in your class?" 

/ _ ^"How long is- the hall outsiji(g yoiir classroom?" . 
./ "How far is it to New. York?" ... 

T6 answer these questions^ we .use n^unbers. ' 

There are 32 pupils in the. clas€. , ' 

The hall is - 320' ,feet long. 

It is' > 750 mires to New' York. . ^ 

• Answers to some of these questions can be found by counting. 
Other answers can not be found Just by counting. Vftiy? ^ ^r^.,..<.c 
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Which of these, can be found just by .coxmting? ^ 0 ^^^^ 



1. 


«^ The 


. 2. 


The 


.3. 


The 






4. 


The 


^. 


The 


6. 


The 


7. 


•Th:e 


8. 


The 


9. 


How 


10. 


■ The 







ingth of a book she|f 
6. The size Qf a rock collection 



■Ehink of a rock^ collection. . VJhat can'^you tell abou^j ^he 
rock collection, by counting? Is there something you cannot 
tell about the size of the rock collection by .coimting? 



You can tell the size of a rock collection by counting, 
because each rocjc Is., a separate thing. A r.ock may be large 
or small, but it is one rock. 



You cannot tell* the 'size of any sir^le rock by Just counting. 
tt is oneaDck, but it may be large or small. 
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COMPARINO SIZES WIT^IJT COtJNTING 



Exploration . ' 

'^•'i ^ ./' 



o o- o o 

o O 'o' 



•0. 



O .0 o 



o: 



A - A ^ t> 

A A' A A 



t 



Without coxmting, how^can you 
tell which "set has more menibers? 



A scout brings a bag of , candy bars to a den meetitig. 
What Is an easy way to tell,' wltriout counting; whether 
there are more scouts or more candy bars?/(^-A-^ 

. .. ^ I 

■ ^ ■ •' . ' . . 

- In a school storeroom there Is a supply of desks and . ' 

• * * . ! V 

a supply of • chairs. How can you tell which suppi^y 

Is larger? ( ^ JLi^ ) • 
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5. 



How can you tell hov^ the attendance at a movie 'compar/s | 
ivith the' seating capacity? -^^JLtL <Jl^ j^tJSL, 



^. ' How/cjan you tell whether there are more hot dogs or 



' more bunsr 



You can compare the sizes of singly objects whose size 
can' not be found by Just counting. 

5. .Here are pictures* of two pi^es of rope. 





ft' 



V "Whiah rope do you think is longer, A .or B? 

, If you had the ropes instead of the pictures, 
how could you tell which is longer^ 



To compare curves like thosfe in tfie pictures, * lay a - 
1^ ■ . • ■ ' ^ 

string along each curve • ' Then 'straighten out the strings-. 

/' ' ► 

*hat geometric figures 'do the stretched-out strings represent? 

^ 3 S / 785 ' ; . 



5. Suppose you wish to compare TS and '315. 



B 



To prove to someone that W . is longer than 31, '^stretch 
a string on JS. With your fingers, hold the points of 
the string that fall on A and B. MDve the string and 
place it on 'US with one endpoint on C. Is the other 
endpoint on D? Since it is between C and • is 
* longer than aS. How is/coinparing segments,' to see which 
^±s the^ longer, .something like matching groups of separate 
objects to compare the sizes* of the groups without 
coTonting? /X X^^e^,-^ c-^y-A J^^^^^z^^i^ ^.^^^ 



7: There are many things Which are enough like o\ir idea of ' 
, a line segment so that we can think' of them as line ■ 
segments; for example, • . 

^ . a stretched string, 

• some pencil marks on paper,, 
■the edge of a table, 
a -pencil . 

Name several othgr things which .we ' might thlrilc of as^^ 
line segments • ' 
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Remember that between any tv/o points- in space there is 
Just one jjjie segment. If we have ^ any two objects, which 
'we think of as points^ -we can also think of them as 
endpoints of 'a line segment. This is what we nfean when 
v/e say: • * • 

• / 

the distance between the two tips of a' compass, 
the distance between the earth and a star,- 
[ the distance from home plate to second base, 
■ the height at which an' airplane flies. 

Nanje several other ways we think of line segments by • 
thinking of objects as their endpoints. 



The way you, go to school is probably not much like a. 
line segment. A picture' of tt might look like this: 



*We can still talk about ^the distance you travel in going 
to school. iTour path can be thought of as a curve, but 
not as a line segment . * What does distance or length 
mean for curves? We, think of the curve as represented 
by a piece of wire or string. . Then we imagine w 
straightening out the wire orj string to represent a line 
segment. • ' 
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Exercise Set 1 



Use strings to compare the line' segme^t^ and otrf^r curves* 
Copy each sentence below the figures 'and ivrite "longer" or 
"shorter^" in the space, 

^ . ' ' " . ■ 



B 



. C 



AB is 



than CD. 



W 



RS is 



than TO, 



B 



Curve A is than .curve B. 

788 " ' 





N • 



Curve Z is 



789. 



ERIC 



than, curve N* 
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^IJSING A COMPASS TO COMPAEE SEGIffiNTS 

■ - 

^ v.: • Exploration 

Is ls> longer than C^? 



B 



Recall how yoii have used a compass to compare segments. 
Place the points of your compass on C and D. 




- _ C D 
Without changing your co^ass, place the sharp point on A. 




Draw a small part of a circle which intersects aS. 
Label the intersection E. 




E is between A and B, so AS is longer than IS,. 

aE has the same length as C^, so AB is longer than ,C5. 
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Exercise Set 2 

I 

Trace the following figures on your paper. 
Use your compass or string to help you compare segment 
Copy and answer the question for each 'exercise. 
Color the unmatched part of the longer segment . 



Which is longer, aE or c5? 




V/hich is . longer, ^Sb or AC? 



V/hich is longer, T5E or EP? 
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Ifcasurlng a Segnent 



- You may wish to use some measuring ^ 
instrument other than the pencil or handy 
spans. Toothpicks, chalkboard erasers, or 
any other set of objects all of the same/! ' 
length would do. In addition to the activi- 
ties suggested in the Exploration, give/ the ' 
pupils other experiences in measuring objec'l 
in the classroom using non-standard xinjt 
segments. . Use as measuring instruments sucl 
things as these: a piece of string with .tWo 
knots about ten inches apart; a pupil's fodt; 
a walking- step; the . edge of a sheet of paper, 
you may wish .to' engage in more activities/ 1 
similar to the one given in the Exploratidn 
on Measiirlng to the Nearest Unit of the | 
pupil text before assigning Exercise Set 5- 
Discuss the resiilts obtained to en5)ha3ize: 

(a) The unHS of . measure for a line segmeijt 
iSr.a line segment. ^ ; 

(b) The measure is a nmber (e.g., .the 
measiore of CD o may be 7); ■ ■ - 

(c) The length of a segment includes both 
the measure and the unit of measure. : 
(e.g.,. 3 Inches, 7 feet, etc.) ' 

(d) If, a segment is measured with different 
units-, the larger unit of measure is. 

• associated with "the smaller measure. 
For exampl-e, the measiore of the -desk 
edge in pencil units will be larger"' 
than its measure in hand-span units, 
^ if the hand-span is longer than the 
pencil. 

(e) The measuring instrument must be used 
^ with care, so that successive unit 

Segments intersect in their endpoints, 
and only in their endpoints (i»e., 
^ they have one and only one point in 
common. 
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MEASURING SEOIENTS- 

Measuring a Segment . ' 

Exploration 

^ You know that you cannot tell the size .of a segment by Just 

looking at it counting. You can .tell- how long it is by 

. comparing it with some other- se^eit 

How can you tell how long 
your desk is? ^-^^^-y.^ 

What geometric figure does 
the edge of your desk 
represent? U .tA^^^^i) 

.1. Take your pencil. 

Lay it along, the edge of your desk, with one end on the comer. 
Put your finger on the desk at the other end -of the pencil. 
.. Lay the. pencil down again, from that point. 

, How many p^cils long is the edge of your desk? {/U^^^ri^^ 
Give your answer to -the nearest whole nxamber. ' 
2. People often use their hands to tell how long a segment is. 
spread your right hand^so the fingers are as far apart as 
possible. Place your right hand with your thumb, sm the left 
^ comer of your desk. See how many hand-spans long your 
desk is . ( A.^.^ v^i/-^.) 

The segment represented by your pencil or your hand-span, 
is called your unit of measurte . 

0516 number of pencil-lengths or hand-spans it took to cover 
the edge of your desk is the measure of your desk. A measure of 
your desk may be f. • . 

To name a length, we use both the measure' and the unit of 
measure. A length of your desk may be 5 hand-spans. 
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.! Bcerclse Set 3 

Copy and complete each of , the sentenqies. 
1. OuiCfamily drinks 3 quarts of milfc .each day. 



a. .The. unit of measure is 

b. The measure is (3) 



c. The amoun,t of milk is . 



2. dog weighs iS pounds, 

a. The unit of measure is 
- b . , The measure is 



c. Its weight is ^// y u»^i.-^J \ 

3. 1^ desk is 9 chalk-pieces long. 

a. Its length is (j cJ^^ ^g^^^^j^^^i 

b. Its measure is ^ i^J 



c. The unit of measure is 

In Exercises 4-9 use .the words length, measure,, or 
unit of measure, so that each sentence will make sense. 

4\ It takes 6 chalk-pieces to ^over the edge of jny desk. 

Its (,^^ < ^.i,^>^) is 6. 

5* r^r desk is 4 pencils long. 

Its is 4 pencils. 

6.. .1^ desk is .4 ' hand- spans long. 

The {^C4^^ a... ^ j is the hand-span. 

7. 'The {^ ^m ^ M^ ^u^ ) in hand-spans is 5* 

8. ;^ The {jA^*^ I used is a segment represented 

by onfe pencil. - * 

9. The edge of my desk has a ^"^r^^J of 4 pencils. 

- 794 505 
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USING A • COMPASS TO MEASURE LTNE SEGMENTS 
. . . ■ , . Exploration . 

Ve want to^'flnd^the me^siire of UU. ■ 
We use our coii5)ass to help us • ^ 
. measxxre a line segment . * 



Our unit of measure is AB. 
Here is JS. ' ' ' 

'\ A* 



We /lay. off the unit on " 

We lay off AB on three times. 

We label the intersections E and pj 
See the picture below, * . ■ 



Wer say the measure of 7^ is 3, 
We write: m cI5.= 3. 



What is the measure of CE? ("^ ^ =/) 
What :is the measure of CF? (y*^ =- ^} 
What is the measxire.of ^? C ^ 
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• . . Exercise Set ^ j, 

'Copy each of the^ segments* in exercise 1 and 2. 
Find the', measure of each segment. 

•1. ' • • ' -■ 

R '' unit 



2. 



M 



IE >!P = V ^ 



'<i— IjJHt 

H»^- ■■ — 'S 

- • , : ■ mm = 

3. ■ Tell the measures of the- segments in the figure. 



-I — i . { i> ' k I ' 



m BE = C^} ■ .m CP = [3) 

^ Write the npdne of any segment *Jhlch has the meas\ire given. 

Use .the up/t-and figure for Exercise 3v 

m ftC. =2 m /iB = 1 - 

/ ' / n> Sc. = / 

Vw !)^- 2 j . . \ 

796 30? 
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lEASURING TO THE NEARESr^UNIT 

Exploration 

We want to find the measure of 5w. 



w 



We. use TJE as the uijit of measure. 



"This picture shows how we can find the measure of ZW , , 
using IE as lanlt. 



1^. L 



How many times can you lay- off the unit on ZVT? 
m 21 = 4. Is m W larger than ^T^'^why {Jju-^S--^^*^^ 
... m ZP = 5. Is m ZW smaller than 5? v?hy? (A*_^ '„'y%f'^^'^^ 
The measure of ZW is Ijetween '4 and 5 unitss^ 

Since W is nearer to E than P, l?e say • 
m 2w = 4, to the nearest unit . 
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' ' ■ Exercise Set 5 " ' 

Trace the figures in each of the' following exercises. 
Find the measures of the segments to , the nearest unit. 

- 1 . . . 



•2. 



3. 



B ■ Unit 



•The length of AB is greater than 12^ xznits l?ut 
less than units. . • - 

m JS = ( (to the ^nearest- unit) 



C ~ " 'd Unit 

■The length of CD is greater than C^3 units but 
less than units. 

m ^ =' (4) (to the nearest \init) ' 



r" '. ' i ^ Unit 

The length of is greater than . units but 

less than (3) ^its. 

m RS = (to the nearest unit) 



798 



BRADEPVftSTERt 



On 1C draw a segment whose length is the length of 
the cxirve ABCD. - - 




Now find the measure of curve ABCD. Use W as \inlt. 



UnH 



■•Y 



Th^ length of curve ABCD is greater than (^) units 
but less thatn is) units.- 

n\»ABCD = (4-) (to the nearest unit) ' 
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USING STANDARD UNITS OP IJENGTH 

To develop the following understandlijgs 
and skills: . 

Units of meas\ire of standard size .came 
into use. for purposes of communication. 
Their size is fixed by law. 

Many units of measure which are now of 
standard size dgv^loped from non- 
st^dard units.. 

Two "uiiit segnents ^of standard size 
are the inch in the British-American 
System, and the centimeter in the 
Metric System. 

Materials Needed: 

. Teacher: Chalkboard compass, straightedge 
Pupils: Compass, scissors, straightedge 

•Vocabulary: inch, centimeter ■ 



objective: 



1:. 



2. 



•31 Z 

800 



Children may be interested in the ways 
in which the local government controls the 
measuring instruments used by merchants. • 
For interesting reading on the -development/ > 
of measurement, see . ^' 

. 'Hogben, Laaacelot Thomas, Wonderful 
World of mathematics s 19^5 (6arden 
. Cityj Soubleday, " 

Newman, Jam^s R., ed.. World of 
Mathematics^ 1956 Simon and Schuster, 

Interesting reports on topics relating 
to measurement may be made by pupils, using 
encyclopedias and otlier reference sources. 

• / ; ' ■ r ■ ' 

Following the section on Using > Standard 
Ufaitg of Lengty in the pupil « s book, an oral 
exercise in which the pupils supply the name 
of a standard unit which woiild make 
sentences sensible wovild be in order. The 
following sentences are samples of §uch an 
exercise. 

,\he school "nurse says I weich 

mother buys' y ( 5>^^^/-^^^ J 
of milk a day. - — "7^^ ^ ^ 

This was a warm day. The thermometer 
read 80 ' | ^r/^^^tt^) 

father stopped at a filling' station . 
and bought 10 / ^^^M^ ) . of gas. 

We drove to a, town 80 U-^) . away 
to see my axint. It took us 2 U^- ^') to 
get there; - ^ . 



In the pupil^s bocks, the compass 
marks, do not show on the segmerrtTs repre- 
sented in Exercises 1-8 in Exerciser Set 5. 

In this section the pupils-make and use 
an inch and a centimeter scale. 
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• USING STANDARD UNITS OP LENGTH c 

^ ' ■ '*! ■ ^ 

^- . * ■ » ♦ ■ 

; . ' . Exploration ' - 

Suppose a* team of , boys fi»oin your school were going to 
play a game of baseball with a "-team from another schoo3r. "if 
the other team brought a baseball so large and. heavy you 
■ could hardly lift it, wjtiat would: you say?* You would probably 
say, "We will 'not play with that baseball:. It is not the 
standard, size and weight." What does t hat mean? Can you 

• find but' the standard size of a baseball? 

■- You have been using- units of measure which were 'not . 
of '"standard" size. Now we shall use standard units ^ which 
are used by a great many people and which always mean the 
same airio\int. The 'size o£ a standard unit is- set by law. 
Your encyclopedia contains information about the National . ' 
Bureau of Standards in Washington*^ D. C. 

. In which of- the following sentences are standard \inits 
used? 

1. * He is as strong as an ox.^ \ ' " . . 

2. ^Put in a pinch of salt. |. 

3. We get }^ pint of milk forltmch. 

4. The- com is knee high. 

5. ^> I' used to- live a day* s journey from here. 

You are familiar with many standard units.. Name some • 
of ; these \inits. 
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• ; primitive people Jiad 4ittl^ need for ^st^dard units. 
If the^c&vemaif likSd the. size/of -his ne^-ghbor^s spear, he. - . 
could borrow the spear and ^^opy its length. Or, he . couid 
.think, ">men f|he . spe^ is held with one end on the ground, ^ 
ttie other eni^reaciies ;ny sh Then, he could make "a 

• spe'ar; with that ;saine length. , • 

. ' ;.. Many of the standard units which we use came from units 
.which were not standard. OSiese were used people long ago. 
" Many of them came from using parts of the body. 

An inch camc6 from tlje use of a part of 
a finger as a xmit of .length. Can you 
find a part of your finger which is 
about inch long? , 





■5 . ■ J' 
A foot came from the length of a 
person's foot. is your foot shorter 
or longer than a fqot ruler?. 




A ycird was at one time, thought of as- 
the distance from the tip of a person^s 
nose to ''the tip of his middle finger, 
when his arm was held straight out 
'fron/the shoulder. Is the distance 
from your nose to the tip of your 
finger as long as a yardstick? * ^ 
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Here, is a model of a standard umlt. 
You have often used this unit.,. 



B 

— 1« • 



. Inch 
It Is the Inch. 

ijame some objects you measxire in inches, 



Here is a model of another'^ standard unit. 

This unit may bje nev/ tO'^ou. 

4^ ^ V 

R S ' . ^' 

It is the .d^^ntimeter.. -V) 

. % . • 

If,.you lived in Prance.,, or In many other; countries, 
you. would use, this unit segtaent Instead of the -Inch. 
; Scientists in all countries "use this unit.- ' 
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Exercise Set 6 



Trace each figure in exercises 1-8 on yoiir paper • use 
your conpass or string to find the measiires of the segments. 

Copy and complete the statement for each exercise. 

'For exercises 1-^, use , TS as the 
iinlt segment. Give your answer to the 
nearest inch., 



A 



B 



1. 



C 



H — I 



m 



, in inches 



m 



EP = (^) , in 



inches 



3. 



m 



, in inches 



M 



m in inches 
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For exercises 5-8, use ^5- as the 
vinit segment. ^ ^ g 

. Give your answer to the nearest centimeter. 



5. 



-« 1 h 



to LM = , 
in centimeters. 



6. 



N 



AO 

in Centimeters;; 



7. 



8. 





m 75 = iiJL* 
in- centimeters , 



m W = (2) , . 
in centimeters. 
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9. Make two copies of 

Elnd the measure of UK 
In Inches. 



Then flftd its measure in 
-t centljneters . 




inch 



centimeter 



K 



• m W (In inches) = 

m SIT (in centimeters) = (/) 

10. Draw DE. 

D — : — >• B 

(D-^-S _ . ^-2- .►E} 



CAi DE draw a segment whose measiu'e. In Inches, Is 3, 
Label it W.^ 



Draw PS. 

P 



(p.-. * . > ^ — ..sj 

OnNPS^ draw a segment whose measure in centimeters 
jts 3.^]^bel it 2^7. 
m 7B, (in inches). = 3 
^ m W (in centimeters) = 3 • 
Is m congruent to 2?? f?i j 
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SCALES OF MBASUSE 



Objective; To develop the following understandings 
and skills: 



1, A linear scale is a device^ fjir convenience 
in measuring seg)nents, 

2, A linear scale is constructed by 
laying off imlt segments consecutively 
on a ray, Ehdpolnts of consecutive 
segments (called scale division points) 
are assigned consecutive whole nxambers, 
with 0 assigned to the endpolnt of 
the ray, 

3, A compass and linear scale may be used 
. to measiire a given sequent • 

^, When a linear scale is used to measure 
a segment, the measure is determined 
by the number assigned to the^ scale 
division point nearest the endpolnt of 
the segment. 



Materials Needed: .. 

Teacher: Straightedge, chalkboard compass 
Pupils: Compass - ' 

■ ' • ■ . * 

Vocabxilary:' Scal&, linear scale, r (ray r}/ 

Inch scale, scale division. 
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SCAtES OP MEASURE 

Making Inch and Centimeter Scales 

^ Exploration 
When you are measuring segments, it is convenient, to have 
a scale * 

Follow these directiorig, to make an inch scale on ray r. 
(sometimes we name a ray by a single letter as rt) 



Inch 

.- ■ ' r 



1. Write zero below the endpoint of r. alien use your compass 
to copy the inch uHt se^nentj beginning at o. Label the 
other endp'c^nt i . ^ 



r 

► 



2. Copy the inch unit segment again, beginning at 1. Label 
the other endpoint 2.. . 



1- , 2 • 



5. . Continue copying the tiSSit^.segnent until yxjw have copied It 

five times. Label the endpolnts. ofN^he lonlt segments. 

Write "inch" below 0. 

Does your drawing now- look like this one? 

i — »— ^ — 1 — I 1 — ^— ♦ 

0 1 2 3 Ji c 



Inch 



Save yoiir scale. 
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4.* Trace ray s.-. On ray s inake a centimeter scale. 



» 5. .What Is. the largest number on your centimeter scale? 

^ ■ , ' ' '» , 

Wh9.t IS ^tne largest number on your Inch scale? (^^: . 
• Does your centimeter scale look like tills one? 

oT 2 ,.3 i 5 6 T 8 9 ^ W ^ 11 12 13 14 
centlMt«r 

Save your centimeter scale, too. 



6. YOU can use your scales to find the measure of a segment 
In Inches and) In c^tlmeters.. " 

copy and find the measure of In Inches. 

K . — : • W 

Place your compass with the points on K and W. 
Without changing your compass, place the sharp point on the 
zero-point of the Inch scale and t4ie penicll point on the 
ray. What point onlfehe scale Is nearest the pencil polnt?^) 
What Is Its nuinberl^^^What is the me^Usure' of Sff In Inches^?"^ 

7. Plnd the measure of IW In centimeters.^ Use jpvc compass^ 
and scale. 
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Exercise Set 7 

Using your Inch scale and your centimeter scale, find the 
measures of these segments* 

• ■ ■ /, 
Plnd the measures in Inches and In centimeters* 

A ^ : : : k 



m IE (m Ipohes) = (^-J 
m ^ (In centimeters) = {7j 



2. 



3. 



m jSJU (in Inches) = (S) 

ra "55 (in centimeters) = . (ff) 



in 13? . (in inches) - 

m EP (in centimeters) 



' IS) 



32: 



811 



ERIC 



P485 ^. ' - 

In these figures, the en^^olnts of one segment are named* 
^nd the Bjeas\ire of the segment, lai centimeters. * 




m "35 (In centimeters) » (s) 




USING LINEAR SCALES OP MEASURE . 

Objective: To develop the following* imderstandings and 
skills: " ' , 

-1. A straightedge marked with a linear scale based 
on a unit segment of standard size is a ruler. 

2. To measure a segment with a ruler, place the - 
^Tuler along the segment with one scale division 
point of the ruler on one endpoint of the 

v ^ segment. 

3. If the' 0-point of the scale is on one endpoint 
of the segment, the measure of the segm'ent is 
the number. of the scale division point nearest 
the other endpoint. If the 0-point is not 
"used, the measxire is the difference between 

the numbers at the endpoints of the segment. 
Note that sometimes we place a ruler in 
different ways becaijse the end of the ruler 
■ ■ ■ J is worn away. 

Materials Needed: , 
. Teacher: Straightedge, con^jass 

Pupils: "Straightedge, con^^ass, cardboard ruler 

vVocabulary: Ruler ' . " _ . 



You may wish to suggest that,, for 
cau?eful measurement, it is helpful to use 
a cc3i5)ass and ruler, in the same way as 
the con^^ass" and. linear scale Vere used in 
. the previous section. - ^ 

The Inch Scale and the Centimeter Scale 

In the previous exploratipn a scale 
and a congpass were usedw This^ explora- 
tion introduces the use of the scale alone, 
Many children will be familiar with the 
inch scale but they probably have had 
little opportunity to work, with the centi- 
meter scales.. 
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' THE INCH SCALE AND THB^CENTIJETER SCALE ' ■ * 

' Expldration 
YOU have made ^ inch scale and a centimeter scale.. 
You have used i these scales to find meastires of line segments. 
You have found measures of line segments in other ways, too. 
Now we will use only the scal6s of meas\ire. 

We f ind^ the length of 7S. • 



1. We can placfe our scaie along 3S like this: 



\ 



B 




2. Here is another way-of placing oxir scale. 
IBiy^l^jld you pla^t^the ruler in this" way? 

k . . . " • 



B 




3. Are there other ways to place the ruler to find the " 

-length Of m(!i^.J^ fy^ J ^^-^ ^J^^i^ 

The length 1>f IS is 3 inches. ' 
We write ^m ^Ss,=^J 
We read: The measure of AB is 3. 

■ 814 ■ ■ '^^O- ,. 
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When you used the scale to find the measure of JB you used, it 
as a ruler . ' A ruler Is a straightedge with a scale on it. 

4. Which of these drawings shows the correct way to place a 

ruler to measure a segment?'^ vn-iirory. ^ e^^yt^^J'*^ 
* " B A. B 




ol . ll . 




Inch 








tte neareat inch. 


• 




Place the scsde^ 



^•alplg ^ as in" the ' :; ' ''■^\ 

^ ; ' ' ' :■■ ^ ' - : . 

What point , on the scale is beiow C? { D) 

;point D - lies- between wha|^: two ^points on the' scale? {^3<-J^3 

Ts D closer to- 5 . odt ^ ^ on the scale? ^ , 

What is the length ^of ; 'US, to the nearest Inqh? /V-^-^i;- : 

^sGive two other .ways': tb use the scale to measure "SU. 
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6; Here are pictures of; some line segments. ' 
-Find the length of each segment^ to the nearest inch. 
Then, find the .ierigth of each segment to the nearest 
centimeter. 

v; Tfie abbreviation for "centimeter" is "cm." 
'••..Write your 'answers for each as has been done in -the first 
one. ' 



a) 



C 

I- 



Length of ^ is 5_ in., to the nearest in, 

■ .■ i 



.Length of CD is _7_ cm., to the nearest cm. 



^ ^ — ' ^ 



A I- 



-f- 



iB 




d) 



0 



7. Draw a segment 8 cm.- in lejigth. 




8, Draw a segment 2 ..J^r. in length. 
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■ . ■ Exercise Set 8; ■ : . 

1. Fpnd -ihe length, to the nearest inch, of one of your pencUs. 



'[^\ /.'^'^;MP -^,^^^ of the same pencil In centimeters. 

3.V : Wlm of SE, in inches?l^^t Is Its length 

'V v .-'i^i centime tera^ • - '. . , . * 9 

• . ■;„ ; ' ' - ^ ' 

5^ ' is inches; lop^^ is its length in>centimeters'?'^ 

5. ^ Draw a segment that has a length of 5 inches. " 

'i ^ — — •' ' ' ■ ■ ; ■/ ' ' ■ . ' 

6. Draw a segment* whose measure, in Inches, is' 4. . = 

^J— — !- . , ^ . 



4-7* EJraw.a segment whose measiore, in centimeters," is lo. 



Draw a segment that has a length of centimeters^ 

.9. Copy, the .sentence and write the words inches or- 

^ in tJie_ blanl?s so as to make .'_t;he sentence.' 




A segment which is S:^' ^:^^) in length is longer ^• 
: than a se^ent which is . 5 (cmCS,..^) i^ length. 



'■ .• /. ■ ' y... , r - • ^ ■' . f 

'Objective^ the following understandings, 

-"v. .'.'and skills: : . . . \ . * ' 

.lv;;./Iri- th^^^^B^ System for linear 

• V-'* measures 1 ' foot is equivalent to .12 
i;;-;;lnchesi' ' 1 yard is equivalent to 3 feet, 
';Vand . ;l .-inile is ^.equivalent to . 5280 feet. 

2^^ ' -Fc5r. convjeriience, - lengths may ^ expressed 
in' mpre'.. than one'^>^ e.g. 2 feet 
3 iric'hes l ' ^ ' . 



3- ' The scale .used for measuring 'a segment is 
shgvm by .the smallest unit named in the 
length. ' \^ . 

' ■ ' . 

4. To find the combined length of .two segments 
or to find how tinich longer one segrnent is 
than another, measures which relate -to the 
■ same unit of measure may be adde$i.dr 
subtracted. 

Materials Needed: •>■ 
Teacher: Foot ruler, yardstick ' * 

Pupils: Car.dboard ruler, foot ruler 



You will need to. plan the activities, 
bf this section carefully. Individual 
or group work at ttie chalkboard may. be 
effective. YOu may prefer^to let groups 
work together on large pieces of wrapping 
paper. Each child, shoixld participaiie and 
actually perf onn the measurement. 
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OTHER STANDAED: UNITS ' 

Exploration s- 

The Inch unit and the centimeter unit are too small to be 
,used for measuring long distances./ As you know, larger uni-ts 
are used for this purpose. Three which you know are named the 
foot (ft.), the yard (yd.), and the mile (mi^J: ' : 

Recall what you know about these unit segments. ^- ' 

1, Draw a segment 1 foot long. DraW a segment 1, yard long, 

2. Draw other segments 2 ft., 3 .ft,, and k ft. long. 



t 



3. Measure each of the segments in ' inches. List your, results 
like this: * .• V . 

Length in feet Length in inches 

1 ft. Qs) inches ^ - 

r^K'- 2 ft. r^vj inches 

<:^:V-- :^. ;- 3 fi:- [31,) Inches ' - 

^ ft. r^g; inches ■ 

Which of these segments was •one yard in length? (i?/^*^'"?^-^-} 

^ . Draw a line segment l8 inches long. Name -it 3Si 

mrk a point C on AB so that 15.0^ 1 ft. long. 
How long is Sg? *//--!^^) 
■ The, length of aI is I 'ft. in. 

. 819 ^ \ 



5. v Draw-a- line--segment 29 in. long. Name it TIE.- 

.^.5ind.a, point C: on AB so that AC -is 1 ft. long. . 
Then flnd^a :point' D on CS so that . c!D is 1 ft. long. 

How long is '-in? ^ ^^^--^ ■ ■ * 

How long is VB? (^^'^ 

AlB is 2 Xt. . in. long. 

6. Draw segmerts with these lengths in inches. 
Then tell the length in feet and inches. * 



Segment 


Length in 


EP 


15 in. 




20 in. 




27 in. 




30 in. 


W 


■ " 36 in. 



Length in feet and inches 



) 



7. On m mark off AB whose length is 1 foot^ Then mark 

off BC whose length is 3 inches so that ■ C is not on. 

AB. What is the length- of in feet and inches? VJhat 

. is the length of AC in inct'S?' f/Jb:* ■■ ^ '^^ ^ -y^-^ 

fie.) ■ ' 



8. On k mark off RS whose length is 2 feet. Then mark 
off "ST whose length is 7. inches, so that T is not 
on ES. V/hat is the length of RT in feet and inches? 



What is the length of RT in inches? 
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9. Draw segments of the lengths given. Then tell the length 
in another way. ' 

Segment Length In feet and Inches Length In Inches 



'35 



2 ft. 1 in. • (2£-^.^ 



21 In. 



EP 



1 ft. 7 in." { j^^.) 

[%ft. /^.) 52 in. 



BRAINTWISTERS 



1. A mile is a distance of 5,28o feet. About how many 

•steps would you take to walk a mile? T^*-*— ^ ««~^-''-^-) 



If a car is traveling 6o miles an how, how far will 
it travel in one minute? 

Hov/ long does it take you to walk a inlle?^^ *---^-^^-^^^'^-) 



Suppose someone ran a mile in 258 seconds, fiow many 
minutes and seconds did he take*? J/*— i*-^^i'.>*^ 

Suppose the four men in a mile relay event ran their 
"quarter" mile in the times of \S seconds, ^^7 seconds, 
47 seconds, and ^^5 seconds, lifhat'was the time for the 
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Exercise Set £ 
If segments have' these lengths, which is longer? 



a) 


10 


Inches or 1 foot 




b) 




feet or 1 yard 




°) 


1 


inch or 1 centimeter 


0 


d) 


1 


foot or 10 centimeters 




e); 


1 


ft. 7 in. or 2 ft. 






28 


inches or 2 feet 





Look at each segment and its -measure, then write the unit. 

Segment .Length 
A — -■ . B AB ' 3 f^-) 

C D . C5 3 (o--) 

E : p IF 5 (^-3 



'H 



Complete: - 

Length in feet and inches -Length in Inches 
3f7 • 3 ft. 1 in. • (3?^.) 
m {x l>t. L 30- in. 

ISff- ' 1 ft. 10 in.pf (32 A-) 

. Pg . (3 J^. y^.) H in. 
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VrLte the name of the xmlt whlch"Tnakes the . sentence 
reasonable. Use centlineters ^ Inches^ ,feet > yards^ or miles . 

a) The seat of the teacher «s chair is . l6 [^.^.^JL.^ above 

the floor, \ 
. b) Helen is ih the fourth grade. Her height is 
130 _( J , 

c) .The lake is 4 \.^^ J *^ J .long, 

d) ■ The height of a tall man is. 2 Cy^JU^S) 1 , ' ^ * 
ej A crayon is about 10 (rt 't^ ttJ) long, 

f ) It is 2 . f3?om-Bob»s house to the park. 

If segments have these lengths, which is longer? 

HOW much longer? ' j 

VJhlch.is f How much 



. .', ' ■ ■ ' '• • / ■ Longer? T^^ager? 

./a® 23 inches" or ; .1 ; fbqt- ■■ '<■ ■ (, 23^.) - ' Qj^.] 

.■■■>).■ , 18 : iriohes-^oro 2 ' feet' ,, : ' : ^l ^^j pt) (l^.) 

c) 4 feet or ,1' yard '"Ajij^ (j ^) 

d) 1 ft. 8 in. or 16 in. ' j'^^.) 

e) 1 yd. 4 in. or 42 in. (va^J Uj~^.) 

f) 1 yd., 2 ft. or 7 ft. (7//.) U.^.) \ 

g) 1 mlle-Tor 3,495 feet ■ { ] i),i2S-^ ) 

you know that 1. mile, is 5,28o feet. Sow many-^^cai'^s^ 
is that?' ( /^nco >y^-) 

A Boy Scout can wallc a mile in 12 minutes if he .uses 
the 3oy scout pace. How many miles can he go in one 

how? fsS^y^*^*') 
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Pupil 


Height.. 


Bill 


. ft. 8 


Betty 


i^ ft. ',2 


Jim 




Helen 


;4'ft. 6- 



COI^BINING LENGTHS 
Learning to combine Lengths 

Exploration 

The teacher made a reco^ of the . 

heights of children in his 

foxarth grade class. 

The children taiew that he meant Bill's height was' ^ feet, 
and 8 inches. Betty's height was ^ ^ feet doad 2 inches, 
jim^s height was 5 ffeet and 0 inches. How many feet and 
inches is Helen's height? 

We of ten use more than one unit to ^tell siizes. 

How would you use more than one unit to measure the 
door in your ; classroom? ^^o^a^^^J^) 



2. Now we will learn how to combine lengths. 

Sue, Patty, and Janet ^are decorating a room for a party i 
They plan to put crepe paper around the windows. 
The girls had strips of paper with these lengths: 

Sue 6 ft. 5 in. / 

Patty 4 ft. 5 in. 

Janet. 5 ft. 2 in. . 

a) If they put their strips of paper end to end it 



would look like this: 

Sue's Patty'S 



Janet' s 



6 ft. 3 in. 



k ft. 5 in. 



3 ft. 2 in. 



To find the length of the combined strips, we change all 
measures- so that we use only one imlt. the inch. 

. How many inches of paper did Sue" have? ( 76'^.) 
How many inches of paper did 'Patty have? (^3^ .) 
How many inches of paper did Janet have?' (3^^. ) 
Now;we can. add the measures: 75 + 53+38 = 166. 
The length of the paper was I66 inches." 
, Express this length in feet aiid inches. /^>— ) 

b) We can show the combined strips by another sketch like this; 



6 ft. 



3ffi. 



4 ft. Sin. 



3 ft 2 in. 



c) Now let us think about' the coinbined strips in a different 
order. We can show our thinking by this sketch: 



6 ft. 



4 ft., , 



3 ft. 
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The answer could be found by ^ihg ;the .nieasT:u?es:'whiei^^ ■, 
with the same unit. > . 



6 + + 3 =13 



Usually we write: 



6 ft. 
^ ft. 
3 ft . 

13 ft;" 

6 ft. 3 in. 

^ ft. 5 in. 

' 3 -ft. 2 in . 

13 ft. 10 in. 



3 +^5 > 2 = 10^' 



„ Id 



The girls have 13 ft.' 
10 in. of crepe paper. 



Which strip. of paper is longer? 
Patty's 



a) 



Janet's 



4 ft; 5 in. . 3 ft. 2 In; 

The length pf Patty's paper^ in inched 
The length of Janet's' paper, in inches 
The lengthia are in the- same unit . 
We subtract the measures: 53 - 38 = n ' 



-53 in. 
38 in. 

•■ 53 

• • • ■ i ' 

15 ■ 

Patty's strip is 15 inches longer... thto Janet's, 
HOW many feet and inches is thls?.;|^*^- \ 

We can work the problem another way. 

We subtract the measures which go with the same \mit. 



^ - 3 = 1 



4 ft. 5 in. ■ '5 -.2 = 3 
3 ft . 2 in . 



l.ft. 3 in. • ■ 

The work is usualiy i^tten like this: . • 

^ ' > ft.\ 5 in- ^ 

3 ft, 2 in , • ' , ^ 
1 ft. 3 in. 

The length of Patty's paper is 1 ."f't. 3 in. more 
than the length of Janet's paper. ; - 



4. Martin, Charles, and John had a 
contest to see who could throw 
a football the farthest. See 
the record of their distances. ■ 



Martin 



Charl< 
>Iotef 



18 yd. 2 ft. 
16 yd. 1 ft. 
17. yd. 2 ft. 



a) 
b)- 

c) 



How much farther did Martin throw than Charles? (a-^-'J^) 
How much farther did Maftin throw than John? 6/ V- ^/^J 
How many feet did Charles throw the .ball? ( -^V/^ j" 
'How far was the football thrown* in three trieB?/j'/ 
Can we add the three measures? 

We can add only the m'easures which have the same unit. 
18 " 2 ' ■ 

^ 17 ^ 

^ ' - . 51 . 5 '. '' ■ 

Tlie football "was thrown 51 
the boys . ' 



by 



5 ft;- = 



/ 



yd. 



ft. 



51 yd.. 
1 -^d. 2 ft-. 
,52 yd. 2 ft. 

51 yd. 5 ft. is the same measure as' 52 yd. 
2' ft. . 
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Exercls.e Set 10 ••^'^^yj^^ ^^'^^l 

Dick- has two pencils. One pencil Is 7 inches long and 
one is 6' inches long. When put end to end his two 

pencils show a segment which measures f /'} ft. ( j) in. 

■ 

Jane has a piece of ribbon 2 ft. 8 in. ' in length; 
Sara»5 ribbon is 3' ft. 9. in. long. 

a) How much shorter is Janets ribbon than Sarahs 

b) The two ribbons, when put end to end, make a piece 

(p ft. in. long. 



Add these measures. (Write the lengths in the answers in 
two ways, as shown in exercise a). 



a) '6 yd. 2 ft. . d) 11 yd. 2 ft. 

7 yd.' 1 ft. 37 yd. 1 ft. 

9 yd. 2 ft. 9 yd. 2 ft . 

22 yd. 5 ft. = 23 yd. 2 ft. 



9 yd. 2 ft. . 



b) 23 ft. $ in. 'S) 24 ft. 2 in. 

35 ft. 2 in. ^ ' ■ 75 ft. 6 in. 

46 ft.. 10 in . . , ^ 67 ft. 6 in. \ 

}0^^. ^a^. -jos-/^^^-) {JUL jf. ihA - -inp-.i-^-) 

s . ■ . 

"c) 38 yd. 2 ft. ' ■ ' f) 8 in. ■• * 

23 yd. 2 ft. \ 5 in. , •. . . 

66 yd. 2- ft. \ . .4 inV -- 

828 '^"^5 



4,* -''Subtract these measures. 



■3.) ' 5 yd. 2 ft. 
2 yd. 1, ft. 



d) 



>37 ft. 11 in. " ... '-i 
- .'•• 18 ft. 8 in. .. 

fae are the names and heights (4n inches) of 30 pupils 
of one clasftvbpm. 



c) 33 yd. .2 ft. 

' 8 yd. 2 ft. 

^2^^. Off.) 

2,5_ft. 9 ii;t'.' , 
9 ft. -^'in ." 



ROWS 













'''■■'v..joh3:i . 


Mary 

■X. •54'. ■. 


Jeannie 
53/ ■ 


Royce' 


■ Tom." 

;";52 


[27 f) 


Denise 
53 


^ " Paul 
61 


Jack 

■ 63 


. Phyllis 
52 


Helen 
52' 




Fran 
55 


Fred" 
59 


Martha 

■ 54 


Walter 
.^^61 


Viola 
~"60 


(iff) 


'mil : 
52 


Glen 
52 ■ 


Lehore 
61 


6ary.;._ 
■ 56 . 


Boyd 
65. 




Sarah- • 


Greg 
52 


Valaree 
63 


. Jake 

■ '56. 


Gerry 

. /« 




Edna 
52 


Will 


James 
52 


Hill . 
65 


: . JO_ 

















a) Which row of pupils has the- greatest total heighl/f.'^'*^^ 
How much is this greatest total height? (zej^ w 'if^'i'^^ 

b) Itfhlch column of pupils has the greate'st total hei^t?"^^ 
How much is this greatest total height? (J-*'-*- 2 

c) .:0s there one pupk^ - Iftr^itting both 'in the row and 

ijp the column of greatest tejtal hei8ht?^'Hjho?('Z/'*^3 

. • ■ / .... 
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.6. «tI.pV.. the^^^^ of ,exe3^ise 5. ' following. 



a, Which colium of rpuplls. has the least total 

height? ( / "^^^^^fVj^^^^ f . . ^ 

Haw^nnich Is the least tdtal height? (j-?^ ^r^'2^^"^J- 



b. Which . TOW of .pupils has.- the least total v. 

helght^^^;(^'^*?'^^ ■ . • Z^- z V: ^ ; 

. How imch is/thia tatal. :h si: 



c. Is there one pupll\who ls-,slttlng both In the : 
> .^Gfltf t-and In the column of least total height? 
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. Objective: 

./y . \ 

^•••■.;y 2. 



^ To dfevelop^the followiag -imdeWtandings and 
skills;: . - . » 

A simple cloaed curve may" be"!measured by 
"straightening" a wire model of the curve ■ „ 
.and finding 'the ; length..of the model. 

..A siiiiplQ closed, purve which f^^^^^ union of 
line">segments is.,a polygon.^ 5", :, ; 

The perimeter of a polygon is the.-. length 
.the polygon. . . ;. •■• ; : . , ' 

-the perimeter polygon may. be""" coi^ut^d V 

. adding' the -meiMiirea; 9 th^ ■ 

measures aiTe expressed in terms of .the "^ame, 
linear units . ■. . *■■ ■ 



^.,mteriats 'Needed: v.vvf .:--. . --^ 

*\v -Teacherr . Wire^ straightedge, scissors ^ 

Piece of wire 15 . inches- lohg, 
another piece of wire /at)0ut 20 inches 
long, scissors • • ■ 



Pupils: 



> Vdcahulai^r . Perimeter 



, In thi^s section, pupils will nieasure^^ 
a simple closed wire "by bending a wire* to 
•the sh^e of a ctirve, straightening the ' 
wire, then measuring the wire . to; find the 
, length of the curve.. Perimeter is defined' 
..as the . length of r a/polygtm. ^ The, Exp . 
tions and ExeLrcisejs .which f olibw. should ^ 
lead to gene^ralizations about computing:* ; 
^ .perimeter/".. 
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PERIMETER :f ' , 

Eengths of Simple Clo6ed^Cu^ves 
♦ 

Exproration " " 

!• Take a piece cff wla:^, I5 inches long. 

Bend it to make a sitmpie, closed cxirve, like: this: 





What is the length of the wire when it is bent in the 



shape of this cuiTve? 



2. Sl^aiglj^^en out the wire, and bend it to form a different 
. ; closed" curve. . . • 



What is the length of the new curve? { /S'^.^ 

What, happens to the length of the-: 'wire when you change 
the shape pf Ishe simple closed curve? 



343 
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5» . Straighten out your wire. 



Can you* vse it to find th^ length of -the curve drawn beloj^ 




4-, Is the length of the curve below, greater or .less than 
15 inches? .. 




How mueh less than 15 inches? { ^ i ^^T ^ -c^^*-^ J 
Did you use' your ruler to nieasure the length of the 
wire that* remained after yo]^ bent tihe piece of wire 
to, fit the curve above? ^ V 



Take another piece of wire v^hose length you do not know, 
Bend it to fit* the clirve below. 

If the37e Is wire left over, bend it back and out of the 
way.- • ' . ' ' ^' , / 



Can you think of some way of using the wire outline to 
find the length of the curve? 

If you str^ightenvthe wire out, will the length of the 
part of the wire that outlined the curve change? [l^t^ 

straighten out- the wire. 

Measure it vjith a ruler. • ■ 

. ■■ ■ ' 

VJhat is the length of the curve? -tC-^/*-^ l^x-~iJ*S) 



834 



.P505 - 

Exercise Set 11 

Use pieces of wire and a ruler to 'find the lengths of the ciirves 



2. 




Remember that this simple closed curve is called a 
polygon because- it is the union of line seraients. 

. 835 , ■ 



Take a piece of wire. Bend it, using the whole piece of 
wire, so that you malce an equilateral triangle. ; 
• What is the length- of the triangle? / It^ ^ JL^ ^ 

* * * ■ ■ ■ 

Bend a piece of wire so that, using the v^^hole piecfe of wire, 
you have a polygon v;ith four sides of the. same length. 

Bind the length of the polygon. 

J^ M. ^ ^U^^ 7^-) 

Use the same piece of wire as in -exercise 4 and make a 
different polygon with four sides of the sane length. 
Without straightening the wire, do you know the length/ 
of this polygon? (^^j^iJU^c^^ ^ ^ ^5^/-*^ 

Find a model of a circle in your. home. 

Use a piece of wire or a piece of string to help yqu 
find the length of the circle. 

Did you need a -ruler? ^^^3 

Cut a model of a triangle with its interior from a piece / 
of carJboard. 

Can y^^find the length of ^the triangle? f^^^J 
Did you^ use a piece of wire? ^Y^^f ><<'3 

Could you^have found tlie length of the triangle using 

the rulerionly? ('"Tf^^^ ■ ■ ^ ' 

" . ■ ^ it ' • ■ . ' . ' . . 
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PERI»ETERS OP POLYGONS- 



.14 m. 



Exploration 




40 in 



joan, v-Jished to buy some lace edging to trim a scarf. 
The scarf was ' 40 inches long and 14 inches wide. 
HOW much edging does Joan need? 

*The iTumber sentence which tells us the measfire of the, length of 
the edging Joan needs to trim all four edges of the scarf is: 

4o + 14 + 40 + 14 =108 

The length of the edging that Joan must buy is ■ 108 -inches 

How many yards of edging does she need?v{^ "jA-^i^J - 
« ■ - 

The perimeter of the ^^rec tangle in this example is 108 
• inches. . 



You have fowd the length of manjT simple closed curves. 

\<hen the curve is a polygon whose sides are line segments, 
we call -the length of the polygon Its perimeter . . 

. The perimeter .gives a^ number and a unit of measure. 
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The Jones family decided to decorate the front of their 
home for th^ 'Christmas season. " • • 

Johnny ivanted to put a string of colored, lights' on the house 
along the triangle ABC. Mary wanted to put a string of 
colored lights around the doonvay. 

Mr. Jones, said he Woul'd bUy lights for the door or the roof. 
He would. nofbuy lights for both. Also, he would decorate 
the one v/hlch required the shorter string of lights. 





c 






8 yd. 






3 ft. 




7.a 


• 


7 ft. 


3 ft, 



B 



Johnny measured the . 5 sides of the triangle.. ' 
Mary'raeasiiTed the .4 sides of the rectangle around the door-. 
Each, reported that- the sum of -the measures of the sides.' 

of tfie figure he measured was 20. ' ' 

". "Johnny said: "6 + 6 +. 8 = 2o" 

I'lary said: "3 + 7 + 3 + 7-= 2o" ; - 

Vftiat other fact did Mr. Jones need to laiow before he could majce 
a decision about which part of the hQuse to decorate? (tJL^^ 

Did the Jones family decorate the door or the roof? Xah J 
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Exercise Set 12 



.^1. * Joe made a cardboard model of a 
* chalkbox. He wished to tape the 
' . edges of the bottom of the box 
with scotch tape. How much 
scotch tape did he need? (jZ^uL*) 
(There is no ovea^lap at 
■ the corners.) 




Do/the edges of . the bottoro make a rectangle? ^y*') 
^^d you f Ij^ the^ sum of the m^^ures of the sides of the 
rectahgi^y or did you find the pieriniete?' of the rectangle? 



2. The police depac^ toWn is- painting thin black 

^' . bprdi^ aroTOd t^^^^ the STOP signs. How many 

inches, o^ border /i^^ sign? 



iOiit 



16 at 



mm 



lOin. 



The edge, of th«i\ Sl^, sign ]qepre£terit?--a polygon. 
What i s; the :pdrtme$;6r of this .^lygan? - 
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3. Use yovir ruler to find, to th^ nearest Inphi; the measure you 
need to fln'd the perimeter of each polygon. 




■V./ 



The perimeter 
of flgare ABCD 
13 



P 



c) 



E 




: .' The perlmeteif* ; 
^ of figure vABCDEF 

" is (/D^- , 



•B 



I The perimeter 
of the star - 



Is (joX.) . 
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FINDING PERII^ETERS • , ■ ■ . • 

. . . ' ' ^ 

. ' . Exploration " . 

* * * ■ .■. % 

Here Is a plan.Yor the floor of a rectangular room. 

V/hat is thd'::p;erlraeter of the edge of .the floor? ' 
■ W I2lt 3lo. ■ . 



7;ft-2in. 



7ft 2in. 



-'.;V-.^v-..:- "' ■ . ^ .I2ft/3in.' 
• ,,if/;wey|>lace a piece of ' wire around' the edge of this 'floor plani ;..: 
. • theti, stiklghten out the' wire,-' 'can picture the v;ire dike/ this : ■' 



12ft, 3m. 



7ft. 2 in. 



12 ft, 3 in. 



7ft.: 2in. 



Imagine tha%^.w.e cut the wire into eight -pieces. 
;.We put them '-fetitget her again, as shovm l^_.this pictvire', 
^ -■^ — ■ '■ 1— 1 : • • " ' ■ 



12 ft. 



7 ft. 



12 ft. 



inJn.m.ia 



■ Baa the. length changed? ^ 

,:We add the meas-ures which have the same unit. 

12 + 7 + 12 + 7 = 38 ^ ' : \ 

3 + 2+3 +'2 = 10. 

The length, or the perimeter, of the rectangle is 38 ft. 10 .in. 
Remember ■ we add* the measures . We do not add the units. V/e add 
only those meas-ures that were made using ; the same unit. 
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Exercise Set 1^ 

Find the perimeter of a comer piece of land in the shape of 
a triangle if the lengths of its sides are 50 feet % . * 
inches, 80 feet 7 ^inches; and 50 feet 4 inches. 

A yardstick is 1 inch wide., ..^indv-t^^^ perimeter of thfe. * 
face of the ya.i'.dstick that shb.ws.-tji^^^^ Give yoiit*'-' 

ansiver 4,n..ya3?a&..^^^^^ Give yourJanaWei: a|^ain in' -' .; 

feet<Wd^':iriches'.^^ -3-^.) ' 



Find the perimeter of the polygon pictured be^/ow 



9 in. 



6 in. 



6 in. 



6 in. 



9 jg 



6 in. 



3 ft. 0 in. 



•■2ft;vOin. 



a) Can your ansv/er be written using -Spily one unit?Yy-0 

Write your answer in inches orJ^^f ^xi feet only. (/^>^J 



b)' Can your answer be written using yards only and what^ 
. we have learned so far? i^^J * . ^ 
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In Prance, 
sides is 27s? 

v-5 




dLajnond. is a; iscjuare, each of whose . 
^0 ciji. long. Pierre hits a home run.- 



fe. of .tiie shortest path he cah' ta^c^^ if he 
touches.. each^ lD^^^ way back* to hoine place? *irbu will 

need to know, tllat;: /aoo. . ceritiiTieters equals 1 • meter. 

V/hich cuorve is 'longer? How much* IdngeV? L^-^i^^ 



1 1 yd 4 in. 




8 yd 2 ft. 




BRAINTVttSTERS ^ • _ ' •. ■ 

6. A man wants to put a fence all around his land. He knows r 
• that the boundary of his land can be tho\jfeht of as a square. 

He measures.Jone side and findi that it is betv;een 125 and- 
125 feet long. How much fencing should he buy*? /V - 

7. In 'Jim's house a piece of glass in a v/indow was" broken. His 
father measured the ^rame^ where the glass went. He found 
that it was a rectangle with 14 inch and 2V inch sides, to 

0 the nearest 'inch. *He bought a new piece- of- glass l4 inches 
wide and 24 inches long.' 'When he went to^put it in the 

.frame he found that it was too long to fit.' Can you give, a 
possible reason? { UU JL^^iU^ :i^LJL. - jx^/:^ 

/ ■' . ■ . ^354 . 843 : ■ 



Chapter 10. \. ' 

CONCEPT OP RATIONAL, NUMBERS • ' ^ 

.PAPPOSE OP UNIT 

n^b^r'T^ '° tave some- concept Of rational 

n^^bers. .undoubtedly they and teacheri have. called.- ' 

numbers, such as i. |. i ^ 2 it. ^ . .ax±ea 

or^fractlonal numbers, m this chapter and . In the v«)rlc .that : • 
follows, we mi call. this set of humbers In^eated by pairs 
or Whole numbers (where the second of each pair Is nolzero) ' 
the rational numbers. Really, we win be concerned with oniy 
a subset Of the rational nupbers-a set which sometimes. 1.- - 
referred to as rational nun^ of arithmetic . This klhd 
of number Is suggested by mel^;^nr ~ ^ ^^■/■. 

h^re specifically, the purpose of this chapter Is', to' - ' ' 
continue . with the' development of the concept of rational v ' 
numbers In such a way as; . . : . * ' " ■■■ 

1. to emphasize the common .aspects "of ■ situations ■ ' 
■ involving measurement, noting that partitioning- ' >. ^ 
urilt segments -^and regions Into congruent parts ' ' 
and sets of objects Into equlvalent;.subsets " 
provide appropriate modelg^ii^^tional numbers", 
to develop a way' of naming rational numbers ^ .■ " > 
using symbols called fractions- and mixed forms ' 
(The later consists of a whole number numeral ' 
and a fraction. For ex^pie, i| and 2^' are ' 
rnlxed forms. We have, m the.past, caliel these ' 

nilxed numbers". Another numeral, decimal, will ' ' 
.be used in the next grade.) 

to- help children learn that different numerals 
■may indicate the same rational number. 

to help children. learn that the set of while ' 
numbers is a subset of the rational numbers. . 
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o A Note to Teachers 



Terminology used in this '.chapter and in the chapters^^n— 
r9*iQnal nximbers 'tte t follow in the" SI^G >Iatheinatics, .Pk^r the 
Elementary School will associate fhe following ideas .vrt.th - 
these words: : . . ^ 

a ■ ■ ^ I 

V , ■ * * ^ i'-.* ■ . . • ' ' 

■ . l-r^ > rational rnomber - an infinite set of ordered pairs 
; of v;hole nximbers where the second jnember of the ' 
pair .is not zero. 

. . ' Any member of a specific set of ordered pairs may 
be used to indiciate that /^specific ratiojj^ ntunb^r. 

* t>'*?. ' ■ ■ ■ ■ I ■■ 

2> fraction - a symbol which names 'a rational ntunber ' 

1 "4 . Q 150 ' 

J. 5^' P 5' "t^' are fractions. . The. set of 

' ^ ^fractions | ^, ^, ^, , ; I navies the same 

rational nximber. *Wg. can 'write ^ == p=*'g;, etc. ■ 

Each fraction IS^ determined by an ordered pair 
of numbers. The first nmber, of ^tl^e-'pair is . 
called the nmerator and is thje niomber -of . con- 
-gruent parts with which one .is tjoncemed. The ■ 
./ ■.;second nximber of the . pair, called the d^omihatpr, ' 
_ *. 'is the *nm . ; 

0- ■ -w ' • • -T^i't (regidn^- ^segm^t^X^s-^partitJioned, ' ■ . V' ' ■ ; 

■3. - decimal symbol which' -'cah. name a ration numliep. ^ 
wixd^ the second member 'of the paCLr, is , 10 o^r a 
pbfte^^'of 10, • th^t is ' 100 or .Id^v 1000, 
. , or ICr , etc. Tri(^ second* member, or the 4enoftl-- 
C> nator/ can be denoted by place" value* * . . • '^^-i-'' ^V'^ 



0^ 




course,;^ r^mb^rVca^mbt b^^^'o^^ 
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MATHEMATICAL BACKGROUND 

Introduction ' ^ 

" ^ — ^- : • ' 

In the. study of , mathematics in the elementary school, a.. 

KJhlld learns to use several sets of numbers. The first of these 

is the set of 'counting numbers, 1, 2, 3, 4, ... . Hie second 

is the set of whole nimibers^ 0> 1, 2, 3,^, ... . The child 

also may have learned certain properties whole numbers. 

During the primary and iniddle grades the idea of "number" 

is enlarged, so that by the end of the sixth grade the child 

recognizes eacli of the following as a name for a number: 

\* \^ ^'^^ \^ %^ '^"^ 

In traditional lamguage, we might say that vdien the child has 
completeG the first six years of school mathematics he knows 
about "the whole numbers, fractions, decimals, and mixed numbers. 
This language is primarily numeral language. It obscures the 
fact that a single number can have names of many kinds. "Frac- 
tions, decimals, and mixed numbers" are kinds of number names 

rather than different kinds of numbers. Wiether we make a piece 

1 3 
of ribbon 1^ in. long, or 1.5 in. long, or ^ in. long makes 

no difference — our ribbon is the same vrtiatever otir choice of 

1 3 

numeral . "TSiat is, 1^, 1.5^ ^ are all names for the same 
number . 15iis number is a member of a set of numbers sometimes 
called the non-negative nxmbers or the rational, numbecs of 
arithmetic. For our purposes here, we shall .call them the 
rational nimbers; realizing that they are only a subset of the 
set of all rational numbers. It also should be realized that 
within' the set of rational numbers is" a set which corresponds* to 
the set of whole numbers. For example, 0, 3, 7 are all 
rational nxmbers that are also whbleV-numbers. ^, and .2 
are rational numbers. that ao^e not whcJle numbers. 
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First Ideas About Rational Numbers 
"""" s 



- Children^ develop early ideas aitput rational numbers by 
• working -'With reglons—reo^angul'ar regions, ^circular reg'ions, 
^ triangular regions, etc/ - In Figures A, B, and C, x^ctangularr 
regions have beefl used, ?or any tyi>^ of region we must first 
Identify unit region. In Figures A, B, and * C, the unit ^ * 
region is a sguare region. 

In Figures A -and B 'we see that: 

^ (l) Tlie- uni^; region has been separated into a number 
' of congruent -rerglons, t 
(2) Some^of the i*eglons have ^en shaded. * *' • 

^/ (a) Using ref^lons . Ijet us see how children use regions^to 

develop their first -ideas of rational numbers. The child learns 

* 12 
Inxslmple cases to associate a number like ^ or ' with a 

^ shaded portion of the figure. (Rational numbers can also be 
associated Vlth ;the ttfishaded portions.) ' ■ 

TTglpe "two or more congruent regions (Pig. C), he can sepa- 
rate each jjpto the same number of congruent parts, an^ shade some • 
.of the parts. Again, i^e can associate a number with the resxilting 



shaded region. 



FiQ. 

A 



: 1 



Fig? 

B 



IIII I I H I 



•Fig. 
C 



iiiiiiiiii i i i ii 



3^ 

2 - 



Uie unit sqixEU^e 
is separated into 
2^ congruent re- 
gions. 1^ is 
shaded. 



The unit square 
is separated into 
3_ congruent re- 
^ons . 2 are 
shaded. 



Each unit square 
is separated into 
2_ congruent re- 
gions. ' 2 

shaded. We have ' 
3 



of a unit square . 



At this point, the child is only at the beginning of his 
concept of rational numbers. However, let us note what we are 
doing when we introduce, for example We separate the (iipit) 

region into 3 congruent parts. .Then we shade 2 of these 
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parts. Similarly, in we separate each ( unit ) region into ''2 



3 partS. In using regions to 



•congruent regions, and shade 

3 

represent a number like " ^, we must emphasize the fact that we • 
are thinking of |- of a unit region, as in Pig. C, ' 

(b) "using the nxjmber line. The steps .used with regions can 
-be carried . outr on the. ^number line.-::^--' It is easy -to see that this 
•Ls a very practical thing to do. * if we have a ruler marked only 
In Inches, we cannot, make cerUain types of useful measurements. 
We need to have points between the unit • intervals, and. we would 
like to have number^ associated with these points. * 

Hie way we locate new.points on the ruler parallels the 
procedure- we followed with regions. We mark off each vinlt seg- ' 

We*. count off these parts. ' ISius, in 

we must mark off 
the unit segment in 3 coriginient parts. We then co\int off 2 
of them. (Fig. D) tif we have separated each unit Interval in 
2 cong(ru^nt parts and counted off 3 of them, we have located 
the .point which « would associate with |-. (Pig. E) .. ^ 



ment into congruent parts, 
order to locate the pojnt corresponding to 



2 Ports I 

9 — • — ^ 



3 Ports 



2 . 0 



Fig. D 



> 2L 
2 



Fig. E 



Once we have this construction in" mlha, we^see that all 
, such nui&ers ^s |., |, |, ^, ^, ^ can *e associated with 
f^ticular points oi» the number llr/b. To locate ^,^pr 
exaxapie, we ^SUrjt the unit se^^nts into 8. congruent^egments. 



(c) Ninnerals for pairs of numbers .' Suppose that we con- 
sider a pair of counting numbers such as H and 8 where . 11 
Is the first number and &■ Is the second number.' We can make a 
symbol, writing the name of . the first number of the pair above 
the line and that of the seeond below. Thus for the pair^of- 
numbers, 11* and 8, oxir symbol would be If we haO' thought 

of 8 as the first number of the. pair and 11 as the second, 

we would have said the pair and il, and the symbol would 

8 ' ' ' 

have been For the numbers 3 and 4, the symbol would be 

3 - ■ . li • 

7^. For the riuinbers ^ and 3, the symbgl would be- . y. ' • 

With the symbol described in, the preceding paragraph, we 
can associate a point on the number' line. The second number 
tells into how many congruent segments to separate each umit 
segment.. The first number tells how/many segments to count off. 

We also can associate each of our symbols with a shaded 
region as in Fig. A, B, and C. 'The second number tells us into 
how many congruent parts we must , separate each unit region. The 
first number tells us how many of these parts to shade. 

^ For young children, regions are easier to see and to work 

with than segm^^s. However, the nimber. line has one strong 

3 ~ 

advantage. For example, v;e associate a number as 7j-, ,with 

exactly one point on the number line. The number line also give 

an unambiguous picture for numbers like I- and 2-. A region 

3 

.corresponding to ^ is less precisely defined in that regions 

with the same measure need not be identical or even congruent. 

3 

In Fig.'G, we can see that each shaded region is x a 
unit square. Recognizing that both shaded regions have ^ sq. 
units is indeed one. part of the area concept. 



Unit square 



A > 



Figure G 

350 ^OO 



When we. match numbers with points on the niamber line, we 
work with segments tliat begin at 0. ' For this reason, though the 
number Hsie is less intuitive at early stages, it is well ta.us^ 
it as soon as possible. 

.Meaning of Piational Number ^ - - ./ 

•m'e diagrams Fig. H, (a), (b), (c), show a number line on 
which we have located points corresponding to i, |., etc. 

and a number line on. vriiich we have located points -corresponding '* 
to . ^, ^, etc. Also shown, is a nvcnber line with . ^, ^. 
etc- AS we look at these lines, we see that i^ seems very- 
natural to think of . ^^ as being associated wi4^ the .0 point. 
We are really, so to speak, counting off. 0 sej^ents.' Simi- 
larly, it seems natxaral to locate and ^ as indicated^. 



I 



4 



z 
T 



4- 

7 



• 



7 



-> (b) 



(c) 



I 

o 

4* 



2. 

2 

4 

4 



7 



W) 



01234 
8 e « F i 



5 

r 



"i • y f • • • 



^1 



■ : ■. Figxire h 

Now let us put cfo* diagrams (a), (b)', (c) together. In \ 

(d') the process 




s, let us carry out on a single line 
ing all the points, 
.en we do this, we see that, |-, and 



4 



, , „ ^, ^, y are all ^ 

associ^ed with the same point. In the same way, ^ and. ^ 
are associated with the same point. . 
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Now we are 3?eady to explain more precisely what , we mean by 
fraction and by rational number. Let us agree to call the 
S3nubols we have been \aslng fractions , A fraction,, then, is a 
symbol associated with a- pair of numbers. The first nvunber of . 
the pair is called the nmerator and the. second number is called 
the denominator. So far, we have used only those fractions In 
which the ntcnerator of the nmber pair Is a whole nvimber - 
(0, 1,^ 2, ... ), and the denominator is a counting number . 
(l^S^S^...). 

Each fraction can be used to locate a point on the nvunber 
iLlne. To each point located by a fraction there correspoads a 

:"ratlor^ number . Thus^^a fraction naunes the rational number. 
For example, if we are told the fraction we can locate a 

point that corresponds to it on |he number line. is the 

name of the rational number associated with this polftt. This 
point, however, can also be located *by means of other fractions, 
such as ^ '^d Uius,. and ^ .also are names for the 

i^tional number named by ^ since they are associated with the 
same point. Rational numbers, then^ are named by fractions of 
the type we have been discussing. To each point on the nvimber 
line thstt canyb6 located by a fraction, there corresponds a non- 
negative rational nui^ber./ 

A very unusual child might wonder whether every point on v 

•the number line can be located by a fraction of the kind we have 
feiescribe'd. We must arjwer "No". Ther-e are numbers — ir being 
one of them, and iDelng another — that have no fraction names 

j)f t]^e sort -we have described. Introducing such Irrational 
numbers is deferred Until the seventh and eighth grades. 

, The Whole Numbers As . Rational -Numbers 

Our pattern for matching fractions with points on the . number 
i,lne can be used with these fractions: p p p p 
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. On the number line we see (RLg. l) that we matched p §7 
^* with the .same point. We note that this point is also matched 
with- tbe cpuritihg' ijumber / 1-.. .Thus, to the s^ame point corresponds 
(1) the cowitlng nmber .1 



(2)v1;h,e rdtiiona'j number jiamed by 



as 



It seeflfe that i-'^ \fhixi(^ a^^Ar^vahfence to , use , the* symbol .. 1 
|4iLll- ano name ' for '^he rational nimiber named by . |-, etc, \ 
This would' allpKus . to '.1; == f or -exampl-e . : In -the same ^' 

way/ we would t^ilnk of 5 as anotHer niame/for ;the "numb^ 

■by ■ etcv- ^ ^ .. : ,^ ■ : ■ . ' ■■r ^-^^-^y 

... We need ait ^ thier .:po jint tb be a litt^ caref lil ^Ixi .our . th'inkii^ 
There Is nothing "Illogical about using any. symbol we like . ^ a • 
numerals- -A 'prQbj,em^. do?_s ayise, however, when a- single symbol 
has two meanings, .because then we . are in <>bvious danger that 
inconsistencies may reslalt,,. For example,- iflfoen^wevthl 
3 , and. ,6 
2 X 3 =^ . 6 

numbers, "and ^J^^SIajg4,J^^ in serious trouble if: the" 

y ^ and 3 were anytft: 
y 6. 

1, 2, 3, etc/,- as namea^fdi? Tat^ 
into an^ inconsistency^- For; 
•that is, for flndiMjfcsums, -prJo?it^^ 
sizes,- we get name 
lumbers, in more s.q 



rationa>l : 
rational • 
Howe 
numbers nev 
purposes of 
etc., and 

nances for 

'if ' 

teiTOs, we 
subget— tho 



as porting .n%nbers we are accustomed to writing 

• ' ■ i ^ % 

mt^lly define the product, of iwo rational 

oduct of the!/ 
but the \ . "V^ 



of 

numbers,^ 0, 1, 





e number.^. 



the set of ratli 

,r 0-1 2. 

% T> : P :-1? 
that is i. 



itc. 



' V It would t>Q overambitious to 
of wsomorph^sm Precisely in our 
our pu37poses to regai^ 



0, 1,. 2, 





/"Or vrtiole [ numbers ^oi^* 
icated mathematical; 
?b3il>6r!s contains a ': -*:f 
)liic to the set V 




't 1 



t td formttlate , the idea 
It .is sufficient for 



.^w^. ^^ov*^^ w, ^, w^^^^/as names for rational^/; 
n\imbers.. It 16 appropriate to .notei^;^dweve in connection with 
op'^rariohs on r^tionals, that where '.the operations are applied 
' to nmbers lik^ X' T "^^^y Hfe^^^ to results already known froia 
experience wltH >4iole numbers^"* 
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Ident 




^act'ions " . That "$iame The Same Rational Number 

3 



for the san^^Sabefe. " 



names 




- example i % 
gruent r^ix^i 
further i4^p. 
Olie- sec^d 
parts, 
shadj 
that 



physical model's . 



The truth of the sentence 
discovered by concrete experience. In Fig. J, for 
,ve first sepai^ated our unit region Into two con- 

We 'have then separated each of the^e .parts 
.3 -c^hgru^^treglons as shown In .the second drawing. 
LtAa^uare,^2^s5^hus separated into 2 x 3^ or 6 

or 

of a region. 



i3 ' :,0l^^y' 



'^^^-?t in .the first, drawing is" equivalent ' to 
parts in the second. Vfe thus recognize 













w 













and 
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Fig. J 



our analysis' of regions follows a patt'ern thaf can 

^ ' ■ - 1 '4 

fed on the number line. -Let us 'consider and ^ ^. 



I 



In ^Ixspating - ^ 



4- 
i 



FlQ. K 

ori the member line , ( Pig . 



K) we separate the 

In locating we 
We can do this by 



unli^fcterval mto 2' congruent segments 
seps^te- it into . 8 - .conginient segments. 

fi?»st- separating into; 2 Parts and then separating each of 
2 segments ' into ^ segments. This process yields 



^^these 

' (2 X 4 ) conganierit -segments . Taking ' 1 
thus lejads to -the same point^ as talcing 
parts: ' ; . ; ^ 



.of 2 congruent parts 
4 of 8 congig^ient' 
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In other words, when we multiply the numerator and denomi-, 
nator of. ^ by the .same' counting number; we can visualize the 
result using the number line. We have subdivided our | inter- 
vals into- a ntimber of congruent parts. ■ ' . , • '. 
After many such experiences, children should be able to 

For example, 

J X 2 

Pig. L. 

0, I 2 



make a picture to explain this type of relationship, 
region and- number line pictures for. |- = |-|-| are shown in 




















Fig. L 



Each -jj- part (regionfbr interval) is -subdivided into 2 - con- 
gruent parts; hence |. = |-|-|. . 

(b) Using ntmierators and denominators . In a discussion 
about two fractions naming the s^e number, it may ajpear 
startling to emphasize multiplying ntmierator and denominator 
by the same counting, ntmiber. We usixally think, about finding ' 
the slnplest fraction name if we can.. We think, then, ^ = |-. 
But,^or course "=" means "names the same number." Seeing 
5" = g-, we can think, g. = i, and this will be particularly easy 
if _ the "names 'the same ntmiber" idea has been emphasized, 
adeqmtely. ■ , *' 

Another familiar idea also is contained in what has been 
•said". We often think about dividing' numerator and denominator 
by the same counting ntmiber. For example, we think: 
^ 6 ■ -6 -r 2 3 

This is easy to translate into a- multiplicative statement,- sinql;" 
multiplication and division are Inverse operations: 6 -^2 = 3 
means 3x2=6. 
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(c)" Using factoring . The Idea that multiplying thfe numera- 
tor and denominator of a fraction by a counting -niomber gives a 
new- fraction that names the same number as the original fraction 

is am Idea very well suited to the discussion In the unit on 

' V ' 12 

^factoring. . To find a sin5)ler name for we write: • 

12 2 x 2 x 3 2 x 2 4 ' 
VS^ 5x3 r"^^ 

■ ■ Suppose we are* thinking about two fractions. How will we 
decide whether or not they name the same number? There 'are two 

possibilities. * , 

■ 12 
•Rule (1), It may be that for such fractions as ^ amd. -jj-, 

one fraction Is -obtained by mialtiplying the numerator amd denomi- 
nator of the other by a co\ant^lng number. In' other words. It may 

be that we can' picture the fractions as^ was Just done. Since 

2 2x12 1 V 

- ^ ^ , -jj- and ^ belong to the same' set — thus name the 

same number, • ' . . ' * ' 

Rule (2). It may be that, we cannot use Rule' 1 directly. 

2 3 - 

For example, -rr and t* cannot be compared directly by Rule 1, 

: 2^1 31 

However, we can use. Role. 1 to see that = 2 "5^2' 

In this way, we s,ee that- ^ and ^ . name the same number, 

'^^^^^^^otlcec that In ccxnparlng ^ and ^, we might have^ used 

•Rule 1 and 2 In a dlf f^pfent way. We might have recognized 

that: - . ' \ .V 

2 _ 2 X 3 6 ' ^ ' ■ ' ^ _ 3x2 _ A ■ 

¥ - 4x3 "12 ^ " b X 2 " 12- ' 

or we might haye said: . ^ 

2 2 X 6 12 ^ .^^ 3 3 X- 4 12 - 

T=TirT=2^ ^=FirT=27- 

2 3 ■ 
In the latter exM5)le, we have renamed 7^ and p using frac- 
tions • with denominator 4x6. Of course, we recognize that- 
4x6=6x4. '(Commutative Propertj^) 

In our example, we see that 24 is a common denominator 

2 3 ' • 

for ^ amd p though It. Is ,not the least common denominator . 

Nevertheless, one common denominator for two fraTctions Is always 



the product the two denominators. 
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' A . special t.est . Let lis now- consider a\special 'test, 

for two. fractions that name the same rationgil .-number. In our 
last^t^-ample 'we' S.y< k "as the common denominator for I-. 



and jg-. , Thus we had 



We could say.: It -is true thafr- ^ because the tv;o resulting, 

nionerators--2 x 6 • and-, 3 x- are equal, and the 'denominators, 
/are equal. -.^ ' . 

^'^^ In other words/ to . test- 'whether t- = it is only/ 
ji^cessary — once , you have understood the r reasoninp;— to test ..• • 

wheteer . 2 x 6 = '3 x .4, And this last number sentience Is -trite"! ■ 

, ' In the- same wajf, we can test whether ^' = .-1^ by testing* 
■v^ether 9.x ^0=24x15. They do f When' we do this, , we' are . • 

thinking:- ' - v ' ' 



. This is an example of v;hat is" sometimes called "cross' - 
praduct rule." It ;is ' very useful \in solving proportions. - (Some- 
times it is. stated: The product of the means " equals: the product 
of the extremes. ) . , , . • . V - 

The rule states: To test whether 'two fractions |- and |- 
name " the ■ same number, we .need only test v;hether a x d = b. x c/ 
That is, ' - . ■ ■ .' . "o ■ ' ' ^ * ' - ' ' 

■ :.' This rule is Important-^ for later applicat4^ns in mathematics 
such as similar -triangles. In advanced text^s^-on algebra, it. is 
sometimes used as a way of definjtng;^ ^ational^ numbers; That is, 
an advanced text might say: "A rational, number Is a set. of 
symbols llke-^ [|, . |, |, . ^, . . •./].. Tw6 . symbols,. . I and; |,- / 
belong, to the same set iT , a x-d = (b x c." " ' , - : 

vrnap.*v;e have done amounts to the 'same thinr, but is, - 
developed more intuitively. For teaching ptirpqses', the "multiply 
numerator and denominator by the same -count inf:^ num:b'er" idea 
conveyed by Hule^ 1 can be " visualized more easily than can the 
"cross oroduct" rule. - ^ 
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It would certainly not be our intention to insist that 
children leam Rules 1 and ' 2 formally. However, these rules . • 
summarize am aexperiehce that is appropriate for children. .We ' .-^ 
can form a chain of fractions that name the same htanber, 

^- ■ ■ - ^ /l ^ 2 ^ .4 ^ 8 ^ * ' ; C 

^ ~ T ~ F ~ IE ^ • • • \" ■ 

Each fraction is formed by multiplying the numeratcy? and r 
denominator of the preceding one by 2, We can vis\ialize this 
as subdividing repeatedly a segment or a region. (Rule.l), 
We can form a second chain beginning with ^ = -g- =. ^ . • 
We can then understamd that ^t is possible to pick out any 
nxim6tal from one chain and. equate- it with any numeral . from the , 
otjker, which is Just what Rule. 2 says. . .. — " 

. • Meaning of Rational Itumber - Summary . " 

; Let us summarise how far we hav,e.:progressed in our devel- 
opment of the rational nimibers. 

(1) -. We regard, a symbol like one of the following as 
naming a rational, number: , r^/ 

: 5' p 1' 5 , 

(2) We know -how to' associate each such symbol with a , 
point; on' the, number line. 

(3) ' V/e know that the same rational 'nimiber may have many 
names tha't are fractions. .TIius,. and. are fraction names' 
for the 'same number. , - 

'0) We know that when v;e have a rati9nal'^:^T,jni5er. na^ by 
a fraction, we can miiltiply ther numerator "and 'de^qm^ of ; 

the' fraction by the same counting nimiber to\*Ql^^ 
tion name for the same rational nimiber.- v > • . » 

(5) We know that in comparing two rational -numbers it is ■ 
usef\il,to use fraction names that have the same denominators. 
We know, too, that for aiiy twvm^ational nimibers, we can alwayjg^^ 
• find fraction! names of tJhis soA. • 

Thus.'far we have 'not stressed what is . often called, in * 
traditional language, "reducing fractions. "Okf^r^'*"'^'^"' 
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fpi|^3inple,- Is slngjly- to name ^it with the -name using the ■ 
^"•^^^ possible. numbers for 'toe numerator an^. the denomliiator.- 
Since ^ 2 . ,1b a factor both of ' 6 ., and^^S, we see that . ■ 

^' '■- - '3. X 2 3' ' >r::V ••■ • 

• . ■ ■ •■■ . ' • . . ■ " ■. ■ ' I ■ ,•' 

We-,have applied our general idea tliat "multir>|ying numerator and 
denominator- by the same co;mtihg number"' gives a new name for° 
"the same number. ' We can call |. the- simplest name for the • ■ 

rational number it names. • v / •- • 

V v*^® would say that we have foimd, 3in'' |,-.the simplest name. ' 
■ for; the ^tional ^number^ named -by This Is'-lnore precise than ' 

saying we have "reduced" since we have not made the' rational 
number named by ^ ^ any smaller.- We. have, use^:; another pair of 
n'umbers to renaune' it. . • , ' " ' 

(6) We know, also?, that. 2 and' j . name the same timber. 
We ^ thus regard the set of . vdiole numbers ^s a subset of the set 
numbe:5»s. Any jiumber in this subset has a fraction 



name\with denominator- 1, ' (j, ' p |, etc. . belong- to this 
subset^ ^ ^ - _ . 

nximber. 



is-a-name^ tor a y»ational number vdiieh is a whole 



rsinot a fraction hajne for this nmber/ but the 
, nmbe35-'has fraetion nam^s c.. -p etc^ , - 

At th:^s point it "seems reasonable to .use "number" for 
• rational numjiers- where- th« /meaning Is' clear. W^ may ask 'for 
'the number'^ of inches or Jieasure; of a' stick,* or the. number of 
hours in a school day. ? * ' \ ' « I 

v v(7) We can agree to speak " of the number to avoid the 
^ wordiness: of "number ^kii^;^^^ ^|.--" ^Thus/'^e might say that the 
nmib^r ^j. is greater than the '^uiAbey. |^^\(^^^ - 
easily ;emrjt^^ number .line).. ■'I^is woulci be preferable to saying 
" that "the fract'ioh is ■ grater ^than ^the fraction i " because 
■ we do^not mean that one Jiame is greater ^than axtother. \/ 
^ (8) We should not say t&t . 3 is>jithe de^<^nator ^f the 

number ' -j, because- the same-nTin<|^r has other -namBs ]^(lilce ^) ^ 
with different denominators. 3v is rather'. denominator of 
: .thifi fraction ^ / V 
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(9) We have seen that the idea of raticnal. numt^ 
relevant both to regions and line segments .; "^ We- wf0-;2a 
hov; it relates to certain problejns involving -sets .. ' . , 

. ^Now we. might introduce ■ some decimals. The .numeral, ■ .1, 
for example. Is another name, for . However, we can explain' 
a numeral, lilce ^ 1.7 ; more ^ easily when we have developed the \ 
idea of adding rational numbers , .'. 
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r-IATERIALS 

It is important that exten^ve use. be made of materi^s^'in 
developing understanding qf the rational numbers. Some 
materials which have be'en found useful -are. suggested on the 
next few pages. These may be supplemented by -other available 
materials. ^' ' . 



Teachers will find copies of these care 

. ■ v 

square cardboard for teacher models and sms 
Child usefxa throughout the chapter. Cblo] 
used to. indicate shaded ^areas on teacher models^' Colored paper'* 
parts might be use*d' by children to design'ate, a specific number 
of parts of a regiorrT , /' 




Jft^^^^ach 
ate may be 



1 

1 . . . 
1. 

1 

■ 1 
1 

- 1 




i 1 

1 I ' 

I .1 

I 1 
1 1 
» 1 
' • 1 

1 I 


r 










, i 
\ 




1 1 
1 1 

1 1 . 


1 

X 
1 


1 






~ 1 


1 

1 • 

1 

■ 1 




1 1 • 

I 1 
1 


._ ■ 1 

1 



I 

I 



I 

I -h— h-H 



1 1 


1 
1 

-r-r 

-i— 
1 


1 »l 




. 1 • 

1 







I I 

• 3-71 861 



4» " 





862 



3?J 



CMlCM — 



-ICVJ 



\ 



dcvi O 



0|5t O 



OOlOO — 



MCO 



tmoo 



foico 



CVJ|CO 



-ICO 



oico o 



5212 — 

tQ\iD 

2:|SS- 

rO|(0 
C\J|<D 

=|2\ 

o>ise 

00|<O> 

10152 



io|ro — 



<OKD 



CMllO 



-|tO 



fO|<0 



CVlifO 



o|5£ o 



-ICVJ 



Olcvj 



ICVJ 



in |cvi 



cvi|^ 



-ICVJ 



tn|in — 



0|0 



iCVlIlD 



-im 



ro|0 



CNJI2 



0|2^ O 



0|10 ' o 



roiQ 



f5 



863 



ERIC 











_|00 


-|2 






-|£! 


/ 


-12 








/ 




-152 


- 


-1(0 










« 








-lie 






-|£i 




-12 










— 100 
















• 


-l<\J 




-|J2 




-1(0 






-12 


























— 100 


_|<0 








-no 












-ISS 










— lo 
1— 


































-ise 




—1(0 








^ Char 








-100 























-i- 

> 










-12 


• ^ 

o 

^\ 


• - 






-|00 


-l» 




-l£i! 


-12 




> 


\ 






-1* 


■* 






— - — 


^ 




/ 




4 


-IfiO 


-IJS 
-I5S 






-I«ii 




-12 






— ICNi 










'_|.<0 






-12 


i 




:7 


. -it 


8 1 8 


-ise 
-lis 

-ije 




—1(0 


-iJii 

•_|CVJ 




-12 
-12 • 



ERIC 





o 


o o 


o. 




o"jo| o. 




o o o 


o 


oj o 
o] o 


o 




4t- 

o o o 




o o'^ 


o 


o 






006" 


o 




o 




0| 0|0 




0 0 0 



o o[ o 
f 

o 00 o 

ft" 



.0 



P o 




_o!j5' o! o 

_o!jd1 o!o^ 
oTo , oTo 



Set A 



'I 



O 'O/D, 

oJaSJ 
oTo_~o 
oTo"© 




Set B 



0 
o" 


0 0 
0 0 


0 0 
0 0 




: 


b'o 

o'o 
0|0 


olo 

A 

0,0 




0 


o'o_ 

0|0~ 


o'o 
0,0 




Set 


c 



These arrays may be used to develop the concept of 
T-> \» etc., of a se't of objects ♦ Colored acetate may be • 

^ • ' J., ^, etc., of a set of objects^ 



1 

xised with them to indicate 
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TeacWng the Unit 



IDEiL OP*<RATipNAL- NUMBERS V " 

■ ■ f ^ ' \ . ' ^ \ ■ ' " 

w Ob3.ec1^ve;.;''^Tc provide experiences that suggest rational' 



.9 



.#1 • 



numbers without using any fraction symbols 

i< ■ ' 

for , the.,nimbers,\ by , ■» , - ^ 
' • \ . . ' .\.- ■ ' . 

.^ - •• > ■ : ^ \ . . ^ ^ 

a); partiMoning regions and,.line Segments into\.-:. 
. congru^t parts and.^ets Qf o^dpts .into" \ 
■ equivai:$5:t subsets; and >. ' 

b^-- namlrig thC;,numbei\ of congruei^t Darts 'intb*^ :' 
> ijhlch, a unit, reg^o^ or Segment ;^has b^n' ■ 
-pai^itioned .^aprd the'^oiumtier of par.ts.. tp/;be ■ 



^. Material s:..^ 



#1 



.suggestions for itia'terials t^t;%e-u§e^. /i: ' 
in thlk unit, ■ ■■■ ' 



^n, the.'s^e^l^lrst. experiences-,. whipX-inay be 'l?;evievj-. 
wdlrk will be limited to. 'thpsef^JJt^a^^^^ 
wh$eh^he njimber fl^^art*^.lde5t^^^ does^na't ^ 
exc^eW'-the number* coHgrueirb^'^p'arts--^^ 
^i^^as been parti ttLonedV I.e., 




n ^ vl . 



Teaching Su'ggestiongr 



.Altl^^lrthe i<iea"^ rational numbers ... 
(cWuic^en'riave probably .calle'd'' them fractions-;) 
is not Aew -*o ch}:iaren-'"in fdirth grade, we^ would 
■ like sfco' fir§t cjDhdern ourselves with l-deaB . 
rather Ijhai^syrfbol^^' In these -fir^t 'experiences 




gruent or^ eqi^valent ^'part?; (3) .najne'the number- 
of jJarts with v;hich w^ ^e concerned* Ue have 
deliberately refrained 06m liging: tne" notation- 
113 

7p 2> etc.. -Qn^paii use the wcnrds one- 
fourth, one-half y etc.; - . 
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Getting ready for this lesson ^ Prepare a set 
of mterials so that children may have several 
models of rectangular regions^ and circular- 
regions. An. example of such a sheet, that 
might be prepared and 'duplicated, is shown 
beloiv. you may select your ovm models. Each 
child can cut out his o\m models and place them 
in an envelope until ready for use. (Maybe a 
homework assignment) Or, you may have such 
materials already available for each child. 

These do not represent actual size. Make each 
a convenient size that can be used easily by 
children.. 





^ class have each cijl-ld put the 
^ on his desk (see illustration 

below). Also give him a colored card or sheet 
of paper. This is only for contrast so that * 
he 'Can place the region to be discussed upon 
the mat for. identification. 




First identify the regions and note into hov; 
many parts each has been partitioned. Then ■ 
ask each child to place on the mat a region 
v;hich has been separated into three con- 
gnaent parts. Ask him to identify 1 of 
these parts, 2 of them, 3 of them, etc. 
Do similar activities ♦for other regions. 

Then use line segments and sets of objects, 

as - . ■ 



B "-and 



oo 
oo 



(NOTE: This e do not .represent -actual size 
to be use^ ) C^^" " . 

Then, use paper discs where part of the con- 
gruent regions of each unit- are one color and 
the others another color, or materials on the 
flannel board. • If nothing else, .make 
drawings on the chalkboard and shade some of 
thte regions,"* as shorn on the following page.' 
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Then,', make: a chart the following to record 
the Information.- Note- that you use a pair of 
numbers In each instance. 



Figure 


Number of Congruent 
Parts in Unit 


Number of . 
Parts Shaded 


A 




1 


B 


2 


.1 


C • 


8 


3 


D 


5- 


5 


E 




1 


P 


4 


. 3 



For the last experience, have children find 
regions (rectangular and circular) separated 
Into k congruent parts. Ask If anyone can 
suggest other ways of separating thfem into ' ^ 
congruent regions. You might have some models 
available for -those. v;ho wl:?h to try thlB on • 
their owTi and report their findings to the- 
class.' Some of their findings, might be 




Now use the materia^ inr pupil text, and 
Exercise Set 1. . " 
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• , ' ' . Chapter ■• 10 
- ■ CONCEPT OP RATIONAL NUMBERS 
IDEA bp RATIONAL NUMBERS' , 

Exploration ' 
Look at each of the figures on this page. 

Per -each figure, choose a pair of n^xmbers at the right which can 
be used to -talk about the nuiriber of parts- that are' shaded and the 
number of congruent parts into whJLch each urJLt region, unit 
segment, or set has been separated. 



■Pairs of Numbers 




a". 


1 


"and 


4.' 


b.. 




and 


h 


c. 


3 


. and 


5 




1 


and 


2 


e. 


5' 


and 




f . 


1 


and 




g. 


2. 


and 




h. 


2 


and 


2 


i . 


6 


and 


8 


J. ■ 


2 


and 


5 



o a 



VJere you able" to find a pair of numj^ers/ for each? Did you find 
these — A-d; B-e; . c-a; D-d; "^E-f ; P-g; G-c; , H-h; and 
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'Exerci^se Set 1 

1. copy .the table and complete -it, .using the figures A, 
B, . -C, D, E, and P.' ■'• • • 



Figure ' 


Parts 


Congruent 




Shaded 


Parts In 






unit . . 


A 




^ . ..: 


■ ■ . B 


?• 




C 


4- 


" ■ . 6, 


^ ^ \ 


L 


/o 


E ■■ 






P ^ 









. 1 




382 
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2. Write on -your paper the letters'^-f rQm A./ to G. 

' After each, write , Yes if .the figure has been 
partitioned into congruent, ^regl6!hs. Write No: if 

^ the , figure*^ has not been . partitioned into^ongruent 
• . regions. , ^- 
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What pair of numbers can. be used to talk about. the shaded i^- 
•region In each figure? Remember we will let '.the first " [■ 
number of the .pair t^lj.^ how . many parts are shaded . We. ' 
will -let the second ^ number of the pair tell .;intp how many ^\ 
congruent , parts the unit region has bjeen parti tlored .- ^ '•• ' 







If 













■ 





7" ^^ritfvte.)- 




.Did you find any riguj?es that had not' beeIi/p•a2-tttiWe!^-±TItD'-- 
congruent regions?^ Which: ones were they?? (riv] ., 
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A NEW KIND OP NUMBER • 

Objective: To leam to 'use a fraction as a symbol for 
naming the rational- number; and 

To. help children' see that the- numerals used 
in a fraction'- symbol are associated with the 
numbers that , ^ 



(1) Identify the number of congruent parts' 
into which a unit region has been 

jst^ partitiorieci, and 

(2) the number of parts with which one is 
concerned. 



Teaching .Suggestions: 



Recall whole number re 
can recall the experiences 



resentations , 
wri^ch 



One 



we TTad . 

collections of discrete objepts ^d how these 
sets of objects suggested to* us tlfc whole 
-number. ^'^^^ 

Review ideas in the last lesson j.Then 
recall the experiences in the ^precedinl^ lesson 
by asking what number is suggegted by models 
in the Exploration. You- may also use some of 
the models in exercises. 

Then ask if these are different ideas 
than models vjhich suggest whole numbers. 

J Rational numbers . Note that these are a 
new kind of number and that we call them 
ratibnal numbers . ^ 



dl numbers are fractiohs . 
S&?s of numbers from the 



Names for ration 
Tell how we use the pa'l 
previous lesson to write the name of * a 
rational number. Note tha*^ we call these 
names, fractions. ^ 



Then you may wfsh to use the materials in, 
the pupil text as well as previous activities' 
in which you go one step farther to name the 
number suggested by the shaded region, the 
region not shaded, etc . 



Now use materials in pupil text f 
A New KjLnd of Number. 
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A NEW KIND OP* NUMBER 



i 



Exploration 

' ' When a region is partitioned into congruent parts and some 
of these parts are shaded,. "we use a new kind' of number to 
describe what we see. These new numbers are called ' rational 
numbers. ^, ^ ^, and ^ are rational numbers; They are ^read, / 
"one-half," "one-fourth, "|^nd 4*three-eightfis." 

i^ach of these figures 

at the right suggests the 

same rational number; The 

rational number is one- 

1 



fourth. The symbol, ^, 
which names the rational 
number one-fourth iS called a fraction 




Fractions are written 



using two numerals. • The two niyneirals are separated by e 
horizontal bar. 



For example: 





*The numerals ^re , 1 and ^. 

The numeral above the bar tells ' 
the number qf congruent -parts 
<rf equivalent subsets describ€ld. 
The number is called ,the^ 
erator . . . 

>Tmi numeral below the bar telJLs . 
^ the number of congruent parts 
5 into which the set of objects, 
unXt_^region, or unit segment has 
been partitioned. The^ number 
is called the denominator. 
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What rational number is suggestfed by each of these figures below'^ 





W B □ 



C /a 



What iratidrial n\imber does each of these"" figures stiggest? 





B 



if) 



Figure A suggests the ' rational ntimber, read three-f ovirths . 



Figure B suggests the rational n\imber> |., read two-thirds. 
Figure C suggests tl^e rational ntimber, read two halves. 

Figure D also suggests the rational'^umber, 4^. 

^ 3S7 ' . . : ■ , 



Exercise Set 2 . 

PoV each figure, write a. fraction which names the rational 

v ' ^ • ' " 

ntunber suggested by the shaded region. . 





o o 



o o 



o o 



• 00 



(t) 



O O O O,' 



o o o o o 



/ 



Write as fractions: 



a) one-half 

b ) one-third 



J. 



c) one-tenth , yo 



e) 



one-eighth 

bne-slxth 

one-fourth 



JL 



± 



' 33 
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Copy, the unit square in Figure H ^t least six times. 
(M^ke more copies if- you want them.) In how many ways 
can you separateDthe unit square to show: . \ ' 



1 , . 1 , 



H 



Copy and shade the part which is described by the fraction 
. below each figure. 









E 
I 

3 



38D 
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Copy and complete this chart. 



Fraction 


Number of Congruent-' 
Parts in unit 




ber of " Congruent 
Parts Counted 


1 


• . J 




' / 


1 • 
? 




^ ; ■ : ■ • ' 


1 

10 




•1 9 

1 . 

-T* k " 


1 




/ . 


1 • 
3" 


; ■ ■ 




1 , , 
H 




» 

/ 



On your paper, make 6 copies of the unit" region shown 
below. Make the unit regions tihe same size. Then show 
a picture that suggests each of the rat^ional numbers named 
in exercise, 5- / ••^"^"r) : 
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erclse Set 3 

1. use these . figures .to conipl^te the chaTt, below. 
, "^A' has" been done for'' you*: 









Figure 


1 — ^ ■ 

Number- on Congruent 

Parts 'ip' Figure 

1 

! 


Number of 
Shaded Parts • 


Rational 
Number 
Suggested by 
Shaded Part 


A - 




3 




B 


T"3 : 

,1 

13 ■ 

if 


. ■ 




C 


J 


/ 


> 


D 






' j£ . 

■ y " 


E 


, / 




3 


P' 




' 7 


/<=» ■ 
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Using figuyes A* B, C, , D, 'E, and P of exercise 1, 
write the name of the rational number suggested by the 
unshaded part of each figure. ^ ^ 



V 



Use these figures to-CQinplete the seiitences below. 




Fig. A 



0 

X 
•- 



M 

-•- 



N 



Fig. B 



I 

Y 



H. . Set .C= -[[,2,4,6,8,10,12,14 



Fig. C 



r 



a) Figure A has been separated^ into Z 

congruent regions. I Region has been 
'shaded. The shaded regilln.is be^t described 
- by the rational number named by the fraction 

2 ' 



b) 'Points M, N, and 0 separate* XY into 



/' ij- congruent segments, m 3^ = 



c ) set C has 



names an odd number. This member is 
of all the members of Set C. 



members. . / member. 



f 
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Study your answers. to exercises 1,\ 2, and 3. ' ' 
Copy and then write "above" or "below" in each blank. - 

a) The numeral jJL^ the bar n^es the number of 

• » 

- • ^ congruent parts into which the imit has been 

• . I.. 

< separated. . ^ : " ^ 

b) ■ The numeral the bar names the niimber of.'" 

(congruent parts which are described. 



Ann watched 3 television programs.- Each was of an 
hour Xong; ' 

\ a ) How long did Ann watch television? [ 
b) How much longej? would she need to watch, TV to make 



her total time ' 1 hour? /y" 



A figure like the one pictured below was made by laying 
toothpicks, each the same size, end-to-end. What 
fractional part of the perimeter is the "roof" / A 

•(I 
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RATIONAL NUMBERS GREATER THAN ONE 



Objective; 



Materials ; 



To .associate rational numbers v7itfs^oints on 
the number line and tp extend these numbers 
beyond those suggested by the unit segments 
and congruent parts of the unit segment; and 

To learn to identify the rational numbers 
suggested by diagrams wh^n,more than one unit 



\ 



region is used, 



One should be marked in unit 
One line^eafth then for }^ units. 



Prepare for each, child a dittoed sheet of 
. number-- lines , 
segments. 

units, ^ units, ^ uAts, j^. units, 
units, ^ units^and units.* (This, is 

^fpr .thfe -purpose 6f helping children name the 
number associated with the points' .which will 
partition .the unit segment /into the given 
congruent p^rts as indicate 



1 
1 



Teaching Suggestions: 




Recal^ with the children tlfet we have 
learned 'to recognize what rational numbers, 
are suggested by unit parts of regions-, line 
segments and unit 5ets of 'objects. 

- • , Recall that. we have known h#w to as- 
sociate points' on the number line with the 
wKole numbers. Then draw a line on the 
chalkboard- and perhaps locate a point with 
which 5 can>be associated. Let the class 
sugfeest the numbers for the other points. 
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Then with. sets of number lines suggested in 
Material s.-rirst have them associate rational 
numbers with the points in the line marked In 
unit segments, then with the line in half-unit 
segments, etc., as 



I 



I 

4 




4 

5 



4 
4 



5 
4 



6 
4 



1 
4 



4 



-Count, Ijy .^is ¥eginning from ^, by 2- 

fourths iJeginning with one-fourth, etc. Count 
not only forward but backward. 
4» 

Then ask them to find one and one-half' 
unit, on the number .line (expect them to select' 
the one-half unit lin« to be used.') Ask what 
fraction names the number.- Do many other simi- 
lar activities, that is. find the rational number 

named by the fraction S, using the one-eighth 
unit number line, etc. ^ 

Then tising ei the? materials on the flannel 
board or drawing on the chalkboard, ask them to 
name the rational number associated with each 
as , , ' 

unit region 




(Note. If it wpuld seem convenient and also- * 
helpful to name a rational number using ths 
*mlxed form at this time, do ' ^. ^' Note with your 
pupils that v;e can name a number as |- in two 

ways— either uffing the fraction or naming the 
number 'of unit segments .and the parts of unit 

segments, as 1. and. i. Also, you may wish to 

1 



show how we can write 
,1 



and 



in a' shorter 



way, that is, 1^. we are not interested in 

changing from fractions to mixed forms or vice 
versa, u^ing only symbpls. All of this should 
be done using the number line, or other models 
as rectangular and circular regions. You may 
want to use some of materials that come later 
in this chapter here. They are included in the 
section, "A New Kind of Name." 



39, 



^85 



P527 , • • . ^ 

RATIoiwOi. NUMHOl^ GREATER THAN ONE 

'C Exploration ' 

In the\picture below, the line segment AB . Is 1 . unit^ 
long. _ . / . . ^ . . ' . 



a 



-43 

•I I 



I 



T 



-• — ^ 



-•B 



6*- 
I •- 



I- 

V 



I 
I 



1, 



Kli — \ 

(a) On the number line' the unit segment is separalDle 
into i congruent segments^. ^. 



(b) Use a fraction Each small segment is 



of 



the unit segment. 



(c ) The measure of aIb Is 1. ' The^r measure- ojt' is 
also -g- (use a fraction. ) 



8 



1? ^}^^ 




(d) Is ^ the measure of line segment • AB? 

(e) . Is ^ the measure of line segment 

(f) Is ^ the measure of line segment 

(g) Is \ . the measure of line : segment (JH? /y-^) 

(h) ' IS ^ the measur^p of line segment' ^,lj? 

(i) Is the measure of line segment KL? 



Each \init; segment of the number line, below has been 
separated into '3 congruent segments. , M is the same 
lenglph as the unit segment. 



R 8 
-• »<- 



I 



0 



Use this nximber line to answer .the questions, 
(a^) What fraction names -the measure of IS? 
(b) V/hat^raction names the measure of 'IE? TfC*?. HJ? 



Bill has a photograph .album. Each page is 'separated i^to *h 
congruent- parts. _ On each page he can place pictures. 




Page2 

If Bill -pastes 5 pictures in his album, he will cover ' 

J of one page and . -jj- of another page. What rational ' v 

number describes the number of, pages covered? ( 



3 1 12 1 ^' 3i h 
' , H' I' J' J> TfV ' ' tell ufl. 



Fractions like ^, 
that the measure of a segment or a region is .less than 1. 

, 6 



Fractions like |, 3, |, 



tell us that the 



measure 'of a segment' or region Is exactly 1. 

Fractions like §, ^, ^ |, |, |, | tell" 
the measure of a segment br region is greater than, 1,. \ 



us* that. 



337 

887 



ERIC 



Exercise S^t 4 



1. Copy tti.e ,unlfc segments below. The dots separate each unit 
segment into smaller, congruent segments. Label each dot 
correctly. , . , 



0 I .2 

4 . 4 4 



0 I 
5 5 



(I) • (IV (I) • (I) ■ V 



I 



(i)? (-0- (I) M) (IX;: (I) (I) 
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a) How many thirds are there in ^? {^) 
^ •How many thirds are there in B? (j) . 



How many thiMs are .shown in A and B together? (i) 

What rational fraction is suggested by .the shaded 

region of A and B together? {^) 
•• ■ • • X . ■ • ■ • 

• What 3;»^tional number is suggested by the xmshaded 

reglton of A and B together? {3^ 



b) What rational number is suggested by the shaded region 
in C? in • D? in E?^ - , 

'What rational number is suggested by -the. unshaded 
region in C? in D? in E?^* 

What rational number best describes the shaded regions 



• in D, and altogether? »a 
What rational number best describes the unshaded 



regions in B> and ' E altogether? 



c) What rational number is suggested by the shaded region 

of P and G together? If y 

■■ 

What rational number is suggested by the unshaded 
region of P and toge^ther? 



d) In Figure Hj what rational number is the measure of 
3C5?^*of 15"? ^ ■• 
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3. For each figure, write the 'fraction that names the rational 
number suggested by the shaded part. 



I unit 



I unit 






I unit 




I unit 



I unit 



I unit 




FIG. C 



4; Using these number lines, complete the sentences' below. 



4 



0 
2 



B 



i 
2 



2 
2 



3 
2 



4 

2 

2 



5 
2 



2 



7 
2 

\ 



8 
2 

4 



Q 

2 



1 
2 



2-'- 
•2 



3 J- • 
* 2 



7 



a) 


1 


one and 


1 half = 


b) 


4 


_ 9 

7 ~^ 




c) 


3. 


ones and 


1 half 


d) 


2 


ones and 


1 half 


e) 


3 
? 


= 1 ayjL. 


and .1 


f) 


2 


4 




g) 


2 
? 


= / 





-5- 



or 



7 



-5- 



or 



or 
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Copy the line segment shown below on your* paper.. ^ 
^ A (D) B , (EV » . (F) ' 

• — ■ ' F » 

7SS Is a unit segment. . 

a) . Mark a point * D so. that a5 is ^ unit long. ^ - 

b) Mark a point E so that JE is |.' "uiiits Ibrig/ 

c ) \ark a. point F so that A? is ^ units long. 

Copy the line segment below. Notice, each \anit segment has 
been separated into 3 congruent segments. v * 
^ ' (V) (U) Y (W) 

.9 , . ! r ■ ■ ■ ■ ■ > 

Using a certain unit, the measure of 77, is^ 4« 

Mark new points U, V, £ind W so *hat ^ . 

> • ■ 

a) . 35j is 1 .\init long. 

b) W is J ^ unit long. 

c) W is ^ ^ "unite long. 

■ ' ■ ' ■ ■ ■ • . :y . 

Mark is h feet tall. Wha^ number gives his height in 
yards? Co^^h^ c^-'^^^^ ) _ . 

Ellen watched 5 tel^Cision programs. Hoi/^ny hours 
did she watch TV if each program was: 

a) ^ of an hour long? (o)^ ^^^^ s^f^^^^ 

b) ^ of an hour long? T A X^^^ i" X^) ^ r ' 
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DIFFERENT NAMES FOR THE SAME RATIONAL NUMBER 

Objective: To help children see that the same rati^onal . 
momber has many names; and . . 

A ■ ^ , . ' - r 

To help chlldrjen learii/a way to' recognize the 

' ' - simplest name. * . ' . . 

' V ; • ; : . ., 

r^terlals: A fraction charts and/or circular regions' j v 



showing the unit, ^»3, ^^s, j's,. ^s, -"^ 

^fs. i.s^ X.-^ 1 



«s 



geveral number lines, J 

one for the "^family of ^'s, ^'s, ^'s, ^j^'^;" 
one for the "family of. i's, ^«s, jg-^s;" and 



> 1. 



one for the "family o.JJ ^■^'♦s, ^«s, and j^'s." 



Teaching Suggestions: 



Uslng^the fraction -chart, have children 
find those parts of , regions which show the same 



part of the unl 
t-j and 



For 'example, ^, 



2 



4 



6 

5 - u- T?' 

^ all show the same part of the unit 

region.-. ' - 
Explore others, as 



etc. 



note with them that ^ these show the same part. 

We. express thljs idea by saying ^ = ^ = etc. 

We can give a >et of fractions which would do 
the same thing. 'Write the fractions and;^then 
include others which flight be members of 'the . 
set, although you do not have models for them. 

Now use the number lines. However, in- 
stead of v/rlting the fractions below for each 
line, write each set of fractions, letting 
them be £^&spciated with the points of the same 
line, that is,. as indicated above. 



0 

2 



2 
2 
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, 3. fete, (^'s, 

402 ' • 



Observe thfit'the same pointi^has 
several fractions below it. We may write 
these as sets of fractions as • ^ - 



1 • 
7' 



£ i X • et^ 



Again, you ntey wish to ask if anyone could 
give another fraction that would be a 
member^ of the set. If there is hesitation, 
you might suggest that one number of the 
pair is 20 and write 20 below the bar. 
Ask them what would go above. Or you could 
give a first number of the' pair and ask 
that they give the other. 

You alsp might ask if anyone h^;^ an - 
idea of how they could keep on finding ^ 
other fractions. ^ 

Continue with the others where you 
note that there are several names for the 
sfiune number. ' , 

Make a special observation of thbse 
which are names for the whole numbers. 

Raise the*question: If we have 
several names, how do we choose the one « 
that we should use? Note ^tha^t the one 
where pair of numbers li^ lea^t is often 
called the basic fraction. That Is, 



1 



would be our choice from the set 



a- 



2 



4- 



} 



V 



Now use materials in the pupil text. 
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DIFFERENT NAMES FOR >rHE* SAME NUMBEf(. ' ^' ' 

* - .. Exploration ' 

1. The pictures of unit regions iDelovr suggest some ways of 
■ thinking of tine-half. ' 





i 

In 


A, 


in 


B, 


In 


c. 


In. 


D, 


In 




In 


F, 





^ 



(i) 



i-k) 



, lo 



1 



2 



6- 



4 



5 ' 
and are all ways of naming the 



rational nximber ^. 
S.We' can write: = 



1^ 



5'_ ^ _ -5 
^ - H -.To- 



What are some other fractions that name this same number-? 
We say that ^ is the simplest name, or simplesV f orfn^ for ^ 
this rational number, can you tell why? j I ^^^^" ^^^^^^ 



894<| C>4 



3 

0 
6 

0. 
12 



I • 
12 



i 
6 

2. 
12 



12 



I 

3 

6 

£ 
12 



_5 

12 



3 
6 

6. 
12 



7. 
12 



3 

4 
6 

8. 
12 



9 
12 



5 
6 

10 
12 



M 
12 



3 

6 » 
6 

12 
12 



2. Make' true statements by writing a fraction in each blank. 

* ' ' ■ ' /' 

use the nvimber line above to help you. 



a. 


1 

F = - 






b. 


10 

1 

J = - 


f 








4 

IX 


d. 


k . 
E - - 


X 




e. 


1 = 
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0 .4 ^ 


Q 








1 










2 


2 








2 










2 


0, 


1 




2 




3 




4 




5 


5 


5 




5 




5 




5 




5 


0 


1 2 


3 


4 


5 


6 


7 


8 


9 


10 


10 


10 10- 


10 


10 


10 


15 


10 


re 


10 


10 



3. use the number line above to help you write the missing 

*• " * ■ ■ • 

numerator or denominator. -> 



a. 



b. 



1 

2 



n 

To 
1 

s — 

n 



c. 



d. 



1 = 



n 

TO 

10 
n 




B 
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4. Using one number line, we can show many different names 
for a rational number. 
0 



•I • \ . ' J 

'0- K ' . 2 1 

- 2 2 2 ^ . 2 ^ . 

0.1 2 3 ' 4 5 6 : 

^ 4 4 4 4 4 4' . 

fl i 2 5 4 5 6 7 8 9 10 II .12 
8 8 ^ 8 8 8 fr 8 8 8 8 8 8 

V/e see that some fractions are names for the isame rational nxombe] 
V/hat other fractions are names for the rational number i 
What pt^er fraction is a name for the rational •number ^ ? 
\^at other fraction is a name for the rational number ^ ? (^j 

'Can you find other fractions that name the/^ame rational nvunber 

/ J. i. /2 \ 
on this line? V ^ ^ -f*^. J 

One 'rational numbfer may be named by many fractions. 

The rational; number ^ may be name4^ by: ^, . . . } 

The rational number j may be. named by: [j, ^, ^, . . .] 

The rational number |. may bejigpied by: (|., ...} 



The rational number* may be named by: ij^s^-'^s •....) 

{ ■ r \ . , . 

Can you think of/other fractions which would name each of these 



numbers above' 



Many fractions can, be used to name the same wjffoie nu^nbers.. 

For example, 1 may be Indicated .by 

2' 3 h 5 6 

■^f Ti^t rt -j^i and so on. 

Can you name three o the r fractions that belong to this s'fet? 
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" ^ Exercise Set 5 



Copy each of these 'figures.^ 
i. 




Color. ^ of t^ls figure. 

2 " J. 

•jj- is another name for^ 



Color. of this figure, 



is another name for 



Color of this figure. 

2 ' ■ ' JL 

is another name for u- 



Color ^ of this figure. 

2 / 
^ is another nail;ie for 



Color of this figure. 

4 ■ X 

•gr is another name for a « 



8.97407 



^•537^ • ..... 
using this chart, write as many names as you can tor 




^ V 1 i J. ^ > j: A. ) 

0.4 (t/A) . ■ 



e) 



1 

5 

4 

6 
H 



7.^ * V/rite at least three other fraction? which name each of 

• - — ... (. 

the Xollov;ing rational numbers. If you can write more than 
^ three, do so. ' * 



\) 'I (1 A. X) 



89s 408 



The diagrams 'below suggest three oth'e;:' names for i. 

/ i J, ±. \ ' 
are they? t j 'xj * " . 

I. ■ • / • 




ALA A 
A A A 



B 



B 



I foot 



• 0 1^11112 8 9 10 il 12 . . ^ 
. 12 12 12 12 12 12 12 12 (2 12 12 12 12. \ 

'Draw 5 boxes like the ones' below. Separate each box 
to show -the mathematical sentence written below. The 
first one Is done for you. 



1 
1 

1 
1 
« 


0 






« 


1-2 1 - i , 1 _ 2' 
2 4 8 " 2 • 4 "8 






• ■ ■ r 






§-3 ' 2^1 

8" 4 6 ~ 3 • 



.899 4 q9 
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10. Complete: 



a) 
e) 



2 \. ' . 



s) 

1) 



8 
H 



4. 



1 J . 



2 



At 



11. 



■I- 



I 
I 

I 
I 

_1_ 



I 



] 1 

I I 



■■I- 
I 
I 



■A- ' 



+—4 



■+■ 

r 



I 



I 



•4— 
1 



4-4- 
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The unit square shown on the preceding page has been 
separatJ(||flnto loo . congruent square regions. 



a I Each small square reglori;is what part of the unit 
. square region? (/^/ 

^ b) Each small scJUare region is what part of 1 row^ or 
1 'column of square regions? 



c) Each row, or each column of square regions is. what 
part of the unit square region? (/^J 



To = TS^ 



0 



' • g) 



9^ 
TO. 



0 

~ "TO 



- '■ .... . . 

.^^^."^o^^^y 'B^^^'^' ^^^^^ should you color if y 

\ are. to color of the, unit s'quare region? (^'^) 

■ - iL ■? 100 1 ^^"^ 7 , 10 ,(/«*^ 

. . ^ W ^ . TO(J • TO • TO • and ? 



Puzzle. In how many different way& can you cover the unit 
square using the fractional pieces shown? Each 
piece may be used more than once. You may wish 
to trace, cut out, and make several copies of each 
model region before you work your puzzle.. 



■ / 





412 
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Here. are a^^w solutions to the puzzle on page 5/*l'. }iovi many 
more did you discover? 




4 

\ 



1 
4 



I 

4 



I 

Hi 
818 

I 

I 

- I 
I 



I 

III 
8i 8 

I 



I 

ill 
8|8 

I 

I 

«l 
I 





1 — — 1 ■ 


1 


1 1 1 


2 


4 4 



1 


1 1 


1 

4 


1 1 1 1 1 
4 1 4 1 4 




1 1 ' 



I 
I 

1 1 i 

4 4 



1 
4 



8 



1 
2 





1 

1 1 






1 


ijii 


1 


■i ■ 


4 


8| 8 8 


8 


8 6 




1 1 
1 1 








1 1 
1 i 







8 



8 



I 
I 

i'i 
8l8 

I 

I 

I 

I 

_!_ 
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ORDBRINa THE RATIONAL NUMBERS 

]l. ■ ■ ■■ 

Objective: To help children learn that if they know one 
rational number they cannot name the next one; 

To order a given set of rational numbers from 
least to greatest awd from greatest to least; 
and . 

To express a "less than" ^d "greater than" 
relationship between two rational numbers. 

Materials: Those which have been used in previous 
lessons. ■ ■ / 

Teaching Suggestions: 



Background for this lesson should have 
grown out of the preceding lessons. Chil- 
dren already are probably aware' that 



etc. Using the number line or con- 



1.1 
J > 

gruent parts of a given region, ask some 
questions which would lead them to order a 
given set of rational numbers from least to 
greatest. 

1 5 1 

For example, given the set ^, j, the 
ordered set would be i, Ask them 



to give the next whole number after 5 J 
after 123, etc. 

Follow this by asking . them to give the 
next rational number after Should 'they 

giv^ ^, then ask them if, say ^, is 

between ^ and |. The series of questions 

you ask here should focus on the idea that 
•given one rational number, the; next 
rational number cannot be 'given. 



.414 
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OJJDERINO THE RATIONAL NUMBERS 

Exploration 



0 

? 








1 

2 








2 
2 








3 
I 


0 
4 




1 

4 




2 
4 




3 
4 




4 
4 




5 
4 




6 
4 


0 
8 


1 

8 


2 
8 


3 
8 


4 
8 


5 
8 


6 
8 


7' 
8 


8 
8 


9 
8 


10 
8 


II 
8 


12 
8 



4 

2 

I i 

4 4 



Look at the number llne^ ^ . - 

Is I to the right of ^ ?*'^is | > J- 

Is J to the right of ^ j5f^\s J > ^ ?^^- 

IS . ^ to the right of ^ ?^ls I >^'?l'^) 

Is 0 to the left of ^ ?^\s Q < ^ ? ^'JT'^ 

IS ^ to the .left of I ?^\s | < ' 

IS I to the left of I ^^'^^Is § < I ?^^^ 

It is easy to see that J, |, and | are ordered from 

least to greatest. 

» ? ordered from the least to greatest? (^^) 

.It would be easier to decide, if we used other fractions for 
V these numbers. 

Using other' names fbr these same numbers, we can write them as 

Now we see the numbiers are named in order from least to greategt. 
As you move to the right along a number line, the rational numbers 
. become greater. As you move to the left, they become less. 

il3- ■ ■ 
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Exercise Set 6 



/ 



1.. Use this chart and the symbols > and < to complete the 
sentences below. 



I 

2 



1 " 

4 




1 

' < 


r 




-\ — 


1 

4 




i 
4 


1 

8 


1 

„ e 1 


1 

8 


1 

8 


1 

8 


1 - 
8 


1 

8 


1 

8 


1 
16 


1 

16 


i 

16 


1' 
16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 


1 

16 



1 

2 



9 



a) 



1 \. 1 



1 
7 



> 



5 
H 

2 



Write the correct answer. The fraction chart above may be 
used,, if needed. 

17 l6 f I ^\ 

a) V/hich number is less: or ? \YJ 

Which is farther to the left on the number line? ["^J 

■ ■ ■ ^ ■ ? . 

b) y^ Which nujfnber is less: ^ oe^^ ? \rf) 

Which is farther to the left on the number line? 

c) V/hich number is less: or ^ ? ^^-^ 

Which is farther, to the 'left on the number line? {jSj 

1 1 " ■ 4 ( 

d) Which number is less: or ^ ? (X/ • 

5 Whicl\ is farther to the left ^n the number , line? (^3 



906 



Arrange members of each set in order from least to greatest. 
Make diagrams if you need them, " 

; A= jj, |/ ij (t^j^i.^j-x) 

. B= {J, J, 2. I ^ } (i ^^.iJ): 



Associate a rational mimber with i)olnts a, h, c, d,\ e,. 
and g, in the diagram below. ■ • 

■0 I 



1 I 3 I a b c 
8 4.8 2 



d e f g 



a = 

O - if J 



£. 
J 



S = y 



List \n order the, numbers used in counting by two- thirds 
from I to 'L. ( ^ J:tVi . "i . ■ 



List in order the numbers used 'in counting by three-halves 
from I to 9. (f J , j^^^,^,^)' 



Write two other names for each of the following numbers^ 



5 



417 

907 



8. Copy and complete by writing the symbol > or < In 
each box, 



9. Rearrange these nvunbers in order from least' to greatest 

o \ 1 1 1 1 1 / J. J. ^ i Y 

.X 1 1 111 /J. X £ M 2.) 

b) • J, ^, p T ^ * -^"^ ^ > '■'^ 

r,\ 2.5 1 1. f J. J. 3^ £) 



r 

10. Arrange in order the nvunbers in each set below. Begin 
. . with the greatest. 

11. Arrange these numbers from least to greatest. 



1 1 

To' "f* H' F 



1 1 11 fj--k-f -^-'--i-'\ 
> Tf» ^» -J* "^^ ^ /« y * ^ * ^ 5 / A ; 



P547 



Exercise Set 



Supplementary Exercises 



0 
2 



I 

2 



2 
2 



3 
2 



4 

2 



5 

2 



6 
2 



0 
4 



I 

4 



2 
4 



3 
4 



4 
4 



5 
4 



6 
4 



7 
4 



8 
4 



9 
4 



!2 

4 



!2 
4 



0 1 2 3 4 5 6 7 8 9 19 M 12 13 |4 15 j6 17 J8 19 20 21 22 » 24 

8-8 883 8 888 8888 8 8-8 88 8 888 888 



a. Copy and write > , < , or =, in each blank to 
* ' make a true sentence. The number line above will help 
you. 



f_f_2 f) I 



419 



909 



Which fraction of each pair below will be farther to the 



right on. the number line? 



a) 


19 
IT 


or 






e) 


14 
■8" 


or 


6 




b) 


11 
T 


or 


i 




f) 


11 


or 


? 




c)« 




or 


18 




g) 




or 






d) 


10 


or 








1 


or 


1 
¥ 





Rearrange each set. Put members in order from least to 
greatest. 

Copy and fill in each blank with the symbol > , < , or 



a) 




> 


1 

•5- ' ■ 


e) 


1 _ 


< 


_ 2 


t)) 


2 


> 


•J 


f ) 


l- 




.2 
. ? 


c) 


k 




_ 1 


g) 


2 


> 


7 
. T 


d) 


5- 


> 


2 


■ h) 


1 

? ■ 


< 


1 



'Look at exercise 4. which fraction in each pair labels a 
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.A NEW KINILOF NAME 



Objective: To show that the mixed form is convenient to use 
when the rational niimber is* greater than 1. 

Materials: The number 'line, and congruent regions. 

Teaching Suggestions: 

Go back to review the lejsson in wh^ch we 
considered rational numbers greater tl^an one, 
noting how we used a fraction to name a 
rational number greater than 1. - 

Then make some statements like, these: 



Tom rode his bicycle 



miles, 



10 



Mary^s mother used -g- pies for iier guests at dinher. 

I would like someone to get a piece of string fof*^' me 

' ■ 4 
which is y yards long. 



Get children's reactions to suchiptate- 
'ments. Ask what might be a more convenient 
way to make these statements. That is, if 



could be- expressed as a 



number of whole units and parts of units 
Here children suggest: 



■/ 



Tom rode his bicycle 1^ miles 



7: 



pies- for her 



get a piece. of 

1 ^ 1 ^JL.^ 



Mary^s mother used 1^ 

dinner guests. 

I wouIkJ like Someone to _ 
string for me which is Ij yards IcAg. 

THen ask: If we kno,w. the fraction for a 
rational^ number/ how can we express it u6ing 
whole iinits and parts of units? 
1 4 

1^, 1^, etc., are what we call mixed forms . 

Then' asKj "If Tom rode his bicycle ^ miles,/ 

did* he ride as far as- one mile? More than one 
inlle? As far as two miles?" etc. "Is a pi^ce 

of string J yai^ds long -ae:, long as ^ one yard? r 

Longer than one y^ird? As. long as two yards?" 
etc.^ This will help children recognize the 
relationship between. rational numbers named by 
fractions and whole numbers^ ^ 



A NEW KIND OP NAME 



These pictures help us think jibout the numbers. 



and- ^ 



A. 




B. 



Unit 




^=■'1 one and .1. half 
or. 




Unit 




Unit 



and ^ 



11 



= 1 one and jl one 
and 3,. fourths 



-IT. t.\ 

^ =■ 2 ones and'-: 
5 fourths 



or, 



,11 A3 
IT = ^ 



is li 



.■•■Ai^othei?, vjair of naming ■ 
• Another VJay of naming is 2^ 

r;i^^;<i?Lil 1^ an<i .••'2|- mixea forms . 



t 'I 

. • • Rational numbers name^d by f inactions i like - and ,"' 

J tell us that the meastu'e of a region, 'segment, oi* set is less 



than 1. 



.Rational numbers named by fractions like |, ^, ^, and 
J" ^8 that the measure of a region, segment, or set is • 

equal to 1 . ' • » 



Rational numbers named 5^ fractions like |-, |., and - 

tell ua that the measure -of a region, . segment, or eet is greater 
than 1. - ■ ' • V 

Other names for 1 afe |, and; J..>/.V ,^ 



, since- this iS true, X, and v| may be renamed l^i. ." 

li, tod i£. ..^ 



3 1 2 

1^, 1^, and Ij are read, "one and three-fourths," 
"one and one-half," and "one and . two-thirds " . Fractions 
written In this way are said to'be'in mixed form , ' \ 
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\/.'^V:.; Exercise Set 8 • 

1. Copy and finish the nximher line below. Tl^en u^^^ 

complete the viwthematickl; 'seritfences sd that each will be 
a true sentence. 1^ ♦ V 

^ 0 , 1 ' ^ 2 3 4 ^ ' ( 



.a) J =• -J- and ^ d) 2|,= 2^^^^^^ 

22 = -^ . 



b) J Is and I 



6 



e). 4 =^ 



c ) ^ = 5'^- ones aAd, ['^B^ = J l^T 



.1 , 



2. ■ Arrange- the numbers In each ,6f 'thS.^f^^ seta in or(J^r 

from least to' greatest . use ..diagt;ams..^^^^^ them; 

Peter has 15.^.^ blocks^- 1^ to school, gach block is ^ 

mile long. Hov^ many: n^^^ does he have.'. IJ0, walk to school*? 
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' A pound of butter is usually divided into four bars of the 
same size. Vicky foiind 7 bars of butter in her 
"^refrigerarto.r . How many pounds of butter were in the - « . ' 
, refrigerator ? ("y" . ^ Z" ^** .^ ^ ^ J 



.5« ..Can you do th^se vjithout any help? Try some of them. 
V/rite the mixed fprm for each of these niomber^. 



a) 


■V 5 ._ . 

5 " 




U) 1 = 




b) 


6 " 


'J- 


e) -5-- 




c) 


8 ' 
5=^ 


' 







'/S;J''l..^i^:'^Jhlch' greater? V/rite the name of the greater nuimber in 
(^acH .p^ir. You may use a numbei>^_ line to help you decide. 

;'a) I or 4 . \f) e) ^ or 1^ (4)' 

. .b) 2^ or (^^)^ . f)- 5^ or | (^^^ 

/;;c) f or .5^. l^) ■ . . g)' 4 or ^ (V t) ^ ' 

' id). 6 or f ,■ h)' 4 or Ji) \ ^ 



7. Copy and complete . Us.e xdiagrains- if you nee'd thelh. 

V^P* 50tWe6in what tvtp v/hole numbers on the number line would the 
following fractions' be? 

a) 5^ ' 4 c) 7^ A). . 

(.ry-^; f?-^^?}' -d^l) 



915: 
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Exercise 'Bet 9 ''^ 



0 c , 5 ^ ■ — 

*"^0 1 2 ^ 3 . . 4 5 S 



2 .• 



0 



2 



*"o~ P 2 ,.-3^-;' 6 7^ ^ 9 10 11 i£ 

^ ^ ^::r.i'V'' m- -e -e s ^ t t- ^ 



0 

< — - 



0 i 2 3 .4 5 6r 7 9 10 11 12 13 14 

H H H H H H H H H H ^ « 



1. Usfev'tiiet'^ number lines above. Copy the following mathematical 
sentences. Write the symbol > or'-V: in each blank to 
mal<e the sentence trUe,.' 

3 / 9- • 



a)' 


10 


< 






• ^) 


b) 


2 


> 








c) 


5 


< 


"1 




s) 






> 






h) 



H 

8/4 



N 17 > 11 



426 



2. . Starting at zero, 'list In order the numbers used in 
aJ^"^r (?'Q^^ to ^ (j-^ i a , a) 

. ■ ' V ' . " ■ ■ ■ , ' ' 

. ^^^^DtJ...' ^counting by tV/o-thirds to j: ' |f ^ ^ Aj _ 

c) counting by three-eighths 'to ^ (f.J, J '^7') 



3. ^ Write 2 other names for each of the following* 



4. r^aj>^ each rational number in Coliomn 1 with a fraction 
that names the same number l*rom Column 2. , 





Column 


1 




Column 


a) 


1 
? 






8 


b) 


1 

T . 




' .s). 


6 


c) 


2 


if) 






d) 


^1 




i) 


2 
? 


e) 


1 


(-3 


J) 


" 2. ' 



,42? 
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USING RATIONAL NUMBERS 



ObJ^ctives: 



To recall that sets of objects and their 
equivalent subsets have been used to suggest 
rational numbers; and 



To l^arn how we can use a rational niunber to 

express a relationship between the member of 

members In a set and the number of members 

>' ' ' 

In a subset. . > 



Materials: Collections of^> objects that can be arranged 
Into sets and subsets. 



Teaching Suggestions: , 

Use some sets of objects. Designate a 
particular subset within a set. Ask vihat 
rational number this suggests. 

For example, ' 



t • t 

0 0 0 
0 0 0 





Then tell how v;e can use the rational nimber 
■ to spealc about* the. number of members of the 
set and the numbers of members In a subset. 
Again illustrate: f 

V/e can say: 

3 objects are ^ of 9 objects. 

i 



k objects are* ^ (or ^) of 8 objects. , 
4 objects are ^ (or j) of. 12 objects^ etc. 

use the materials In the pupil 'text. . . ^ 



i28 

918^ 
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. fx 

USING RATIONAL NUriHEHS 

. ' Expldlatlon' 
Below are pictures of sets of 12 objects, 



□ □ 


□ 


□ 


□ □ 


□ 


□ 


□ □ 


□ 


□ 



Set A 



Dotted lines sepai»ate the picture 
of set A Into 2 subsets. 
How many objects are there in 1 
subset? ' V^) 

How many objects are there In 2 
subsets? (/^) 

IS ^ of 12 objects equal to 
6 objects? (^y**) 

is ^ of objects equal to 

12 objects? 



□ 


□ 


□ i □ 


□ 


□ 




□ 


□ 


□ !□ 



r^t B 



set B has been separated Into k 
su;l)sets. 

How many objects are In each - 
subset? 

i of 12 = J ' ■ 



f of 12 = 
I of 12 = 
J- of 12 = 



/2 



IS J of 12 = ^ of 



12? 



423 
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□ 


□ 















Set C 



Dotted lines separate Set C into 
subsets. 

What is • J of 12? 

VJhat is I of ' 12'! (y) 

V/hat is i of 12? ( '/2) 



Set D has 'been separated into 
(p subsets. 



□ □ID □ 



Set ;D: 



□ 



□ iStS' 



□ I □ ! □ 



□ 



2 = 


/ 

F 


of 


12. 


n = 


F 


of 


12. 


6 = 


J 

F 


of 


12. 


8 = 


F 


of 


12. 


ao = 


J" 
F 


of 


12.. 


12 = 


^ 
F 


of 


12. 


Each subset in 




of 12. 




of 


12 




k 
6 


of 
of 


12. 
12 




8. 


of 


12 




9 


of 


12 





Set E 



430 
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Exercise Set 10 



1. 



2., 




A, B, C, and D a?;^ Uplt square regions, . Copy thein on 
your paper. Separate each one l,n1?o foiir equal regions. 



a) Color of A red. 

b) dolor* 7f. of B blue, 

c) Color ^ of C green. 

d) Color 7f of D ;, green.. 



e) 



is another name for 



C/) . 



f) Write the, fraction that best describes , the uncolored 
• * ■ : /a. f c.^ 

regions of each unit square region above i j a 



B 



Points B and C separate the rnilt line segment AD . : 
Ipto 5 congruent segments. 

a) mis =(j-) ' c) m 55 = (i) 

15) m AC = (iJ d) I = (/J 

921 ■ . 
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Exercise Set 11 



1. Look at^ the picture of a set of objects below. 



■0 .: 



It has been partitioned into 4 subsets. 

The same number of objects is in each subset, 



wHat is ^ of 16? (^) 
What is . ^ of 16? (S) 



What is J of 16? (/^) 
VJhat is ^. of l6? (/^) 



2. . Here is another picture of a set of objects. It has .been 
partitioned into five subsets.- The same number of objects 
is ' i-n; 'each subseij 




T^hat is . 


1 

5 


of. 


20? 




V/hat 'is : 


2 

'5 


of 


20? 




f 

What* is 


5 


of 


20? 




V/hat is 


4 

5 


of 


20? 




What is 


5 
5 


'o*f 


. 20?. 





J 



J 



0 - < t» 
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3.. Complete the fpliowlng. Use sets of objects if you need them. 



/ 



a). 


1 


of 


6 


is 




e) 


2 
3 


of 


6 


.is 




b) 


1 


of 


k 


Is 




f) 




of 


8 


is 




c) 


1 
? 


of 


8 


is 




6) 


2 
J 


of 


9 


is 


M 


d) 


1 


of 


10 


is 




h) 


2 

5 


of 


10 


is. 





Jane bought six doughnuts. She ate j of them* How many 
doughnuts did Jane eat? How many doughnuts did Jane have 

left? i^y^ ^ 0. M^^^^LJ: ^ ^ 



I 1 



5. Bill had twenty marbles. He lost . tj- . of them. How many 
marbles did Bill lose? How many did he haye .lef t? 

• . ' ■ ^ 

6. Alice had 36 Jacks; She traded ^ of them to Mary. 

' ' How many Jacks did Alice trade? How many Jacks did Alice 
have left?. OA^ f ^ :A MJ ^7 ) 



7. On t^e way from the store. Bob dre^j^ped a dozen eggs. He. 
loogfeAy^side the carton. He found ^ of the eggs broken. 
How many eggs are there in a dozeh? How many eggs were 
broken? How many eggs were not broken? [^^^A^"^*^ ^ 'd^^ 



BRAINTWISTER - 

John gave Bill sixteen Jelly beans. This was ^ of the 
ntomber John had. How many did John have at the beginning? 

433 
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Exercise Set .12 

1. There were 20 -problems on- ;an arithmetic test. John worked^ 
all but of them. Hov; many problems did John finish?^ 

2. i- of a string of - 12 Christmas tree lights had burned out. 



How many lights had to be replaced? 



At a sale,' books. that had been 50)2^ were selling for |- 
of the regular price. What was the sale price? 



4. A box which had contained 24 candy .bars was two- thirds 
full. How m^y candy bars were in the box? 

5. .A footbdll game is played in \ quarters. It takes 1 hour 
of actual playing time to play a game. How many minutes of 
actual playing time are -gone at the end of the third quarter? 

6. There were 6 boys and 5 girls on a softball team. What 
/part 'Of the team was boys? ('f'/^ §' j 

?• "The year is separated into fi^ur Masons of equal length. 
r^"Wtiat .pai't of the year is each season? i'^) 

o 

8. . Mary has a collection of 15 dolls, j of them represent 

children from other countries. How many of the dolls 
represent children^f rom other countr^ s;^,^/^ 

9. Jim was making a model of a plane. He needed a single piece 
of wood ^ of a/ foot long. ^ He had a piece of wood 8 
inches long. Could he use this piecel^Why? (xL y^yA^^^^ :f ^ 

(' . 434 

'• ■ . 92*' 
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Priietice Exercises 



1. Place parentheses correctly to make each of the follbwiing 
a true statement. Example /a,. ^ is shown. 



•a) 


(6 + 4) X 3 - 30 . 




fi5 X 8) - 2 > 30 




(8.x 3) .+ 5 < 64 . S 




^\25^ 5) +.8 = 13 




(6 + 3) H- p^ > 24 




19 + ^o "5" 2; / 14 ^ ■ : 


d) 


2 X (5 + ^) - 18 , 


n) 


(5 + 4), < 13 ^'-S'^^^i' 


•e) 


4 X (16+ 4) >68 . 


0) 


(27 + 3) t"''6 = 5 -v; 


f) 


9 + ( 6 4'3 ) - 11 


■ P) 


28 - (7 X 3) < 63 


g) 


8 X (5 + 3) /.43 


q) 


(46 + 8) -f 9 = 6 


h) 


(6 3) X 4 - 8 


r) 


28 + (21 ~ 7) j^;7 


i) 


(18 -r 6) + 3 V 2 , 


8) 


17 - (4 X 3)< 39 


J) 


(14^7) t 7> l 


t) 


(i|Q 4. 7) + 6 = 13 


Mixed Addition and Subtraction 




a) 


327 + 54 - 381 




1478 + 2388 = 3866 


b) 


457 + 218 - 675 


1) 


\00 + 583 + 324 = 1307 


c) 


384 + 291 = 675 


- m) 


1637 - 537 = 1100 


d) 


384 - 156 = 228 


n) 


709 - 368 » 341 




995 - 768 - 227 


0) 


37 + . 31 +' 36 = 104 


f) 


87b - 4l8 452 


P) 


801 - 513 = 288 


g) 


2384 - 1963 - 421 


q) 


745 - 508 = 237 


h) 


1066 - 883 - 183 


' r) 


678 + 554 = 932 


i) 


984 + 168 - 1152 


sr 


2900 - 1256 = 1644 ^ 


J) 


700 - 362 - 338 


t) 


598 + 303 + 81 = 9JB2 



43o 
925 
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2. Write the number, n 



represents. 







" 29+ 56+ 37 = n 


> 




122 


k) . 


n = 737 X Qv-^^:;%n 


= 


5896 


• ■ ■' 




700 - 347 = n 


,n 


- 


353 




n+ 304+ 488»'l64oJh 


.= 


848; 




c) 


43 X 6 s n 


n 


= 


258^ 




4767 = n X 7 ..' P 


= 


681 




d) 


587 - n = 369 


"n 




218 


n) 


719 - n = 285 ' .:.n 


= 


434 




e) 


77+ 94 + n= 237 


n 




66 


p) 


8:789 + n =1^497 




3708 




f ) 


n X '6. =* 3708 


n 




.618 


p) 


707 x ^'= 1? V n 




4242 






49.+', n+ 79 = 234 


n 




107^ 


q) 


8789. -• 11;= '56^, n 




3708 




h) 


n - 127 X 5. 


n 




;;63:5 


r) ' 


.48^ + 403 +950= n n 




1842 




i) 


746' - n = 413 


ri 




33;3\ 


3) 


n X 9 = 785? rv 




873 


V 


J) 


.624 f n = 1141 

*»■ 


n 




517 




n - 658 = 758 . n 




141^6 



4 , Addition, 'Subtraction, Multiplication,. Ind^ Division..'- 



■J " 



,1414 - 671 = 74^^"^' : k 

2157 + 879 = 3036 ' ; X 

148 -f- 4 = 37 , " "' ra 

367 X 6 = 2202 h 

459 -r. 9 = 51 o 

309 + 487+ 648v;.4 1444 p 

475 - 367 = 108 ^'^--'"r q 

280 f 7 = 40 r 

396 X 7 = 2272 ^,..'1,8 

1209 - 688 = 521 t 



.278 + 3^" + 49 - 
378 -r 6 = 63 
439 X 5 ='.2195 
679 - 327 =» 352 
..136 4 = .34 
810 + 652 + 93'4 
333 X 7 = 2331 
652 --,584 = 68 
444 T- 6 = 74 : 
876 X 4 = 3504 



2396 



■.■■■■Ar?.. 
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Write the number n represents. 

a) 5 of 12 - h n -^6 g) \| of 9 '- n- n 



-.of:; i5''*^Rf;. / n' - h) 4 of 8 - n n 



2 -1) ^1'' of 10 - n n - 4 
• d) y;^ or 9- - n; ^)^A'}^j:-i):-':^''-<>^ 16 - n .n ^ 2 
e) 4 of 2p -•• n. n - K k) r of 15 - n n - 12 



ot 18 - n ■ n 



1) ^ of l6 - n n 



, ^Ihd. the ;tuiknovm addend by i^egroup^ng . 
. Example^; ^ ^ 

1 m 'kOO^eo + 2 - 400 + 50 + 12 ; 
X . 1 -157 - 100 t 50 + 7 - 100 + 50 + 7 

' ' ■ ^ ■ '^'V' ,.300 + 00 + - s; 

. e)- 638 ■ -f 



. *362 



>) 633 
-563 • 
70 



-(528' 
225 



-305 



1) 780 
-333 

,< .' ■ 447 

■ J )■ ^- 

. 76s> 



^c) 386,^^;V•.,. 



g) 493 
-316 
177 



d) 890 
-487 
453 



h)<s76l 

. ' 50'4 ' 



437 
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7*^^:; and Division 



a) 


72 8 . 






k) 


37S -r 3 - 


125 


b) 


. 789 X 5 


-'3945 




1). 


'257 X 4 - 


102.8 i 


c) 


725 r 5 


- 145 . V 




m) 


248a -r .8 - 


.o3ir . 


4) 


864 X 6 


- 51^7 •. 




•n) 


3i9 X 8 - 


2552 J • ■ 




408 4 


-102 




0) 


580 -f- 5 - 


11^ - 


f) 


904 X 7 


- 6328' 




p7 


509 X 7 - 


5663/.^ 1 


g) 


824>l- 4 


- 2Q4 




^) 


789 t 3 - 


263 \ ' 




496 X 6 


- 2976 






156 X 9 - 


1404 • 


i) 


654 ^ -3 


- 218 






217 -r 7 - 


2\ y .-■ ■■■■ 


J) 


730' X 9 


- 65*^ 




yt). 


697 X 3 - 


2091 



8. Write the numeral 'fo^ eafth biai^ makes a true sentence. 

f-"-'. •" ■ -■■ . ■ • ■ • .:' ■ ■ ' . - ' ' ' • "'• 

■ly'^^l')' V tiL-'V 4)..+. «.;.;44■!:■ ■■^■*'^• 

• b) ^7 X 9)' r 29 - 34 ;"i} (6 x 6) - I5 - 21 ! ' 

cj ie X 8) - ii « 50 m)^: tf X 8) +^^;^^^^^ , 

d)|;;(^.x 6) - 65 - 1 n) (8 x-^) ~ 12 - 28, y-: 

> ej (6 X 8) r 39.^ 9 o) (7 x 9) + .12 * 0 

. . 'f) ■•(^'>c^^'ej' + '6,'-,r3b ■ ■: v7.p);y(|;.X;l);:^-'l4'-^^^^ ■ ' ' 
s) <6:.x:lsf'^W-.i4y 

h) (54 -^ 47' x7 - 49 . r) (7 x 6|:+ 13, 55 
til W;5) X 9 s)- (6 'x 6) 7;- 29' ■ 
J} (8 + 20) - 14"- 14 ' t) (7,x„9) + 2 - 72 . 



Review 
SET I 



Par*t A.-. - . . ^ ^ 

- Using the" Jiyinbol >, « .-:> •. pr < make each of the following 
'$L true sent'ence; 



a) ^ foot < 12 inches f ) 12 inches > j yard 

• bj;. ?4 inches > ^ yardy; g) ^ quart <. 2 pints 

c) 1 pint ' m ' ^ quart h) 15 minutes = - ^ hout* 

hd) ^ hour » 30 minutes i) 4 feet < 1^ yards 

'? e) ' J yard 2 fefet-V f ) 9 inches^ > < ^'yard 



2. Arrange in 


order of size from smallest to largest . , 


a) 1 , J , 


6 ' 4 8 


,1 2 4 6 8x 


b) 2- , J , 


1 1 1 
7 ' -5 ' 


/I 1 1 1 /l^ 
^■g ' J ' ' j >.?; 




3 3 3 , 


/3 . 3 3 . 3 3n 




2 4 ' 1 


: ,1 2 13 4x- 

^F ' F ' ? IT ' T' 




• 1 2 '7 ■ ' 
5 ' 5 ' 5 


,1 2 3 4 l\ 


f) 1 ft.;, 

« 


6 in«, ft., ft. 


ft, 6 in;> |ft., 1 ft) 


g) . 45 min. 


, ^ hr . , 60 min . , ^ 


hr. (x hr, i hr., 45 min, 
. . ,• 60 min.) 



hj 1 ton, l^lb-., ^ lb., 1 oz. (1 oz., ^ lb.,-, 1 lb.; 1 ten ) 
i) 1 pt., 1 qt., 1 cup, 1 gal., , (1 cup, 1 pt., 1 qt.,, 1 gal) 
J) . in., I in., I in., ^ in. (| in., | in., | in., | HI.)/ 



3. N = (The named points A, B)\ * * 

What' Is the greatest number of line segiitents that can have 
• endpdints in Set N ? (One) 

Name the *se^ent (s) ♦ (aE") ^ ' . 

"* ^\ M = (The n^med points C, D, EJ ' , ^t' 

' What is thfe'T^fceatest number of lin^ segments .tihat can have ; • 
■' * ■ . . • 

^ endpolnts in Set M ? (Three) ? . \^ 

Name the segment (^b ) . ( CF, ' EE/ Ic) 

! . 0 ' 

5. ft = (The named points 0,.P, H, ^} 

•What is the greatest number of liijie. segments ^that ca^^ave 
endpolnts. 'iti Set R ? (Six) 
• . Name the segment(s).. (OP, OH, GI, HI, W, Pi) 

• ' ' V .... ' ; : ' 

6. Draw two line .segments to make ' 

"^'three quadi^ilaterals and five new / >v 

triangles out of XYZ ^ W 

(Zii TV^. ATSY,Z\VSY,Z^XyW,^ZYW,a XTVZ,r=IXTSW,tnWSVZ) 

7. Draw . two line segments to make - X 

two- new triangles and three 




i 



j>X- XT 

quadrilaterals out of .AABC. 
(ADBP, ;kl BOH, IZZl DPCA, □ AOHC, IZZ] D&HP) 
8. V< 5.. < & means 4 ,1s less than 5 and 5 'is ^.ess than 8. 

.Ji' Write-'these sentences , the shorter way.^ ' ' ; . 

a) 32 <■ 34 /nd 34 < 40 (32 < 3,4 < 4o) (Answers wlU 

* ' kV^^1/2 ^ 2.3' ^.2.3. ,. vary)' 

,b>fv Tj- < If and ^ < If . (if < if < 1^) 

c) 112 < 115 and 115 < 117 (112 < 115 < 117) 

d) and (r<f<i) ,. ' ; • 



440 
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I 

9. Bind the number that n represents in the following. 

a) I4<n<l6 (n=.15) d) | < n < | (n = ^ or |) 

b) ^ < n < I (n = f), e) 9 < n <^ (n = ^ or 4) 

c) 786 < n < 78^ (n = 787) f ) ^ < n < 1^ (n = | or l) 

(Answers will vary)v^ 

10* What is It? 

•a)/ A model that has 3 rectangular regions and 2 ' 
triangular regions for faces, (triangular prism.) 

b) /A model that has four triangular regions for faces. 

(pyramid), 

c) A model that has six rectangular regions for faces. 

, (rectangular prism-) 

d) A model that has one rectangular region and two circular 

regions for faces', (cylinder) \ 

e) A model whose edges form right angles only. 

(rectangular prism) . 

f ) A model that hasia.* circular \eglon and a half circular 

region for faces, (cone) 

11. These statements are comparing the length of line segments. 
Complete^ these to make them true statements. 
Examples a and b are done for you. 



a) 


4,ft. Is' .2 .times as long as 2 ft. 

_ ' ' >■* 


b) 


2 ft. Is ? 


as long as 4 ft . 


cr) 


1 

9 in. is _3_ 


tlines as long as .3 In.. 


d) 


1 

3 in. is 3 


^ as long as 9 In*. . 


e) 


12 yd is 2 


tlnies as lor^ as 6 yd..' 


f . 


6 yd. is _^ 


_ as long as 12 yd. 






1 


s- 


15 min. is 


? as long as 45 min.. , 


h. 


45 min. is _ 


'3 times as long as 15 min.. 






Hi 
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Match the Standard Unit of Measure from Column I with the 
Item you would use it to measure from Column II, 





Column I 




Column II 


a) 


cup 


J- 


Length of your pencil 




feet \ 


f 


Bottle of milk 


c) 


seconds 


i 


"Distance between cities 


d) 


hours 




Length of a football field 


e) 


days 


c 


Timing a nmning race 


f ) 


quart 


h 


Time at recess • 


g) 


yards 


e 


Time until a birthday 


h) 


minutes 


' d 


Time for sleeping 


i) 


miles 


b 


Height of a tree 


J) 


inches 


a 


Sugar for a recipe 



Write 4 different fraction names for each of the pd^nts 
labeled on this number line . " 



0 A B C D — 1 

/, 1 2 4 8 1 2 3 4 : 1 2 3 4 

P T6' ^ ^ I'^'E' ' ?^ P H 

D J, ^, ) (Answers will vary)' 

Find the perimeter of the following: 

a) A polygon with sides whose measures are 16, 28, and 
32 in inches^Perlnieter 76 in.) 

b) An equilateral triangle with' the measure of one of its 
sides 14 in feet. (Perimeter 42 ft.) 

c) A polygon with 6 congruent sides, the. measure of one 

I side, is 35 in ceritimeters. (pei^imete'l' 210 centimeters) 

f ^ . to ■ 

d) 'A square, one side of which has the measure of 7 In meters, 

(Perimeter 28 meters) 

e) A polygon with 2 sides whose measures have the sum 

of 8 ya,rds and 3 sides whose measures have the sum 
of 15 in ya2?ds. (Perimeter 23 ya\;jdB) ' 

932' \ 
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Part B s 

Write a mathematical sentence (or two^ sentences if necessary) 
x*or each problem and solve. Write an answer sentence, 

1, The Davis family uses 8 eggs for breakfast. What part of 

a dozen eggs is left? (12 - 6 = t, t- = 4, 4 + 1£ = n, 

'41 4 h 

n = ^ or J . -They ha^e j^'<-of a dozen eggs left,')" 

2, Eddie earns > 75 cents on Mohjlay, 50 cents on Wednesday, ' 

and 75 cents .on Friday njfbwing lawns. How much will he earn 

in six weeks?^ (75 + 50 +>.5) x 6 = n or 75 +-50: + 75 = c 
c = 200 , 200 X 6 = n n = a2bo Eddie "will e^^rr^t $12 ,0Q) 



V 



3. The school bus runs 7 mile§ on a gallon of "gasoline. Each 

week the bus goes an average^f 882 miles. How much gasoline 

will the bus use in four week4? (882 + 7)-X 4 = n, or 
882 -f 7 = g, g = 126 X 4 = n, H= 504 The bU's': will use .504 
gallons of gasoline,) ) 

Wendy called the feed store to order feed for. a month for 

her horse. She bought 5 bales oV hay at $1,7% a bale and 

100 lb, of oats at $5,30, ' How much will this month's feed 

bill be? (5 X 175) + 530 = n or 5 x 175 = h, h + 530 = n 
n = 1405. This month's feed bill will be $14.05 



5. Tom hit a softball 135 ft": Randy hit the ball 'd^ rt, 

farther than Tom, How far did Randy hit the ball? (135+ 25 =n 
n = l6o Randy, hit the ball ,x6o feet, ■ 

6, It is 347 air miles from San Francisco to Los Angeles, 1240 

air miles on to J)allas, 443 air miles from Dallas to New 

Orleans, then 669 air miles on to Miami, How many air miles 

is it, by this route, from San Francisco to Miami? 

(347 +1240 + 443 + 669 = n, n = 2699 It is 2699 air miles 

from San Francisco to Miami, _ 



i4 
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7. » The nurse found Janice to be 4 ft. 4 in tall, Linda 

4 ft. 11 in. tall, and Maria 4 ft'. 9 in tall. How much 

taller than Janice is Linda? (4 ffe. 11 in - 4 ft. '4 in. = n 
n in. Linda is 7 inches taller than Janice.) 

8. In the standing board-Jump Pat's best Jiomp was 5 ft^ 3 in. 

While Roy's best Jump was 6 ft. 2 in, Roy's Jiimp was how 

much better than Pat's? (6 ft. 2 in. - 5 ft. 3 in « n 

n - 11 in. Roy's Jump ^wa3 11 inches better than Pat^a.) 

9. ' For his birthday Tom received a new baseball bat thi't is 

24 inches long. The bat's length is what part of a yard? 

i24 2 2 

■ n n « , The bat is yard Idngv). ' 

10. Joe delivers 56 papers each day. How many papers does he 

% • deliver in 28 days? .(56 x 28 = t, t =-'^'iy568 Joe 
delivers 1,568^ papers in 28 days.) 

11. Susan buys 2 dozen cookies for .30 cents a dozen and^I^a 

cake for 80 cents. How much does she pay the clerk? 
(30 X 2 = a or 30 + 30 = a a = 60 60 > 80 = c c « l4p 
Susan pays the .cler*k $1.4o.) 

Bralntwisters . 

r • - : ■ 

1. You have "a 30, inch board that you have to cut in 5 
pieces, each 6 inches long. It takes five minutes '-to 
make each cut. How many minutes will it take you to [cut 
the five pieces? (4x5 = 20) 

*2. An inchworm was climbing a tree 5 ft high. He climbed 

three inches every day arid slipped back two inches ever*y, 

night. How many days will it takeTiiiti to reach the top? 
(5 X 12) - 2 = n n = 58 58 days) 

» ■ . • ■ ' 
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